
▼✉❧t✐st❛t❡ ♠♦❞❡❧s

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ❙t❡♥♦ ❉✐❛❜❡t❡s ❈❡♥t❡r ❈♦♣❡♥❤❛❣❡♥
❍❡r❧❡✈✱ ❉❡♥♠❛r❦
❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠

❙t✉❞② ❈✐r❝❧❡✱ ✹t❤ ❉❡❝❡♠❜❡r ✷✵✷✹

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠✴P▼▼ ✖ Pr❛❝t✐❝❛❧ ▼✉❧t✐st❛t❡ ▼♦❞❡❧✐♥❣

❋r♦♠ ❈✿❭❇❡♥❞✐①❭t❡❛❝❤❭❙t✉❞②❈✐r❝❧❡❭▼❙t❛t❡❭t❛❧❦s✴P▼▼✶✳t❡① ▼♦♥❞❛② ✷♥❞ ❉❡❝❡♠❜❡r✱ ✷✵✷✹✱ ✶✼✿✷✹

✶✴ ✼✹

▼✉❧t✐✲st❛t❡ ♠♦❞❡❧ ✖ ✹ st❛t❡s✱ ✸ tr❛♥s✐t✐♦♥s

DM
45,885.5

9,899          6,157

Ins
8,387.8

97          1,340

Dead
0          2,048

Dead(Ins)
0          451

1,694
(36.9)

2,048
(44.6)

451
(53.8)

DM
45,885.5

9,899          6,157

Ins
8,387.8

97          1,340

Dead
0          2,048

Dead(Ins)
0          451

DM
45,885.5

9,899          6,157

Ins
8,387.8

97          1,340

Dead
0          2,048

Dead(Ins)
0          451

State

Person−time

no. begin          no. end

Transitions

(Rate per 1000 PY)

✷✴ ✼✹

❚r❛♥s✐❡♥t ❛♥❞ ❛❜s♦r❜✐♥❣ st❛t❡s

❚✇♦ t②♣❡s ♦❢ st❛t❡s ❛r❡ ♥♦r♠❛❧❧② ❞✐st✐♥❣✉✐s❤❡❞✿

▶ tr❛♥s✐❡♥t st❛t❡s ❛r❡ st❛t❡s ❢r♦♠ ✇❤✐❝❤ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①✐t

▶ ❛❜s♦r❜✐♥❣ st❛t❡s ❛r❡ st❛t❡s ❢r♦♠ ✇❤✐❝❤ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❡①✐t✱
t②♣✐❝❛❧❧② ❞❡❛t❤✳

✸✴ ✼✹

❚r❛♥s✐t✐♦♥ ♠❛tr✐①

▶ ❘♦✇s ❛♥❞ ❝♦❧✉♠♥s ❧❛❜❡❧❡❞ ❜② t❤❡ st❛t❡s t❤❛t ❝❛♥ ❜❡ ❛ss✉♠❡❞

▶ ❚❤❡ ❡♥tr② ✐♥ r♦✇ ❆✱ ❝♦❧✉♠♥ ❇ ✐s
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ st❛t❡ ❇ ❛t t✐♠❡ t ❣✐✈❡♥ st❛t❡ ❆ ❛t t✐♠❡ s✿

P❆❇(s, t) = P {st❛t❡ ❇ ❛t t✐♠❡ t | st❛t❡ ❆ ❛t t✐♠❡ s}

▶ ✳ ✳ ✳ s♦ t❤❡ ♠❛tr✐① ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✇♦ t✐♠❡♣♦✐♥ts✱ s ❛♥❞ t

▶ t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s ⇒ ♦♥❧② ❢✉♥❝t✐♦♥ ♦❢ t− s
t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s ⇒ tr❛♥s✐t✐♦♥ r❛t❡s ❛r❡ ❝♦♥st❛♥t

▶ ♥♦ r❡q✉✐r❡♠❡♥t ♦♥❧② t♦ ❝♦♥s✐❞❡r ♠♦✈❡s ❞✐r❡❝t❧② ❢r♦♠ ❆ t♦ ❇✳

✹✴ ✼✹

❚r❛♥s✐t✐♦♥ ♠❛tr✐①
t♦

❢r♦♠ ❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮

❉▼ 1− pDI − pDD pDI pDD ✵
■♥s ✵ 1− pID ✵ pID

❉❡❛❞ ✵ ✵ ✶ ✵
❉❡❛❞✭■♥s✮ ✵ ✵ ✵ ✶

✺✴ ✼✹

❚r❛♥s✐t✐♦♥ ♠❛tr✐①✱ t− s = 1 ♠♦♥t❤ ✭❢r♦♠ ❜♦①❡s✮

❃ ★ ■♥✐t✐❛❧ st❛t❡ ❞✐str✐❜✉t✐♦♥
❃ ✭♣✵ ❁✲ ❝✭❉▼❂✶✱ ■♥s❂✵✱ ❉❡❛❞❂✵✱ ✧❉❡❛❞✭■♥s✮✧❂✵✮✮

❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮
✶ ✵ ✵ ✵

❃ ★ ❚r❛♥s✐t✐♦♥ ♠❛tr✐① ✭♣❡r ♠♦♥t❤✮
❃ ❚♠ ❁✲ ♠❛tr✐①✭✵✱ ✹✱ ✹✮
❃ r♦✇♥❛♠❡s✭❚♠✮ ❁✲ ❝♦❧♥❛♠❡s✭❚♠✮ ❁✲ ♥❛♠❡s✭♣✵✮
❃ ❚♠❬✧❉▼✧✱✧■♥s✧❪ ❁✲ ✶✻✾✹ ✴ ✹✺✽✽✺✳✺ ✴ ✶✷
❃ ❚♠❬✧❉▼✧✱✧❉❡❛❞✧❪ ❁✲ ✷✵✹✽ ✴ ✹✺✽✽✺✳✺ ✴ ✶✷
❃ ❚♠❬✧■♥s✧✱✧❉❡❛❞✭■♥s✮✧❪ ❁✲ ✹✺✶ ✴ ✽✸✽✼✳✽ ✴ ✶✷
❃ ❞✐❛❣✭❚♠✮ ❁✲ ✶ ✲ ❛♣♣❧②✭❚♠✱ ✶✱ s✉♠✮
❃ ❚♠

❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮
❉▼ ✵✳✾✾✸✷✵✹✶ ✵✳✵✵✸✵✼✻✹✾✽ ✵✳✵✵✸✼✶✾✹✵✸ ✵✳✵✵✵✵✵✵✵✵✵
■♥s ✵✳✵✵✵✵✵✵✵ ✵✳✾✾✺✺✶✾✷✽✻ ✵✳✵✵✵✵✵✵✵✵✵ ✵✳✵✵✹✹✽✵✼✶✹
❉❡❛❞ ✵✳✵✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵✵✵✵
❉❡❛❞✭■♥s✮ ✵✳✵✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵

✻✴ ✼✹

❙t❛t❡ ❞✐str✐❜✉t✐♦♥ ❛❢t❡r ✶✱ ✷✱✳ ✳ ✳ ♠♦♥t❤s

❃ ✭♣✶ ❁✲ ♣✵ ✪✯✪ ❚♠✮

❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮
❬✶✱❪ ✵✳✾✾✸✷✵✹✶ ✵✳✵✵✸✵✼✻✹✾✽ ✵✳✵✵✸✼✶✾✹✵✸ ✵

❃ ✭♣✷ ❁✲ ♣✶ ✪✯✪ ❚♠✮

❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮
❬✶✱❪ ✵✳✾✽✻✹✺✹✹ ✵✳✵✵✻✶✶✽✸✵✹ ✵✳✵✵✼✹✶✸✺✷✾ ✶✳✸✼✽✹✾✶❡✲✵✺

❃ ✭♣✸ ❁✲ ♣✷ ✪✯✪ ❚♠✮

❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮
❬✶✱❪ ✵✳✾✼✾✼✺✵✺ ✵✳✵✵✾✶✷✺✼✶✺ ✵✳✵✶✶✵✽✷✺✺ ✹✳✶✶✾✾✷✽❡✲✵✺

❃ ✭♣✹ ❁✲ ♣✸ ✪✯✪ ❚♠✮

❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮
❬✶✱❪ ✵✳✾✼✸✵✾✷✷ ✵✳✵✶✷✵✾✾✵✸ ✵✳✵✶✹✼✷✻✻✹ ✽✳✷✵✽✾❡✲✵✺

✼✴ ✼✹

❙t❛t❡ ❞✐str✐❜✉t✐♦♥ ❛❢t❡r ✺ ②❡❛rs

❃ ♣♠ ❁✲ ♣✵
❃ ❢♦r✭♠ ✐♥ ✶✿✻✵✮ ♣♠ ❁✲ ♣♠ ✪✯✪ ❚♠
❃ ♣♠

❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮
❬✶✱❪ ✵✳✻✻✹✷✶✼✸ ✵✳✶✸✷✸✸✶✷ ✵✳✶✽✸✼✼✹✷ ✵✳✵✶✾✻✼✼✸✶

▶ ❚❤✐s r❡❧✐❡s ♦♥ t❤❡ t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s ❛ss✉♠♣t✐♦♥
✖ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ t❤❡ s❛♠❡ ❛t ❛♥② t✐♠❡

▶ ❛ss✉♠✐♥❣ t❤❛t ♦♥❧② ♦♥❡ tr❛♥s✐t✐♦♥ ♦❝❝✉r ✐♥ ❡❛❝❤ t✐♠❡ ✐♥t❡r✈❛❧

▶ ■t ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✖ ✐❢ ✇❡ ✉s❡❞ ✶ ②❡❛r ♦r ✶ ❞❛② ✐♥t❡r✈❛❧s ✇❡
✇♦✉❧❞ ❣❡t ♦t❤❡r r❡s✉❧ts

▶ ❚❤❡r❡ ✐s ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✖t❤❡ ♠❛tr✐① ❡①♣♦♥❡♥t✐❛❧ ❊①♣✳

