
◆♦r❞✐❝ ❙✉♠♠❡rs❝❤♦♦❧ ♦❢ ❈❛♥❝❡r

❊♣✐❞❡♠✐♦❧♦❣②

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ❙t❡♥♦ ❉✐❛❜❡t❡s ❈❡♥t❡r ❈♦♣❡♥❤❛❣❡♥
❍❡r❧❡✈✱ ❉❡♥♠❛r❦
❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠

❊s❛ ▲äärä ❯♥✐✈❡rs✐t② ♦❢ ❖✉❧✉
❖✉❧✉✱ ❋✐♥❧❛♥❞

❉❛♥✐s❤ ❈❛♥❝❡r ❙♦❝✐❡t②✱ ❆✉❣✉st ✷✵✷✹ ✴ ❏❛♥✉❛② ✷✵✷✺

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠✴◆❙❈❊✴✷✵✶✼

❋r♦♠ ❈✿❭❇❡♥❞✐①❭t❡❛❝❤❭◆❙❈❊❭✷✵✷✹❭s❧✐❞❡s✴s❧✐❞❡s✳t❡① ▼♦♥❞❛② ✶✾t❤ ❆✉❣✉st✱ ✷✵✷✹✱ ✶✹✿✺✾

✶✴ ✶✺✹

■♥tr♦❞✉❝t✐♦♥

▶ ❙t❛rt❡rs

▶ ❆♥❛❧②s✐s ❛♥❞ st❛t✐st✐❝s

▶ ❯s❡s ♦❢ st❛t✐st✐❝s ✐♥ ❡♣✐❞❡♠✐♦❧♦❣②

▶ ❘❡❢❡r❡♥❝❡s

✷✴ ✶✺✹

❈♦❤♦rt ♦❢ ♠❛❧❡ ❛s❜❡st♦s ✇♦r❦❡rs✱ N = 17800✳

❖❜s❡r✈❡❞ D = 24 ❝❛s❡s ♦❢ ❧✉♥❣ ❝❛♥❝❡r ❞❡❛t❤s✳
❊①♣❡❝t❡❞ E = 7 ❝❛s❡s ❜❛s❡❞ ♦♥ ❛❣❡✲s♣❡❝✐✜❝ r❛t❡s ✐♥ ❣❡♥❡r❛❧
♣♦♣✉❧❛t✐♦♥✳

❙▼❘ =
D

E
=

24

7
= 3.4

❖❜s❡r✈❡❞ r❛t❡ r❛t✐♦ > 1✿

▶ tr✉❡ ❛s s✉❝❤❄

▶ ❜✐❛s❡❞❄ ❜② ✇❤✐❝❤ ❢❛❝t♦rs❄

▶ ❞✉❡ t♦ ♣❧❛② ♦❢ ❝❤❛♥❝❡❄

✸✴ ✶✺✹

◆✉rs❡s ❍❡❛❧t❤ ❙t✉❞② ✭◆❍❙✮ ♦♥
♦r❛❧ ❝♦♥tr❛❝❡♣t✐✈❡ ✭❖❈✮ ✉s❡ ❛♥❞ ❜r❡❛st ❝❛♥❝❡r✳

◆✉❧❧ ❤②♣♦t❤❡s✐s H0✿
❖❈ ✉s❡ ❞♦❡s ♥♦t ❛✛❡❝t r✐s❦ ♦❢ ❜r❡❛st ❝❛♥❝❡r❀ tr✉❡ r❛t❡ r❛t✐♦ ❂ ✶
❜❡t✇❡❡♥ ❡✈❡r ❛♥❞ ♥❡✈❡r ✉s❡rs✳

❙✉♠♠❛r② ♦❢ st✉❞② ♦✉t❝♦♠❡s✿

◆♦✳ ♦❢ P❡rs♦♥✲ ❘❛t❡
❖❈ ✉s❡ ❈❛s❡s ②❡❛rs ✭✴105 ②✮

❊✈❡r ✷✵✹ ✾✹✱✵✷✾ ✷✶✼
◆❡✈❡r ✷✹✵ ✶✷✽✱✺✷✽ ✶✽✼

✹✴ ✶✺✹

❘❡s✉❧ts✿

▶ ❖❜s❡r✈❡❞ r❛t❡ r❛t✐♦ ❘❘ = 217/187 = 1.16

▶ P ✲✈❛❧✉❡ 0.12

▶ ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ [0.96, 1.40]

■♥t❡r♣r❡t❛t✐♦♥❄

▶ tr✉❡ r❛t❡ r❛t✐♦ ❂ ✶✳✶✻❄

▶ ♣r♦❜❛❜✐❧✐t② t❤❛t H0 ✐s tr✉❡ ❂ ✶✷✪ ❄

▶ ♣r♦❜❛❜✐❧✐t② ❂ ✾✺✪✱ t❤❛t tr✉❡ r❛t❡ r❛t✐♦ ✐s ❜❡t✇❡❡♥ ✵✳✾✻ ❛♥❞ ✶✳✹✵❄

▶ ♦t❤❡r❄ ❢✉rt❤❡r ❛♥❛❧②s✐s ♥❡❡❞❡❞❄

✺✴ ✶✺✹

❆♥❛❧②s✐s ❛♥❞ st❛t✐st✐❝s

❇② ❛♥❛❧②s✐s ✇❡ ♠❡❛♥ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s✳

❙t❛t✐st✐❝s✿

▶ ✭s✐♥❣✉❧❛r✮ t❤❡ s❝✐❡♥❝❡ t❤❛t ❞❡❛❧s ✇✐t❤ t❤❡✿
▶ ❝♦❧❧❡❝t✐♦♥✱ ❝❧❛ss✐✜❝❛t✐♦♥✱ ❛♥❛❧②s✐s✱ ❛♥❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧

❢❛❝ts ♦r ❞❛t❛✱ ❛♥❞ t❤❛t✱
▶ ❜② ✉s❡ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r✐❡s ♦❢ ♣r♦❜❛❜✐❧✐t②✱ ✐♠♣♦s❡s ♦r❞❡r ❛♥❞

r❡❣✉❧❛r✐t② ♦♥ ❛❣❣r❡❣❛t❡s ♦❢ ♠♦r❡ ♦r ❧❡ss ❞✐s♣❛r❛t❡ ❡❧❡♠❡♥ts✳

▶ ✭♣❧✉r❛❧✮ t❤❡ ♥✉♠❡r✐❝❛❧ ❢❛❝ts ♦r ❞❛t❛ t❤❡♠s❡❧✈❡s

✭❲❡❜st❡r✬s ❉✐❝t✐♦♥❛r②✮

✻✴ ✶✺✹

❯s❡ ♦❢ st❛t✐st✐❝s ✐♥ ❡♣✐❞❡♠✐♦❧♦❣②

▶ ❛ss❡ss♠❡♥t ♦❢ r❛♥❞♦♠ ✈❛r✐❛t✐♦♥

▶ ❝♦♥tr♦❧ ♦❢ ❝♦♥❢♦✉♥❞✐♥❣ ❛♥❞

▶ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥ ✭❛✳❦✳❛✳ ✐♥t❡r❛❝t✐♦♥✮

▶ ❣✉✐❞✐♥❣ st✉❞② ♣❧❛♥♥✐♥❣✿
❝❤♦✐❝❡ ♦❢ ❞❡s✐❣♥✱ ❣r♦✉♣ s✐③❡s
❧❡♥❣t❤ ♦❢ ❢♦❧❧♦✇✲✉♣✱ s❛♠♣❧✐♥❣

✼✴ ✶✺✹

❯s❡ ♦❢ st❛t✐st✐❝s

❇❛s✐❝ ❛♣♣r♦❛❝❤❡s ❛♥❞ t♦♦❧s✿

▶ ❞❡s❝r✐♣t✐✈❡ s✉♠♠❛r✐③❛t✐♦♥ ♦❢ ❞❛t❛

▶ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❢♦r r❛♥❞♦♠ ✈❛r✐❛t✐♦♥

▶ st❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡✿ ❡st✐♠❛t✐♦♥ ❛♥❞ t❡st✐♥❣

▶ ❝r✉❞❡ ❛♥❞ str❛t✐✜❡❞ ❛♥❛❧②s✐s

▶ r❡❣r❡ss✐♦♥ ♠❡t❤♦❞s✳

✽✴ ✶✺✹

❘❡❢❡r❡♥❝❡s

■❙✿ ❞♦s ❙❛♥t♦s ❙✐❧✈❛✱ ■✳ ✭✶✾✾✾✮✳
❈❛♥❝❡r ❊♣✐❞❡♠✐♦❧♦❣②✿ Pr✐♥❝✐♣❧❡s ❛♥❞ ▼❡t❤♦❞s✳

■♥t❡r♥❛t✐♦♥❛❧ ❆❣❡♥❝② ❢♦r ❘❡s❡❛r❝❤ ♦♥ ❈❛♥❝❡r✱ ▲②♦♥✳

❇✫❉✿ ❇r❡s❧♦✇✱ ◆✳❊✳✱ ❉❛②✱ ◆✳❊✳ ✭✶✾✽✼✮✳
❙t❛t✐st✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❈❛♥❝❡r ❘❡s❡❛r❝❤ ❱♦❧✉♠❡ ■■ ✕ ❚❤❡

❉❡s✐❣♥ ❛♥❞ ❆♥❛❧②s✐s ♦❢ ❈♦❤♦rt ❙t✉❞✐❡s✳ ■❆❘❈✱ ▲②♦♥✳

❈✫❍✿ ❈❧❛②t♦♥✱ ❉✳✱ ❍✐❧❧s✱ ▼✳ ✭✶✾✾✸✮✳
❙t❛t✐st✐❝❛❧ ▼♦❞❡❧s ✐♥ ❊♣✐❞❡♠✐♦❧♦❣②✳ ❖❯P✱ ❖①❢♦r❞✳

❇①❈✿ ❇✳ ❈❛rst❡♥s❡♥ ✭✷✵✷✷✮✳
❊♣✐❞❡♠✐♦❧♦❣② ✇✐t❤ ❘✳ ❖❯P✱ ❖①❢♦r❞✳

✾✴ ✶✺✹

❈❤❛♥❝❡

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ✫ ❊s❛ ▲äärä

◆♦r❞✐❝ ❙✉♠♠❡rs❝❤♦♦❧ ♦❢ ❈❛♥❝❡r ❊