✽✴ ✼✹

❙t❛t❡ ❞✐str✐❜✉t✐♦♥ ✖ ✶ ②❡❛r ❛♣♣r♦①✐♠❛t✐♦♥

❃ ★ ❚r❛♥s✐t✐♦♥ ♠❛tr✐① ✭♣❡r ②❡❛r✮
❃ ❚② ❁✲ ♠❛tr✐①✭✵✱ ✹✱ ✹✮
❃ r♦✇♥❛♠❡s✭❚②✮ ❁✲ ❝♦❧♥❛♠❡s✭❚②✮ ❁✲ ♥❛♠❡s✭♣✵✮
❃ ❚②❬✧❉▼✧✱✧■♥s✧❪ ❁✲ ✶✻✾✹ ✴ ✹✺✽✽✺✳✺
❃ ❚②❬✧❉▼✧✱✧❉❡❛❞✧❪ ❁✲ ✷✵✹✽ ✴ ✹✺✽✽✺✳✺
❃ ❚②❬✧■♥s✧✱✧❉❡❛❞✭■♥s✮✧❪ ❁✲ ✹✺✶ ✴ ✽✸✽✼✳✽
❃ ❞✐❛❣✭❚②✮ ❁✲ ✶ ✲ ❛♣♣❧②✭❚②✱ ✶✱ s✉♠✮
❃ ♣② ❁✲ ♣✵
❃ ❢♦r✭♠ ✐♥ ✶✿✺✮ ♣② ❁✲ ♣② ✪✯✪ ❚②
❃ ♣②

❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮
❬✶✱❪ ✵✳✻✺✸✺✹✺✷ ✵✳✶✸✾✺✸✾✾ ✵✳✶✽✾✻✶✺ ✵✳✵✶✼✷✾✾✽
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❙t❛t❡ ❞✐str✐❜✉t✐♦♥ ✖ ✶ ❞❛② ❛♣♣r♦①✐♠❛t✐♦♥

❃ ★ ❚r❛♥s✐t✐♦♥ ♠❛tr✐① ✭♣❡r ❞❛②✮
❃ ❚❞ ❁✲ ♠❛tr✐①✭✵✱ ✹✱ ✹✮
❃ r♦✇♥❛♠❡s✭❚❞✮ ❁✲ ❝♦❧♥❛♠❡s✭❚❞✮ ❁✲ ♥❛♠❡s✭♣✵✮
❃ ❚❞❬✧❉▼✧✱✧■♥s✧❪ ❁✲ ✶✻✾✹ ✴ ✹✺✽✽✺✳✺ ✴ ✸✻✺
❃ ❚❞❬✧❉▼✧✱✧❉❡❛❞✧❪ ❁✲ ✷✵✹✽ ✴ ✹✺✽✽✺✳✺ ✴ ✸✻✺
❃ ❚❞❬✧■♥s✧✱✧❉❡❛❞✭■♥s✮✧❪ ❁✲ ✹✺✶ ✴ ✽✸✽✼✳✽ ✴ ✸✻✺
❃ ❞✐❛❣✭❚❞✮ ❁✲ ✶ ✲ ❛♣♣❧②✭❚❞✱ ✶✱ s✉♠✮
❃ ♣❞ ❁✲ ♣✵
❃ ❢♦r✭♠ ✐♥ ✶✿✭✺✯✸✻✺✮✮ ♣❞ ❁✲ ♣❞ ✪✯✪ ❚❞
❃ ♣❞

❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮
❬✶✱❪ ✵✳✻✻✺✶✶✷✶ ✵✳✶✸✶✼✸✺✹ ✵✳✶✽✸✷✽✹✹ ✵✳✵✶✾✽✻✽✵✽

✶✵✴ ✼✹

http://BendixCarstensen.com
http://BendixCarstensen.com/PMM


❙t❛t❡ ❞✐str✐❜✉t✐♦♥ ❛❢t❡r ✺ ②❡❛rs

❃ ❝❜✐♥❞✭♣② ❂ ❛s✳✈❡❝t♦r✭♣②✮✱
✰ ♣♠ ❂ ❛s✳✈❡❝t♦r✭♣♠✮✱
✰ ♣❞ ❂ ❛s✳✈❡❝t♦r✭♣❞✮✮

♣② ♣♠ ♣❞
❬✶✱❪ ✵✳✻✺✸✺✹✺✷ ✵✳✻✻✹✷✶✼✸✵ ✵✳✻✻✺✶✶✷✶✸
❬✷✱❪ ✵✳✶✸✾✺✸✾✾ ✵✳✶✸✷✸✸✶✷✶ ✵✳✶✸✶✼✸✺✸✻
❬✸✱❪ ✵✳✶✽✾✻✶✺✵ ✵✳✶✽✸✼✼✹✶✽ ✵✳✶✽✸✷✽✹✹✹
❬✹✱❪ ✵✳✵✶✼✷✾✾✽ ✵✳✵✶✾✻✼✼✸✶ ✵✳✵✶✾✽✻✽✵✽

✶✲②❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥♦t ❣♦♦❞✳

❆ss✉♠♣t✐♦♥ ♦❢ ✐❣♥♦r❛❜❧❡ ♣r♦❛❜❛❜✐❧✐t② ♦❢ t✇♦ tr❛♥s✐t✐♦♥s ✐♥ ♦♥❡ ✐♥t❡r✈❛❧
✐s ✉♥t❡♥❛❜❧❡✳

✶✶✴ ✼✹

❈♦♠♣✉t✐♥❣ t❤❡ st❛t❡ ❞✐str✐❜✉t✐♦♥ ❜② t✐♠❡

❃ ♣t ❁✲ ◆❆rr❛②✭❧✐st✭♠♦♥t❤ ❂ ✵✿✶✷✵✱ st❛t❡ ❂ ♥❛♠❡s✭♣✵✮✮✮
❃ str✭♣t✮

❧♦❣✐ ❬✶✿✶✷✶✱ ✶✿✹❪ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ✳✳✳
✲ ❛ttr✭✯✱ ✧❞✐♠♥❛♠❡s✧✮❂▲✐st ♦❢ ✷
✳✳✩ ♠♦♥t❤✿ ❝❤r ❬✶✿✶✷✶❪ ✧✵✧ ✧✶✧ ✧✷✧ ✧✸✧ ✳✳✳
✳✳✩ st❛t❡✿ ❝❤r ❬✶✿✹❪ ✧❉▼✧ ✧■♥s✧ ✧❉❡❛❞✧ ✧❉❡❛❞✭■♥s✮✧

❃ ♣t❬✧✵✧✱❪ ❁✲ ♣✵
❃ ❢♦r✭✐ ✐♥ ✶✿✶✷✵✮ ♣t❬✐✰✶✱❪ ❁✲ ♣t❬✐✱❪ ✪✯✪ ❚♠
❃ ♣t❬✶✿✺✱❪

st❛t❡
♠♦♥t❤ ❉▼ ■♥s ❉❡❛❞ ❉❡❛❞✭■♥s✮

✵ ✶✳✵✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵❡✰✵✵
✶ ✵✳✾✾✸✷✵✹✶ ✵✳✵✵✸✵✼✻✹✾✽ ✵✳✵✵✸✼✶✾✹✵✸ ✵✳✵✵✵✵✵✵❡✰✵✵
✷ ✵✳✾✽✻✹✺✹✹ ✵✳✵✵✻✶✶✽✸✵✹ ✵✳✵✵✼✹✶✸✺✷✾ ✶✳✸✼✽✹✾✶❡✲✵✺
✸ ✵✳✾✼✾✼✺✵✺ ✵✳✵✵✾✶✷✺✼✶✺ ✵✳✵✶✶✵✽✷✺✺✶ ✹✳✶✶✾✾✷✽❡✲✵✺
✹ ✵✳✾✼✸✵✾✷✷ ✵✳✵✶✷✵✾✾✵✷✻ ✵✳✵✶✹✼✷✻✻✸✽ ✽✳✷✵✽✾✵✵❡✲✵✺

✳ ✳ ✳ st✐❧❧ ✉s✐♥❣ t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s ▼❛r❦♦✈ ♠♦❞❡❧
✶✷✴ ✼✹

❈♦♠♣✉t✐♥❣ t❤❡ st❛t❡ ❞✐str✐❜✉t✐♦♥ ❜② t✐♠❡
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✶✸✴ ✼✹

t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▼❛r❦♦✈ ♠♦❞❡❧

✐❢ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ✈❛r② ❜② t✐♠❡ ✇❡ ✇♦✉❧❞ r❡♣❧❛❝❡✿

❃ ❢♦r✭✐ ✐♥ ✶✿✶✷✵✮ ♣t❬✐✰✶✱❪ ❁✲ ♣t❬✐✱❪ ✪✯✪ ❚♠

✇✐t❤✿

❃ ❢♦r ✭✐ ✐♥ ✶✿✶✷✵✮ ♣t❬✐✰✶✱❪ ❁✲ ♣t❬✐✱❪ ✪✯✪ ❚♠❬✱✱✐❪

✖tr❛♥s✐t✐♦♥ ♠❛tr✐① ❞❡♣❡♥❞s ♦♥ t✐♠❡ ✭✐✮

❇✉t ✇❡ st✐❧❧ ❤❛✈❡ ❛❧❧ ❋❯ r❡❢❡rr✐♥❣ t♦ t❤❡ s❛♠❡ t✐♠❡✲s❝❛❧❡✿
✭✐ ✐♥ ✶✿✶✷✵✮

✶✹✴ ✼✹

❙❡♠✐✲♠❛r❦♦✈ ♠♦❞❡❧

▶ ❚r❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ✭❛♥❞ ✲r❛t❡s✮ ❞❡♣❡♥❞ ♦♥ t✐♠❡ s✐♥❝❡ ❡♥tr②
t♦ ❝✉rr❡♥t st❛t❡

▶ ⇒ t✐♠❡ ✐s ❞✐✛❡r❡♥t ❢♦r ❞✐✛❡r❡♥t ♣❡rs♦♥s

▶ ⇒ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛❝❤✐♥❡r② ❞♦❡s ♥♦t ❛♣♣❧②

▶ Pr❡❞✐❝t✐♦♥ ♦♥❧② ♣♦ss✐❜❧❡ ❜② ♠✐❝r♦✲s✐♠✉❧❛t✐♦♥
✭s❡❡ t❤❡ s✐♠▲❡①✐s ✈✐❣♥❡tt❡ ✐♥ t❤❡ ❊♣✐ ♣❛❝❦❛❣❡

✶✺✴ ✼✹

◆♦♥✲♠❛r❦♦✈ ♠♦❞❡❧

▶ ❚r❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ✭❛♥❞ ✲r❛t❡s✮ ❞❡♣❡♥❞ ♦♥ ♠♦r❡ t❤❛♥ ♦♥❡
t✐♠❡ s❝❛❧❡

▶ ⇒ ♣❡rs♦♥s ✐♥ ❛ st❛t❡ ❛r❡ ❛t ❞✐✛❡r❡♥t t✐♠❡s ♦♥ s❡✈❡r❛❧ t✐♠❡ s❝❛❧❡s

▶ ⇒ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛❝❤✐♥❡r② ❞♦❡s ♥♦t ❛♣♣❧②

▶ Pr❡❞✐❝t✐♦♥ ♦♥❧② ♣♦ss✐❜❧❡ ❜② ♠✐❝r♦✲s✐♠✉❧❛t✐♦♥
✭s❡❡ t❤❡ s✐♠▲❡①✐s ✈✐❣♥❡tt❡ ✐♥ t❤❡ ❊♣✐ ♣❛❝❦❛❣❡✮

✶✻✴ ✼✹

✹ ❝❧❛ss❡s ♦❢ ♠✉❧t✐st❛t❡ ♠♦❞❡❧s

✶✳ ❍♦♠♦❣❡♥❡♦✉s ▼❛r❦♦✈✿ ❆❧❧ tr❛♥s✐t✐♦♥ ✐♥t❡♥s✐t✐❡s ❛r❡
❝♦♥st❛♥t ♦✈❡r t✐♠❡✳ ❆❧❧♦✇s ❝❛❧❝✉❧❛t✐♦♥ ♦❢ st❛t❡ ♣r♦❜❛❜✐❧✐t✐❡s
✉s✐♥❣ t❤❡ ♠❛tr✐① ❡①♣♦♥❡♥t✐❛❧ ♦♥ t❤❡ tr❛♥s✐t✐♦♥ ✐♥t❡♥s✐t② ♠❛tr✐①✳

✷✳ ■♥❤♦♠♦❣❡♥❡♦✉s ▼❛r❦♦✈✿ ❚r❛♥s✐t✐♦♥ r❛t❡s ✈❛r② ❜② t✐♠❡ ❜✉t
❛❧❧ tr❛♥s✐t✐♦♥ r❛t❡s ✈❛r② ❛❧♦♥❣ t❤❡ s❛♠❡ t✐♠❡ s❝❛❧❡✳
❚✐♠❡✲s♣❡❝✐✜❝ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♠❛tr✐❝❡s✳

✸✳ ❙❡♠✐ ▼❛r❦♦✈✿ ❚r❛♥s✐t✐♦♥ r❛t❡s ❢r♦♠ ❞✐✛❡r❡♥t st❛t❡s ✈❛r② ❜②
t✐♠❡ s✐♥❝❡ ❡♥tr② t♦ t❤❡ st❛t❡✱ s♦ ❛❧♦♥❣ ❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s ✐♥
❞✐✛❡r❡♥t st❛t❡s✳ ▼✐❝r♦✲s✐♠✉❧❛t✐♦♥ ♥❡❡❞❡❞✳

✹✳ ▼✉❧t✐♣❧❡ t✐♠❡s❝❛❧❡s✿ ❚r❛♥s✐t✐♦♥ r❛t❡s ❞❡♣❡♥❞ ♦♥ ♠♦r❡ t❤❛♥
♦♥❡ t✐♠❡ s❝❛❧❡✱ s✉❝❤ ❛s ❝✉rr❡♥t ❛❣❡ ❛♥❞ ❝✉rr❡♥t ❞✉r❛t✐♦♥ ♦❢
❞✐❛❜❡t❡s✳ ▼✐❝r♦✲s✐♠✉❧❛t✐♦♥ ♥❡❡❞❡❞✳

✶✼✴ ✼✹

❉❛t❛✱ ♦❜s❡r✈❛t✐♦♥s

▶ ❚❤❡ s✐♠♣❧❡st ♠✉❧t✐st❛t❡ ♠♦❞❡❧ ✐s ❛ s✉r✈✐✈❛❧ ♠♦❞❡❧ ✇✐t❤ st❛t❡s
❆❧✐✈❡ ❛♥❞ ❉❡❛❞ ✖ ♦♥❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥✳

▶ ❚❤❡ ❜❛s✐❝ ♦❜s❡r✈❛t✐♦♥ ❢♦r ❡❛❝❤ ♣❡rs♦♥ ✐s t❤❡ ✭❡♠♣✐r✐❝❛❧✮ r❛t❡ ✐♥
t❤❡ ❢♦r♠ (d, y)✱ ✇❤❡r❡
d ✐s t❤❡ ❡✈❡♥t ❝♦✉♥t ✭✵ ♦r ✶✮ ❛♥❞
y ✐s t❤❡ r✐s❦ t✐♠❡✱ ✐✳❡✳ t❤❡ t✐♠❡ ❛t r✐s❦ ♦❢ ❞②✐♥❣✳

✶✽✴ ✼✹

▼♦❞❡❧

▶ ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s❡❡✐♥❣ (d, y) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ♦❝❝✉rr❡♥❝❡ r❛t❡✳

▶ ❲❡ ♥❡❡❞ ❛ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ t❤❡♦r❡t✐❝❛❧ ♠♦rt❛❧✐t② r❛t❡✿

λ(t) = ❧✐♠h→0 P {❞❡❛t❤ ✐♥ (t, t+ h] | ❛❧✐✈❡ ❛t t} /h

✶✾✴ ✼✹

▲✐❦❡❧✐❤♦♦❞

▶ ❛ ♣❡rs♦♥ ❛t r✐s❦ ❢r♦♠ t✐♠❡ te ✭❡♥tr②✮ t♦ tx ✭❡①✐t✮

▶ st❛t✉s ❛t tx ✐s d✱ ✇❤❡r❡ d = 0 ✐s ❛❧✐✈❡ ❛♥❞ d = 1 ✐s ❞❡❛❞✳

▶ ❝❤♦♦s❡✱ s❛②✱ t✇♦ t✐♠❡ ♣♦✐♥ts✱ t1, t2 ❜❡t✇❡❡♥ te ❛♥❞ tx
✖ ❇❛②❡s✬ ❢♦r♠✉❧❛ ❣✐✈❡s✿

P {d ❛t tx | ❡♥tr② ❛t te} =P {s✉r✈✐✈❡ (te, t1] | ❛❧✐✈❡ ❛t te}×

P {s✉r✈✐✈❡ (t1, t2] | ❛❧✐✈❡ ❛t t1}×

P {s✉r✈✐✈❡ (t2, tx) | ❛❧✐✈❡ ❛t t2}×

P {d ❛t tx | ❛❧✐✈❡ ❥✉st ❜❡❢♦r❡ tx}

✳ ✳ ✳ ♦♥❡ t❡r♠ ♣❡r ✐♥t❡r✈❛❧

✷✵✴ ✼✹



▲✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥s ♣❡r ✐♥t❡r✈❛❧

▶ ♠♦r❡ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡ ♣♦✐♥ts ⇒ s♠❛❧❧❡r ✐♥t❡r✈❛❧s

▶ ❢♦r t❤❡ ✜rst t❤r❡❡ t❡r♠s ✇❡ ❥✉st ♥❡❡❞ t♦ ❞❡r✐✈❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
s✉r✈✐✈✐♥❣ ❛ s♠❛❧❧ ♣✐❡❝❡ ♦❢ t✐♠❡✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠♦rt❛❧✐t②
r❛t❡✳

✷✶✴ ✼✹

▲✐❦❡❧✐❤♦♦❞ ❢r♦♠ s✉r✈✐✈❛❧

▶ ❆ss✉♠❡ t❤❛t t❤❡ ♠♦rt❛❧✐t② ✐s ❝♦♥st❛♥t ♦✈❡r t✐♠❡ λ(t) = λ✳

▶ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ r❛t❡

λ(t) = ❧✐♠h→0 P {❞❡❛t❤ ✐♥ (t, t+ h] | ❛❧✐✈❡ ❛t t} /h

❧❡❛❞s t♦ ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❜❡✐♥❣ ❛❧✐✈❡ ❛t t✮✿

P {❞❡❛t❤ ❞✉r✐♥❣ (t, t+ h]} ≈ λh

⇒ P {s✉r✈✐✈❡ (t, t+ h]} ≈ 1− λh

✷✷✴ ✼✹

▲✐❦❡❧✐❤♦♦❞ ❢r♦♠ s✉r✈✐✈❛❧

▶ ❛ s✐♥❣❧❡ ♣❡rs♦♥✬s s✉r✈✐✈❛❧ ✭r✐s❦ t✐♠❡✮ t✐♠❡ y = tx − te
▶ s✉❜❞✐✈✐❞❡❞ ✐♥ N ✐♥t❡r✈❛❧s✱ ❡❛❝❤ ♦❢ ❧❡♥❣t❤ h = y/N

▶ ⇒ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ❢♦r t❤❡ ❡♥t✐r❡ s♣❛♥ ❢r♦♠ te t♦ tx ✐s t❤❡
♣r♦❞✉❝t ♦❢ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ s✉r✈✐✈✐♥❣ ❡❛❝❤ ♦❢ t❤❡ N s♠❛❧❧
✐♥t❡r✈❛❧s✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❜❡✐♥❣ ❛❧✐✈❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤
✐♥t❡r✈❛❧✿

P {s✉r✈✐✈❡ te t♦ tx} ≈ (1− λh)N =

(

1−
λy

N

)N

→ ❡①♣(−λy)

❢♦r N → ∞

✷✸✴ ✼✹

▲✐❦❡❧✐❤♦♦❞ ❢r♦♠ ❡✈❡♥t

▶ ❡✈❡♥t ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st ✐♥t❡r✈❛❧ ❢♦r ❛ ♣❡rs♦♥
⇒ ❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥✿
♣r♦❜❛❜✐❧✐t② ♦❢ ❞②✐♥❣ ✐♥ t❤❡ ❧❛st t✐♥② ✐♥st❛♥t ✭♦❢ ❧❡♥❣t❤ ϵ✱ s❛②✮

▶ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❛t❡✱ t❤✐s ✐s λϵ✱ ❛♥❞ ❤❡♥❝❡ t❤❡
❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥ ✐s ❧♦❣(λϵ) = ❧♦❣(λ) + ❧♦❣(ϵ)✳

▶ s✐♥❝❡ di = 1 ♦♥❧② ❢♦r t❤❡ ❧❛st ✐♥t❡r✈❛❧ ✐❢ ❛♥ ❡✈❡♥t ♦❝❝✉rs ❛♥❞ ✵
♦t❤❡r✇✐s❡✱ ✇❡ ❝❛♥ s❛② t❤❛t ❛❧❧ ✐♥t❡r✈❛❧s ❝♦♥tr✐❜✉t❡

di
(

❧♦❣(λ) + ❧♦❣(ϵ)
)

✷✹✴ ✼✹

♦♥❡ ♣❡rs♦♥✬s ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥

▶ ❚❤❡ t♦t❛❧ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ♦♥❡ ♣❡rs♦♥ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛❧❧ t❤❡s❡
t❡r♠s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✲✉♣ ✐♥t❡r✈❛❧s ✭i✮ ❢♦r t❤❡ ♣❡rs♦♥✿

▶ ⇒ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✱ ℓ
(

λ|(di, yi)
)

✐s ❛ s✉♠ ♦✈❡r ✐♥t❡r✈❛❧s✿

ℓ(λ) =
∑

i

−λyi +
∑

i

di
(

❧♦❣(λ) + ❧♦❣(ϵ)
)

=
∑

i

(

di❧♦❣(λ)− λyi
)

+
∑

i

di❧♦❣(ϵ)

✷✺✴ ✼✹

♠♦❞❡❧ ❛♥❞ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢r♦♠ ♦♥❡ ♣❡rs♦♥

∑

i

(

di❧♦❣(λ)− λyi
)

▶ t❤✐s ✐s ❛❧s♦ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢♦r
✐♥❞❡♣❡♥❞❡♥t P♦✐ss♦♥ ✈❛r✐❛t❡s di ✇✐t❤ ♠❡❛♥ λyi

▶ ✳ ✳ ✳ ❜✉t t❤❡ (di, yi) ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❛ s✐♥❣❧❡ ♣❡rs♦♥ ❛r❡
♥❡✐t❤❡r ✐♥❞❡♣❡♥❞❡♥t ♥♦r P♦✐ss♦♥

✳ ✳ ✳ ♠❡r❡❧② ❛♥ ❛❧❣♦r✐t❤♠✐❝ ❝♦♥✈❡♥✐❡♥❝❡✳

▶ ❙❛♠❡ ❧✐❦❡❧✐❤♦♦❞✱ ❜✉t
❞✐✛❡r❡♥t ♠♦❞❡❧s ❛♥❞ ❞✐✛❡r❡♥t ♦❜s❡r✈❛t✐♦♥s

✷✻✴ ✼✹

P❛r❛♠❡tr✐❝ r❛t❡ ♠♦❞❡❧s

▶ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧✐♥❣ ♦❢ r❛t❡s ❛❧❧♦✇s ❞✐✛❡r❡♥t λis ✐♥ ❡❛❝❤
✐♥t❡r✈❛❧
✖❛ss✉♠✐♥❣ t❤❛t r❛t❡s ❛r❡ ❝♦♥st❛♥t ✇✐t❤✐♥ ❡❛❝❤ ✐♥t❡r✈❛❧

▶ ✭❛❣❡✲✮❣r♦✉♣s ❛r❡ ✐rr❡❧❡✈❛♥t✱ t❤❡ ❛❝t✉❛❧ ❛❣❡ ❛t t❤❡ st❛rt ♦❢ t❤❡
✐♥t❡r✈❛❧ ✐s ✉s❡❞ ❛s ❛ q✉❛♥t✐t❛t✐✈❡ ✈❛r✐❛❜❧❡

▶ ✭❞✉r❛t✐♦♥✲✮❣r♦✉♣s ❛r❡ ✐rr❡❧❡✈❛♥t✱ t❤❡ ❛❝t✉❛❧ ❞✉r❛t✐♦♥ ❛t t❤❡
st❛rt ♦❢ t❤❡ ✐♥t❡r✈❛❧ ✐s ✉s❡❞ ❛s ❛ q✉❛♥t✐t❛t✐✈❡ ✈❛r✐❛❜❧❡

▶ ♥♦t❡ t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ q✉❛♥t✐t❛t✐✈❡ ✈❛r✐❛❜❧❡s ❞❡s❝r✐❜✐♥❣ t❤❡
λis ♥❡❡❞ ♥♦t ❜❡ ✐♥ ❛ ♣r❡✲❞❡✜♥❡❞ ✜♥✐t❡ s❡t

✷✼✴ ✼✹

❉❡♠♦❣r❛♣❤②✿ ❙❝❛❧❡s ♦❢ ✐♥❢❡r❡♥❝❡

✲✶✳ ❖❝❝✉rr❡♥❝❡ r❛t❡s
✖t❤❡ s❝❛❧❡ ♦❢ ♦❜s❡r✈❡❞ r❡❣✐st❡r ❞❛t❛✱ (d, y) ✭❡♠♣✐r✐❝❛❧ r❛t❡✮✱
♠❡❛s✉r❡❞ ✐♥ t✐♠❡−1 ✭❡✈❡♥ts ♣❡r ♣❡rs♦♥✲t✐♠❡✮

✵✳ ❙t❛t❡ ♣r♦❜❛❜✐❧✐t✐❡s ✭s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥✮
✖t❤❡ ✐♥t❡❣r❛❧ ♦❢ r❛t❡s ✇✳r✳t✳ t✐♠❡
✖r❡q✉✐r❡s ❛♥ ♦r✐❣✐♥ ✭s✉❝❤ ❛s ❞❛t❡ ♦❢ ❞✐❛❣♥♦s✐s✮
♠❡❛s✉r❡❞ ✐♥ t✐♠❡0 ✭❞✐♠❡♥s✐♦♥❧❡ss✮

✶✳ ❙♦❥♦✉r♥ t✐♠❡s ✭t✐♠❡ s♣❡♥t ✐♥ ❛ st❛t❡✮
✖t❤❡ ✐♥t❡❣r❛❧ ♦❢ st❛t❡ ♣r♦❜❛❜✐❧✐t✐❡s ✇✳r✳t✳ t✐♠❡
✖r❡q✉✐r❡s ❛♥ ♦r✐❣✐♥ ❛♥❞ ❡♥❞♣♦✐♥t
♠❡❛s✉r❡❞ ✐♥ t✐♠❡1

✷✽✴ ✼✹

❉❡♠♦❣r❛♣❤✐❝ q✉❛♥t✐t✐❡s✖❢✉♥❝t✐♦♥s ♦❢ t✐♠❡

▶ ♦❝❝✉rr❡♥❝❡ r❛t❡✿

λ(t) = ❧✐♠h→0 P
{

❡✈❡♥t ✐♥ (t, t+ h) | ❛❧✐✈❡ ❛t t
}

/h

▶ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ✭s✐♥❝❡ t✐♠❡ a✮✿

Sa(t) = ❡①♣

(

−

∫

t

a

λ(u) du

)

▶ s♦❥♦✉r♥ t✐♠❡ ✭❜❡t✇❡❡♥ t ❛♥❞ b✮
✭r❡str✐❝t❡❞ ♠❡❛♥ s✉r✈✐✈❛❧ t✐♠❡ t♦ b✱ ❘▼❙❚✮✿

L(t) =

∫

b

t

St(u) du

✷✾✴ ✼✹

▼♦rt❛❧✐t② ✴ s✉r✈✐✈❛❧ ✴ ❧✐❢❡ t✐♠❡ ❛❢t❡r ❉▼
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❍♦✇ ❞♦❡s ❢♦❧❧♦✇✲✉♣ ❧♦♦❦ ✐♥ ❛ ❞❛t❛s❡t

▶ ❖♥❡ r❡❝♦r❞ ♣❡r t✐♠❡ ✐♥t❡r✈❛❧ ✭✇❤❡r❡ ♥♦t❤✐♥❣ ❤❛♣♣❡♥s✮

▶ ❚❤✐♥❣s ❤❛♣♣❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥t❡r✈❛❧✱
t❤❡ ✐♥t❡r✈❛❧ ❋❯ t✐♠❡ ❜❡❧♦♥❣s ✐♥ ❛ ♣❛rt✐❝✉❧❛r st❛t❡✱ ❡✳❣✳✿
▶ ♥♦❉▼ ✴ ❚✶ ✴ ❚✷
▶ ♥♦❈❑❉ ✴ ❈❑❉
▶ ♥♦ ❝♦♠♦r❜✳ ✴ ✶ ❝♦♠♦r❜✳ ✴ ✷ ❝♦♠♦r❜✳ ✴ ✸ ❝♦♠♦r❜✳ ✴ ✳ ✳ ✳

✸✼✴ ✼✹

❍♦✇ ❞♦❡s ❢♦❧❧♦✇✲✉♣ ❧♦♦❦ ✐♥ ❛ ❞❛t❛s❡t

▶ ■♥t❡r✈❛❧s ♠❛② ❢✉rt❤❡r ❜❡ ❝❧❛ss✐✜❡❞ ❜② t✐♠❡✲✈❛r②✐♥❣ ✈❛r✐❛❜❧❡s✿
▶ q✉❛♥t✐t❛t✐✈❡ ❞❡t❡r♠✐♥✐st✐❝ ✈❛r✐❛❜❧❡s ✭t✐♠❡ s❝❛❧❡s✮✿

❛❣❡✱ ❞❛t❡ ♦❢ ❢♦❧❧♦✇ ✉♣✱ ❞✐❛❜❡t❡s ❞✉r❛t✐♦♥
▶ q✉❛♥t✐t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✿ ❍❜❆✶❝✱ ❝❤♦❧❡st❡r♦❧✱ ✳ ✳ ✳
▶ ❝❛t❡❣♦r✐❝❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✿ ♣❛r✐t②✱ ♠❛r✐t❛❧ st❛t✉s

▶ ❙t❛t❡s ❛r❡ ❛ s♣❡❝✐❛❧ t②♣❡ ♦❢ t✐♠❡ ✈❛r②✐♥❣ ❝♦✈❛r✐❛t❡s✿
t❛r❣❡ts ♦❢ ❞❡♠♦❣r❛♣❤✐❝ ♠❡❛s✉r❡s ✭♣r♦❜❛❜✐❧✐t②✱ s♦❥♦✉r♥ t✐♠❡✮

✸✽✴ ✼✹

❃ ❧✐❜r❛r②✭❊♣✐✮
❃ ❞❛t❛✭❉▼❧❛t❡✮
❃ ❉▼❧❛t❡❬✶✸✿✶✾✱❪

s❡① ❞♦❜t❤ ❞♦❞♠ ❞♦❞t❤ ❞♦♦❛❞ ❞♦✐♥s ❞♦①
✶✶✾✸✵✺ ▼ ✶✾✸✽✳✶✵✼ ✶✾✾✼✳✹✻✶ ✶✾✾✽✳✸✺ ◆❆ ◆❆ ✶✾✾✽✳✸✺✵
✶✽✽✷✹✽ ❋ ✶✾✼✾✳✽✻✹ ✶✾✾✾✳✻✽✹ ◆❆ ◆❆ ◆❆ ✷✵✵✾✳✾✾✼
✸✽✸✸✻ ▼ ✶✾✹✹✳✹✷✵ ✷✵✵✷✳✺✺✵ ◆❆ ◆❆ ✷✵✵✺✳✸✺✹ ✷✵✵✾✳✾✾✼
✸✻✽✺✸✹ ❋ ✶✾✻✷✳✹✽✷ ✷✵✵✵✳✸✺✺ ◆❆ ✷✵✵✶✳✺✺✾ ◆❆ ✷✵✵✾✳✾✾✼
✶✸✾✹✾✼ ❋ ✶✾✺✻✳✹✸✾ ✶✾✾✺✳✺✹✹ ◆❆ ◆❆ ◆❆ ✷✵✵✾✳✾✾✼
✶✸✷✸✸✶ ▼ ✶✾✸✺✳✵✷✹ ✶✾✾✻✳✼✹✻ ◆❆ ✶✾✾✼✳✾✶✺ ✷✵✵✺✳✾✾✺ ✷✵✵✾✳✾✾✼
✷✷✽✹✸✹ ❋ ✶✾✹✾✳✻✷✷ ✷✵✵✻✳✼✽✸ ◆❆ ✷✵✵✻✳✼✽✸ ◆❆ ✷✵✵✾✳✾✾✼

❊❛❝❤ r❡❝♦r❞✿ r❡❧❡✈❛♥t ❞❛t❡s ❢♦r ❛ ♣❡rs♦♥ ❢♦❧❧♦✇❡❞ ❢r♦♠ ❞❛t❡ ♦❢
❞✐❛❜❡t❡s t✐❧❧ ❞❡❛t❤ ♦r ✷✵✵✾✲✶✷✲✸✶ ✭❡♥❞ ♦❢ st✉❞②✮✳

✖❝♦♠❜✐♥❛t✐♦♥ ♦❢ s❡✈❡r❛❧ r❡❣✐st❡rs

✸✾✴ ✼✹

❚♦t❛❧ ❢♦❧❧♦✇✲✉♣ ♦❢ ❞✐❛❜❡t❡s ♣tt✳

■♥ t❡r♠s ♦❢ ❢♦❧❧♦✇✲✉♣ ✇❡ ♠✉st ❞❡✜♥❡✿

▶ ❊♥tr② t✐♠❡✿ ❞♦❉▼

▶ ❊①✐t t✐♠❡✿ ❞♦①

▶ ❊✈❡♥t ❞❡❛t❤✿ ❞♦❞t❤ ❂ ❞♦①

✹✵✴ ✼✹



■♥t❡r♠❡❞✐❛t❡ r❡❣✐st❡r ❡✈❡♥ts

❖t❤❡r ❞❛t❡s s♣❡❝✐❢② ♦❝❝✉rr❡♥❝❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ❡✈❡♥ts

▶ st❛rt ♦❢ ❖❆❉ ❞r✉❣s ❛t ❞♦❖❆❉
▶ st❛rt ♦❢ ✐♥s✉❧✐♥ ❛t ❞♦■♥s
▶ ♣♦ss✐❜❧❡ st❛t❡s✿

▶ ❉▼✱ ♥♦ ❞r✉❣
▶ ❖❆❉ ❛❧♦♥❡
▶ ■♥s ❛❧♦♥❡
▶ ❜♦t❤ ❖❆❉ ✫ ■♥s
▶ ♦r✿

▶ ❖❆❉ ❛❢t❡r ■♥s
▶ ■♥s ❛❢t❡r ❖❆❉

▶ ❉❡❛❞

❙t❛t❡s ❛r❡ ♥♦t ❞❡r✐✈❡❞ ❢r♦♠ ❞❛t❛✱ t❤❡② ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ ✐♥✈❡st✐❣❛t♦r
✹✶✴ ✼✹

▼✉❧t✐✲st❛t❡ ♠♦❞❡❧ ✖ ✺ st❛t❡s✱ ✽ tr❛♥s✐t✐♦♥s

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

✹✷✴ ✼✹

▼✉❧t✐✲st❛t❡ ❞❛t❛

DM
22,920.2

Dead

OAD
22,965.2

Ins
3,883.1

Ins+OAD
4,504.7

1,056
(46.1)

2,958
(129.1)

688
(30.0)

992
(43.2)

1,006
(43.8)

152
(39.1) 171

(44.0)

299
(66.4)

DM
22,920.2

Dead

OAD
22,965.2

Ins
3,883.1

Ins+OAD
4,504.7

DM
22,920.2

Dead

OAD
22,965.2

Ins
3,883.1

Ins+OAD
4,504.7
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Pr❛❝t✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❢♦❧❧♦✇✲✉♣

▶ ♣r♦✈✐❞❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❢♦❧❧♦✇✲✉♣

▶ ♣r♦✈✐❞❡ ❛♥❛❧②t✐❝❛❧ ♣♦ss✐❜✐❧✐t② ❢♦r r❛t❡ ♠♦❞❡❧s✿
♠♦❞❡❧✐♥❣ ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥ s❝❛❧❡ ✭♦❜s❡r✈❡❞ r❛t❡s (d, y)✮

✹✹✴ ✼✹

▼✉❧t✐✲st❛t❡ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ▲❡①✐s
❃ ❞♠▲ ❁✲ ▲❡①✐s✭❡♥tr② ❂ ❧✐st✭P❡r ❂ ❞♦❞♠✱
✰ ❆❣❡ ❂ ❞♦❞♠ ✲ ❞♦❜t❤✱
✰ ❉▼❞✉r ❂ ✵ ✮✱
✰ ❡①✐t ❂ ❧✐st✭P❡r ❂ ❞♦①✮✱
✰ ❡①✐t✳st❛t✉s ❂ ❢❛❝t♦r✭✦✐s✳♥❛✭❞♦❞t❤✮✱
✰ ❧❛❜❡❧s ❂ ❝✭✧❉▼✧✱ ✧❉❡❛❞✧✮✮✱
✰ ❞❛t❛ ❂ ❉▼❧❛t❡✮

◆❖❚❊✿ ❡♥tr②✳st❛t✉s ❤❛s ❜❡❡♥ s❡t t♦ ✧❉▼✧ ❢♦r ❛❧❧✳
◆❖❚❊✿ ❉r♦♣♣✐♥❣ ✹ r♦✇s ✇✐t❤ ❞✉r❛t✐♦♥ ♦❢ ❢♦❧❧♦✇ ✉♣ ❁ t♦❧

❃ s✉♠♠❛r②✭❞♠▲✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ❉▼ ❉❡❛❞ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
❉▼ ✼✹✾✼ ✷✹✾✾ ✾✾✾✻ ✷✹✾✾ ✺✹✷✼✸✳✷✼ ✾✾✾✻

▼✉❧t✐♣❧❡ t✐♠❡ s❝❛❧❡s✿ P❡r✱ ❆❣❡✱ ❉▼❞✉r

✹✺✴ ✼✹

❆ ▲❡①✐s ❞✐❛❣r❛♠
❃ ♣❧♦t✭❞♠▲✮
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❲✐❧❤❡❧♠ ▲❡①✐s
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▼✉❧t✐✲st❛t❡ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ▲❡①✐s

❃ ❞♠■❖ ❁✲ ♠❝✉t▲❡①✐s✭❞♠▲✱
✰ ✇❤ ❂ ❝✭✧❞♦♦❛❞✧✱ ✧❞♦✐♥s✧✮✱
✰ t✐♠❡s❝❛❧❡ ❂ ✧P❡r✧✱
✰ ♥❡✇✳st❛t❡s ❂ ❝✭✧❖❆❉✧✱ ✧■♥s✧✮✱
✰ s❡q✳st❛t❡s ❂ ❋❆▲❙❊✱
✰ t✐❡s✳r❡s♦❧✈❡ ❂ ✶✴✸✻✺✳✷✺✮

◆❖❚❊✿ Pr❡❝✉rs♦r st❛t❡s s❡t t♦ ❉▼
◆❖❚❊✿ ✶✺ r❡❝♦r❞s ✇✐t❤ t✐❡❞ ❡✈❡♥ts t✐♠❡s r❡s♦❧✈❡❞ ✭❛❞❞✐♥❣ ✵✳✵✵✷✼✸✼✽✺✶ r❛♥❞♦♠ ✉♥✐❢♦r♠✮✱

s♦ r❡s✉❧ts ❛r❡ ♦♥❧② r❡♣r♦❞✉❝✐❜❧❡ ✐❢ t❤❡ r❛♥❞♦♠ ♥✉♠❜❡r s❡❡❞ ✇❛s s❡t✳

❃ s✉♠♠❛r②✭❞♠■❖✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ❉▼ ❉❡❛❞ ❖❆❉ ■♥s ■♥s✰❖❆❉ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
❉▼ ✷✽✸✵ ✶✵✺✻ ✷✾✺✼ ✻✽✾ ✵ ✼✺✸✷ ✹✼✵✷ ✷✷✾✷✵✳✷✻ ✼✺✸✷
❖❆❉ ✵ ✾✾✷ ✸✸✷✼ ✵ ✶✵✵✺ ✺✸✷✹ ✶✾✾✼ ✷✷✾✻✺✳✷✺ ✺✸✷✹
■♥s ✵ ✶✺✷ ✵ ✹✻✷ ✶✼✷ ✼✽✻ ✸✷✹ ✸✽✽✸✳✵✼ ✼✽✻
■♥s✰❖❆❉ ✵ ✷✾✾ ✵ ✵ ✽✼✽ ✶✶✼✼ ✷✾✾ ✹✺✵✹✳✻✾ ✶✶✼✼
❙✉♠ ✷✽✸✵ ✷✹✾✾ ✻✷✽✹ ✶✶✺✶ ✷✵✺✺ ✶✹✽✶✾ ✼✸✷✷ ✺✹✷✼✸✳✷✼ ✾✾✾✻

✹✽✴ ✼✹

❧❡①✳✐❞ P❡r ❆❣❡ ❉▼❞✉r ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✷ ✷✵✵✸✳✸✶ ✻✹✳✵✾ ✵ ✻✳✻✾ ❉▼ ❉▼
✶✺ ✷✵✵✷✳✺✺ ✺✽✳✶✸ ✵ ✼✳✹✺ ❉▼ ❉▼
✶✽ ✶✾✾✻✳✼✺ ✻✶✳✼✷ ✵ ✶✸✳✷✺ ❉▼ ❉▼
✼✼✵ ✶✾✾✺✳✷✷ ✼✾✳✷✺ ✵ ✽✳✸✶ ❉▼ ❉❡❛❞

❧❡①✳✐❞ P❡r ❆❣❡ ❉▼❞✉r ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✷ ✷✵✵✸✳✸✶ ✻✹✳✵✾ ✵✳✵✵ ✹✳✶✹ ❉▼ ❖❆❉
✷ ✷✵✵✼✳✹✺ ✻✽✳✷✸ ✹✳✶✹ ✷✳✺✺ ❖❆❉ ❖❆❉

❧❡①✳✐❞ P❡r ❆❣❡ ❉▼❞✉r ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✶✺ ✷✵✵✷✳✺✺ ✺✽✳✶✸ ✵✳✵ ✷✳✽✵ ❉▼ ■♥s
✶✺ ✷✵✵✺✳✸✺ ✻✵✳✾✸ ✷✳✽ ✹✳✻✹ ■♥s ■♥s

❧❡①✳✐❞ P❡r ❆❣❡ ❉▼❞✉r ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✶✽ ✶✾✾✻✳✼✺ ✻✶✳✼✷ ✵✳✵✵ ✶✳✶✼ ❉▼ ❖❆❉
✶✽ ✶✾✾✼✳✾✷ ✻✷✳✽✾ ✶✳✶✼ ✽✳✵✽ ❖❆❉ ■♥s✰❖❆❉
✶✽ ✷✵✵✺✳✾✾ ✼✵✳✾✼ ✾✳✷✺ ✹✳✵✵ ■♥s✰❖❆❉ ■♥s✰❖❆❉

❧❡①✳✐❞ P❡r ❆❣❡ ❉▼❞✉r ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✼✼✵ ✶✾✾✺✳✷✷ ✼✾✳✷✺ ✵✳✵✵ ✵✳✷✼ ❉▼ ■♥s
✼✼✵ ✶✾✾✺✳✹✾ ✼✾✳✺✷ ✵✳✷✼ ✵✳✶✺ ■♥s ■♥s✰❖❆❉
✼✼✵ ✶✾✾✺✳✻✹ ✼✾✳✻✼ ✵✳✹✷ ✼✳✽✾ ■♥s✰❖❆❉ ❉❡❛❞

❧❡①✳❈st ✐s t❤❡ ❈✉rr❡♥t st❛t❡ ❧❡①✳❳st ✐s t❤❡ ❡❳✐t st❛t❡ ✹✾✴ ✼✹

▼✉❧t✐st❛t❡ ♠♦❞❡❧✿ t♦t❛❧ ✭❧♦❣✲✮❧✐❦❡❧✐❤♦♦❞

❚❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ ❛ s✐♥❣❧❡ ♣❡rs♦♥ ❤❛s✿

▶ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢♦r ❡❛❝❤ st❛t❡ ✈✐s✐t❡❞

▶ ✳ ✳ ✳ ♦♥❡ t❡r♠ ❢♦r ❡❛❝❤ ♣♦ss✐❜❧❡ ❡①✐t ❢r♦♠ t❤❡ st❛t❡

▶ ✇✐t❤ t❤❡ s❛♠❡ y✱ ❜✉t d = 1{A}, 1{B}, ❡t❝✳

▶ ■❢ t❤❡ ♠♦❞❡❧ ❛ss✉♠❡s ❝♦♥st❛♥t r❛t❡s✱ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ t❡r♠s ❛r❡
♦❢ t❤❡ ❢♦r♠ d ❧♦❣(λ)− λy
✖❛ P♦✐ss♦♥ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢♦r ✈❛r✐❛t❡ d ✇✐t❤ ♠❡❛♥ λy

▶ ⇒ t♦t❛❧ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢♦r ❛ ♠✉❧t✐st❛t❡ ♠♦❞❡❧ ✐s ❛ s✉♠ ♦❢ t❡r♠s✱
♦♥❡ ♣❡r ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ st❛t❡s✳

▶ ❛ ♣❡rs♦♥ ♦♥❧② ❝♦♥tr✐❜✉t❡s t❡r♠s ❢r♦♠ st❛t❡s ❛❝t✉❛❧❧② ✈✐s✐t❡❞

✺✵✴ ✼✹



▼✉❧t✐st❛t❡ ♠♦❞❡❧ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥

▶ ■❢ ❛❧❧ tr❛♥s✐t✐♦♥ t✐♠❡s ❛r❡ ❦♥♦✇♥ ✭r❡❣✐st❡r ❞❛t❛✮✿
▶ ♦♥❡ r❡❝♦r❞ ♣❡r ❢♦❧❧♦✇✲✉♣ ✐♥t❡r✈❛❧ ✭tr❛♥s✐❡♥t st❛t❡s✮

✖r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❢♦❧❧♦✇✲✉♣✖❊♣✐ ❛♥❞ s✉r✈✐✈❛❧ ♣❛❝❦❛❣❡
✏❆♥❞❡rs❡♥✲●✐❧❧✑ r❡♣r❡s❡♥t❛t✐♦♥

▶ ♦♥❡ r❡❝♦r❞ ♣❡r ❧✐❦❡❧✐❤♦♦❞ t❡r♠ ✭tr❛♥s✐t✐♦♥s✮
st❛❝❦❡❞ ❞❛t❛✖♠st❛t❡ ♣❛❝❦❛❣❡

▶ st❛t❡ ♦❝❝✉♣❛♥❝② ❦♥♦✇♥ ❛t ✭s♦♠❡ ❛r❜✐tr❛r②✮ t✐♠❡s
✭♣❡rs♦♥ ♣ ✐s ✐♥ st❛t❡ s ❛t t✐♠❡ t✮
✏♣r❡✈❛❧❡♥❝❡✑✱ ♣❛♥❡❧ ❞❛t❛✖♠s♠ ♣❛❝❦❛❣❡

❲❡ st✐❝❦ t♦ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❢♦❧❧♦✇✲✉♣ t✐♠❡
✖t❤❡ ♠♦st ♥❛t✉r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r r❡❣✐st❡r✲❜❛s❡❞ ❞❛t❛

✺✶✴ ✼✹

▲✐❦❡❧✐❤♦♦❞ ❢♦r ♠✉❧t✐st❛t❡ tr❛♥s✐t✐♦♥ r❛t❡s

▶ ❛ss✉♠❡ ❛❧❧ tr❛♥s✐t✐♦♥s ❛♥❞ ✲t✐♠❡s ❦♥♦✇♥ ❡①❛❝t❧②

▶ ❧✐❦❡❧✐❤♦♦❞ ❢r♦♠ ♦♥❡ ♣❡rs♦♥ ✐s ❛ ♣r♦❞✉❝t ♦❢ t❡r♠s ✇✐t❤ λ ❛s
❛r❣✉♠❡♥t

▶ ⇒ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❛ s✉♠ ♦❢ t❡r♠s ❧✐❦❡✿

d ❧♦❣(λ)− λy

▶ ✖♦♥❡ t❡r♠ ❢♦r ❡❛❝❤ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ st❛t❡s✳

▶ ❢♦r st❛t❡ ❉▼ ♦♥❡ r❡❝♦r❞ ❜✉t
❢♦r st❛t❡ ❉▼ t❤r❡❡ ❧✐❦❡❧✐❤♦♦❞ t❡r♠s✱ ❞✐✛❡r❡♥t ds✱ s❛♠❡ y

✺✷✴ ✼✹

❚♦t❛❧ ♠✉❧t✐✲st❛t❡ ❧✐❦❡❧✐❤♦♦❞ ✖ ✺ st❛t❡s✱ ✽ tr❛♥s✐t✐♦♥s

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

(dOAD, yDM)

(dIns, yDM)

(dDead, yDM)

✺✸✴ ✼✹

❚♦t❛❧ ♠✉❧t✐✲st❛t❡ ❧✐❦❡❧✐❤♦♦❞ ✖ ✺ st❛t❡s✱ ✽ tr❛♥s✐t✐♦♥s

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

(dDead, yOAD)

(dIns+OAD, yOAD)

✺✹✴ ✼✹

❚♦t❛❧ ♠✉❧t✐✲st❛t❡ ❧✐❦❡❧✐❤♦♦❞ ✖ ✺ st❛t❡s✱ ✽ tr❛♥s✐t✐♦♥s

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

(dDead, yIns)

(dIns+OAD, yIns)

✺✺✴ ✼✹

❚♦t❛❧ ♠✉❧t✐✲st❛t❡ ❧✐❦❡❧✐❤♦♦❞ ✖ ✺ st❛t❡s✱ ✽ tr❛♥s✐t✐♦♥s

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

(dDead, yIns+OAD)

✺✻✴ ✼✹

❙❡♣❛r❛t❡ ♠♦❞❡❧s ❢♦r tr❛♥s✐t✐♦♥ r❛t❡s

▶ ❋♦r r❛t❡s ✐♥ t❤❡ s❛♠❡ ♠♦❞❡❧✿ ❝♦♠♠♦♥ ♣❛r❛♠❡t❡rs ♣♦ss✐❜❧❡
❡✳❣✳ s❛♠❡ ❛❣❡ ❡✛❡❝t ❢♦r ❞✐✛❡r❡♥t r❛t❡s

▶ ▲❡①✐s r❡♣r❡s❡♥ts ❋❯✲t✐♠❡✖♥♦t ❧✐❦❡❧✐❤♦♦❞ t❡r♠s

▶ ⇒ ❛♥❛❧②s✐s ♦❢ ❛ ♠♦❞❡❧ ❢♦r ❞✐✛❡r❡♥t r❛t❡s ❢r♦♠ ❞✐✛❡r❡♥t st❛t❡s
❝❛♥ ❜❡ ❞♦♥❡ ❜❛s❡❞ ♦♥ ❛ ▲❡①✐s ♦❜❥❡❝t

▶ ❞✐✛❡r❡♥t s✉❜s❡ts ♦❢ tr❛♥s✐t✐♦♥ r❛t❡s ✐♥ ❞✐✛❡r❡♥t ♠♦❞❡❧s

▶ ❢♦r ❛ ❝♦♠♣❧❡t❡ ♠♦❞❡❧✱ ❛♥② tr❛♥s✐t✐♦♥ r❛t❡ ♠✉st ❜❡ ✐♥ ♣r❡❝✐s❡❧②
♦♥❡ ♠♦❞❡❧

✺✼✴ ✼✹

❙❡♣❛r❛t❡ ♠♦❞❡❧s ❢♦r tr❛♥s✐t✐♦♥ r❛t❡s

▶ ❆ ♠♦❞❡❧ ❢♦r ❞✐✛❡r❡♥t r❛t❡s ❢r♦♠ t❤❡ s❛♠❡ st❛t❡ r❡q✉✐r❡s ❛
st❛❝❦❡❞ ❞❛t❛ ❢r❛♠❡ ✭♠✉❧t✐♣❧❡ r❡❝♦r❞s ✇✐t❤ t❤❡ s❛♠❡ y✮

▶ ✳ ✳ ✳ ❜✉t t❤✐s ✐s ❤❛r❞❧② ❡✈❡r r❡❧❡✈❛♥t✱ ❡✳❣✳✿
▶ ❞♦ ♥♦t ❡①♣❡❝t ❛❣❡ ❡✛❡❝t t♦ ❜❡ t❤❡ s❛♠❡ ❢♦r r❛t❡ ♦❢ ❖❆❉ ❛♥❞ ■♥s
▶ ✐♥ ♣r❛❝t✐s❡ ♦♥❧② r❛t❡s ❢r♦♠ ❞✐✛❡r❡♥t ♦r✐❣✐♥ st❛t❡s ❛r❡ ❛♥❛❧②s❡❞

t♦❣❡t❤❡r✱ s✉❝❤ ❛s ■♥s r❛t❡s ❢r♦♠ ❉▼ r❡s♣✳ ❖❆❉

✺✽✴ ✼✹

P❛rt✐❛❧ ♠✉❧t✐✲st❛t❡ ❧✐❦❡❧✐❤♦♦❞ ✖ r❛t❡s ♦❢ ■♥s

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

DM

Dead

OAD

Ins

Ins+OAD

✺✾✴ ✼✹

▼♦❞❡❧✐♥❣ r❛t❡s

▶ P♦✐ss♦♥ ❧✐❦❡❧✐❤♦♦❞ ✐s ❢♦r ❝♦♥st❛♥t r❛t❡s✿

▶ ⇒ ♠♦❞❡❧ r❡str✐❝t❡❞ t♦ ❝♦♥st❛♥t r❛t❡ ✇✐t❤✐♥ ❡❛❝❤ ❋❯✲r❡❝♦r❞

▶ r❡♠❡❞②✿ s♣❧✐t r❡❝♦r❞s ✐♥ ♠❛♥② r❡❝♦r❞s ✇✐t❤ s❤♦rt❡r ❧❡♥❣t❤
✖s♦ s❤♦rt t❤❛t ❝♦♥st❛♥t r❛t❡s ✐♥ ✐♥t❡r✈❛❧s ✐s r❡❛s♦♥❛❜❧❡

▶ s♣❧✐t▲❡①✐s ♦r s♣❧✐t▼✉❧t✐ ✭❢r♦♠ ♣♦♣❊♣✐ ♣❛❝❦❛❣❡✮

▶ ♠❛♥② r❡❝♦r❞s ✇✐t❤ ❧❡①✳❈st ❂ ❧❡①✳❳st

▶ ✐♥❝❧✉❞❡ t✐♠❡s❝❛❧❡s ✐♥ ♠♦❞❡❧s ❛s q✉❛♥t✐t❛t✐✈❡ ✈❛r✐❛❜❧❡s

✻✵✴ ✼✹



❃ s✉♠♠❛r②✭❞♠■❖✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ❉▼ ❉❡❛❞ ❖❆❉ ■♥s ■♥s✰❖❆❉ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
❉▼ ✷✽✸✵ ✶✵✺✻ ✷✾✺✼ ✻✽✾ ✵ ✼✺✸✷ ✹✼✵✷ ✷✷✾✷✵✳✷✻ ✼✺✸✷
❖❆❉ ✵ ✾✾✷ ✸✸✷✼ ✵ ✶✵✵✺ ✺✸✷✹ ✶✾✾✼ ✷✷✾✻✺✳✷✺ ✺✸✷✹
■♥s ✵ ✶✺✷ ✵ ✹✻✷ ✶✼✷ ✼✽✻ ✸✷✹ ✸✽✽✸✳✵✼ ✼✽✻
■♥s✰❖❆❉ ✵ ✷✾✾ ✵ ✵ ✽✼✽ ✶✶✼✼ ✷✾✾ ✹✺✵✹✳✻✾ ✶✶✼✼
❙✉♠ ✷✽✸✵ ✷✹✾✾ ✻✷✽✹ ✶✶✺✶ ✷✵✺✺ ✶✹✽✶✾ ✼✸✷✷ ✺✹✷✼✸✳✷✼ ✾✾✾✻
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✶✽ ✷✵✵✻✳✼✺ ✼✶✳✼✷ ✶✵✳✵✵ ✵✳✺✵ ■♥s✰❖❆❉ ■♥s✰❖❆❉ ✶✾✾✼✳✾✷ ✷✵✵✺✳✾✾
✶✽ ✷✵✵✼✳✷✺ ✼✷✳✷✷ ✶✵✳✺✵ ✵✳✺✵ ■♥s✰❖❆❉ ■♥s✰❖❆❉ ✶✾✾✼✳✾✷ ✷✵✵✺✳✾✾
✶✽ ✷✵✵✼✳✼✺ ✼✷✳✼✷ ✶✶✳✵✵ ✵✳✺✵ ■♥s✰❖❆❉ ■♥s✰❖❆❉ ✶✾✾✼✳✾✷ ✷✵✵✺✳✾✾
✶✽ ✷✵✵✽✳✷✺ ✼✸✳✷✷ ✶✶✳✺✵ ✵✳✺✵ ■♥s✰❖❆❉ ■♥s✰❖❆❉ ✶✾✾✼✳✾✷ ✷✵✵✺✳✾✾
✶✽ ✷✵✵✽✳✼✺ ✼✸✳✼✷ ✶✷✳✵✵ ✵✳✺✵ ■♥s✰❖❆❉ ■♥s✰❖❆❉ ✶✾✾✼✳✾✷ ✷✵✵✺✳✾✾
✶✽ ✷✵✵✾✳✷✺ ✼✹✳✷✷ ✶✷✳✺✵ ✵✳✺✵ ■♥s✰❖❆❉ ■♥s✰❖❆❉ ✶✾✾✼✳✾✷ ✷✵✵✺✳✾✾
✶✽ ✷✵✵✾✳✼✺ ✼✹✳✼✷ ✶✸✳✵✵ ✵✳✷✺ ■♥s✰❖❆❉ ■♥s✰❖❆❉ ✶✾✾✼✳✾✷ ✷✵✵✺✳✾✾

✻✹✴ ✼✹

▼✉❧t✐✲st❛t❡ ❧✐❦❡❧✐❤♦♦❞ ✖ ♠♦rt❛❧✐t② r❛t❡s
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✻✺✴ ✼✹

▼♦rt❛❧✐t② r❛t❡s
❃ ★ ♣r✐♦r t♦ ❊♣✐❴✷✳✺✽ t❤✐s ✇❛s ❣❧♠✳▲❡①✐s
❃ ♠❞t❤ ❁✲ ❣❧♠▲❡①✐s✭s■❖✱ ⑦ ◆s✭❉▼❞✉r✱ ❦♥♦ts❂❝✭✵✱✶✱✸✱✻✱✶✵✮✮ ✰ ❧❡①✳❈st✱
✰ t♦ ❂ ✧❉❡❛❞✧✮

st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t s■❖ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r tr❛♥s✐t✐♦♥s✿
❉▼✲❃❉❡❛❞
❖❆❉✲❃❉❡❛❞
■♥s✲❃❉❡❛❞
■♥s✰❖❆❉✲❃❉❡❛❞

❃ r♦✉♥❞✭❝✐✳❡①♣✭♠❞t❤✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✵✼✵ ✵✳✵✻✸ ✵✳✵✼✽
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✶ ✵✳✻✶✹ ✵✳✺✶✹ ✵✳✼✸✹
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✷ ✵✳✽✵✽ ✵✳✻✾✶ ✵✳✾✹✺
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✸ ✵✳✸✸✼ ✵✳✷✺✸ ✵✳✹✺✵
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✹ ✵✳✾✾✼ ✵✳✽✽✵ ✶✳✶✷✾
❧❡①✳❈st❖❆❉ ✵✳✾✼✵ ✵✳✽✽✾ ✶✳✵✺✾
❧❡①✳❈st■♥s ✵✳✽✼✽ ✵✳✼✹✵ ✶✳✵✹✷
❧❡①✳❈st■♥s✰❖❆❉ ✶✳✺✵✺ ✶✳✸✶✷ ✶✳✼✷✺

✻✻✴ ✼✹

▼♦rt❛❧✐t② r❛t❡s ❝♦①♣❤✖ ✇❤♦ ❝❛r❡s ❛❜♦✉t ❉▼❞✉r

❃ ★ ♣r✐♦r t♦ ❊♣✐❴✷✳✺✽ t❤✐s ✇❛s ❝♦①♣❤✳▲❡①✐s
❃ ❝❞t❤ ❁✲ ❝♦①♣❤▲❡①✐s✭❞♠■❖✱ ❉▼❞✉r ⑦ ❧❡①✳❈st✱ t♦ ❂ ✧❉❡❛❞✧✮

s✉r✈✐✈❛❧✿✿❝♦①♣❤ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t ❞♠■❖✿
❘❛t❡s ❢♦r tr❛♥s✐t✐♦♥s✿
❉▼✲❃❉❡❛❞
❖❆❉✲❃❉❡❛❞
■♥s✲❃❉❡❛❞
■♥s✰❖❆❉✲❃❉❡❛❞
❇❛s❡❧✐♥❡ t✐♠❡s❝❛❧❡✿ ❉▼❞✉r

❃ r♦✉♥❞✭❝❜✐♥❞✭❝✐✳❡①♣✭❝❞t❤✮❬✲✶✱❪✱
✰ ❝✐✳❡①♣✭♠❞t❤✱ s✉❜s❡t ❂ ✧❧❡①✧✮✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪ ❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
❧❡①✳❈st❖❆❉ ✵✳✾✽✷ ✵✳✽✾✾ ✶✳✵✼✷ ✵✳✾✼✵ ✵✳✽✽✾ ✶✳✵✺✾
❧❡①✳❈st■♥s ✵✳✽✾✶ ✵✳✼✺✶ ✶✳✵✺✽ ✵✳✽✼✽ ✵✳✼✹✵ ✶✳✵✹✷
❧❡①✳❈st■♥s✰❖❆❉ ✶✳✺✶✾ ✶✳✸✷✺ ✶✳✼✹✷ ✶✳✺✵✺ ✶✳✸✶✷ ✶✳✼✷✺

✻✼✴ ✼✹

▼✉❧t✐✲st❛t❡ ❧✐❦❡❧✐❤♦♦❞ ✖ r❛t❡s ♦❢ ■♥s
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❘❛t❡s ♦❢ ✐♥s✉❧✐♥ ✉♣t❛❦❡

❃ ♠✐♥s ❁✲ ❣❧♠▲❡①✐s✭s■❖✱ ⑦ ◆s✭❉▼❞✉r✱ ❦♥♦ts❂❝✭✵✱✶✱✸✱✻✱✶✵✮✮ ✰ ❧❡①✳❈st✱
✰ ❢r♦♠ ❂ ❝✭✧❉▼✧ ✱✧❖❆❉✧✮✱
✰ t♦ ❂ ❝✭✧■♥s✧✱✧■♥s✰❖❆❉✧✮✮

st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t s■❖ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r tr❛♥s✐t✐♦♥s✿
❉▼✲❃■♥s
❖❆❉✲❃■♥s✰❖❆❉

❃ r♦✉♥❞✭❝✐✳❡①♣✭♠✐♥s✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✶✶✹ ✵✳✶✵✹ ✵✳✶✷✺
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✶ ✵✳✷✶✺ ✵✳✶✻✾ ✵✳✷✼✷
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✷ ✵✳✺✸✺ ✵✳✹✸✼ ✵✳✻✺✸
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✸ ✵✳✵✶✶ ✵✳✵✵✽ ✵✳✵✶✺
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✹ ✶✳✻✸✻ ✶✳✸✼✻ ✶✳✾✹✹
❧❡①✳❈st❖❆❉ ✶✳✼✻✻ ✶✳✺✾✾ ✶✳✾✺✵

❖❆❉ ✉s❡rs ❛r❡ ✶✳✽ t✐♠❡s ♠♦r❡ ❧✐❦❡❧② t♦ st❛rt ♦♥ ✐♥s✉❧✐♥
✻✾✴ ✼✹

▼✉❧t✐✲st❛t❡ ❧✐❦❡❧✐❤♦♦❞ ✖ r❛t❡s ♦❢ ❖❆❉
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✼✵✴ ✼✹



❘❛t❡s ♦❢ ♦r❛❧ ❞r✉❣ ✉♣t❛❦❡✖✐♥❝✐❞❡♥❝❡ ♦❢❖❆❉

❃ ♠♦❛❞ ❁✲ ❣❧♠▲❡①✐s✭s■❖✱ ⑦ ◆s✭❉▼❞✉r✱ ❦♥♦ts❂❝✭✵✱✶✱✸✱✻✱✶✵✮✮ ✰ ❧❡①✳❈st✱
✰ ❢r♦♠ ❂ ❝✭✧❉▼✧ ✱✧■♥s✧✮✱
✰ t♦ ❂ ❝✭✧❖❆❉✧✱✧■♥s✰❖❆❉✧✮✮

st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t s■❖ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r tr❛♥s✐t✐♦♥s✿
❉▼✲❃❖❆❉
■♥s✲❃■♥s✰❖❆❉

❃ r♦✉♥❞✭❝✐✳❡①♣✭♠♦❛❞✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✹✻✵ ✵✳✹✸✼ ✵✳✹✽✺
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✶ ✵✳✷✾✷ ✵✳✷✹✸ ✵✳✸✺✶
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✷ ✵✳✷✶✶ ✵✳✶✼✵ ✵✳✷✻✸
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✸ ✵✳✵✶✶ ✵✳✵✵✽ ✵✳✵✶✸
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✹ ✵✳✹✵✵ ✵✳✸✸✵ ✵✳✹✽✺
❧❡①✳❈st■♥s ✵✳✹✻✽ ✵✳✹✵✶ ✵✳✺✹✻

■♥s✉❧✐♥ ✉s❡rs ❛r❡ ❤❛❧❢ ❛s ❧✐❦❡❧② ❛s ♥♦♥✲✉s❡rs t♦ st❛rt ❖❆❉
✼✶✴ ✼✹

✇❤❛t ✐s ❣❧♠▲❡①✐s

❃ ❣❧♠▲❡①✐s✭s■❖✱ ⑦ ◆s✭❉▼❞✉r✱ ❦♥♦ts❂❝✭✵✱✶✱✸✱✻✱✶✵✮✮ ✰ ❧❡①✳❈st✱
✰ ❢r♦♠ ❂ ❝✭✧❉▼✧ ✱✧■♥s✧✮✱
✰ t♦ ❂ ❝✭✧❖❆❉✧✱✧■♥s✰❖❆❉✧✮✮

✐s ❛ ✇r❛♣♣❡r ❢♦r

❃ ❣❧♠✭❝❜✐♥❞✭❧❡①✳❳st ✪✐♥✪ ❝✭✧❖❆❉✧✱✧■♥s✰❖❆❉✧✮ ✫ ❧❡①✳❳st ✦❂ ❧❡①✳❈st✱
✰ ❧❡①✳❞✉r✮
✰ ⑦ ◆s✭❉▼❞✉r✱ ❦♥♦ts❂❝✭✵✱✶✱✸✱✻✱✶✵✮✮ ✰ ❧❡①✳❈st✱
✰ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✱
✰ ❞❛t❛ ❂ s✉❜s❡t✭s■❖✱ ❧❡①✳❈st ✪✐♥✪ ❝✭✧❉▼✧ ✱✧■♥s✧✮✮✮

✳ ✳ ✳ ♥♦t❡ t❤❡ ♣♦✐sr❡❣ ❢❛♠✐❧② ❢r♦♠ ❊♣✐

✼✷✴ ✼✹

❲❤❛t ♥♦t t♦ ❞♦
❃ ♠❉▼ ❁✲ ❣❧♠▲❡①✐s✭s■❖✱ ⑦ ◆s✭❉▼❞✉r✱ ❦♥♦ts❂❝✭✵✱✶✱✸✱✻✱✶✵✮✮✱ ❢r♦♠ ❂ ✧❉▼✧✮

◆❖❚❊✿
▼✉❧t✐♣❧❡ tr❛♥s✐t✐♦♥s ✯❢r♦♠✯ st❛t❡ ✬ ❉▼ ✬ ✲ ❛r❡ ②♦✉ s✉r❡❄
❚❤❡ ❛♥❛❧②s✐s r❡q✉❡st❡❞ ✐s ❡❢❢❡❝t✐✈❡❧② ♠❡r❣✐♥❣ ♦✉t❝♦♠❡ st❛t❡s✳
❨♦✉ ♠❛② ✇❛♥t ❛♥❛❧②s❡s ✉s✐♥❣ ❛ ✯st❛❝❦❡❞✯ ❞❛t❛s❡t ✲ s❡❡ ❄st❛❝❦✳▲❡①✐s
st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t s■❖ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r tr❛♥s✐t✐♦♥s✿
❉▼✲❃❉❡❛❞
❉▼✲❃❖❆❉
❉▼✲❃■♥s

❃ r♦✉♥❞✭❝✐✳❡①♣✭♠❉▼✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✼✷✷ ✵✳✻✾✸ ✵✳✼✺✸
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✶ ✵✳✷✾✼ ✵✳✷✺✻ ✵✳✸✹✻
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✷ ✵✳✷✹✼ ✵✳✷✵✽ ✵✳✷✾✸
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✸ ✵✳✵✶✸ ✵✳✵✶✵ ✵✳✵✶✺
◆s✭❉▼❞✉r✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✸✱ ✻✱ ✶✵✮✮✹ ✵✳✺✺✸ ✵✳✹✼✾ ✵✳✻✹✵

❚❤❡ ♠♦❞❡❧ ✐s ♠❡❛♥✐♥❣❧❡ss✱ ♥♦t st❛t✐st✐❝❛❧❧② ♠❡❛♥✐♥❣❧❡ss✱ ❜✉t s✉❜st❛♥t✐❛❧❧② ♠❡❛♥✐♥❣❧❡ss

✖♥♦t s❡♥s✐❜❧❡ t♦ ❤❛✈❡ s❛♠❡ ❞✉r❛t✐♦♥ ✭♦r ♦t❤❡r✮ ❡✛❡❝t ❢♦r ❞✐✛❡r❡♥t ❡✈❡♥t t②♣❡s
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▼❛t❡r✐❛❧

▶ ❇♦♦❦ ♦♥ ❧✐♥❡✿ Pr❛❝t✐❝❛❧ ▼✉❧t✐st❛t❡ ▼♦❞❡❧✐♥❣
❤tt♣s✿✴✴❜❡♥❞✐①❝❛rst❡♥s❡♥✳❝♦♠✴P▼▼✴

▶ ❇♦♦❦✿ ❇❡♥❞✐① ❈❛rst❡♥s❡♥✿
❇♦♦❦✿ ❊♣✐❞❡♠✐♦❧♦❣② ✇✐t❤ ❘✱ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✷✷

▶ ❱✐❣♥❡tt❡ ✐♥ t❤❡ ❊♣✐ ♣❛❝❦❛❣❡✿
❆♥❛❧②s✐s ♦❢ ❢♦❧❧♦✇✲✉♣ ❞❛t❛ ✉s✐♥❣ t❤❡ ▲❡①✐s ❢✉♥❝t✐♦♥s ✐♥ ❊♣✐

✼✹✴ ✼✹

https://bendixcarstensen.com/PMM/

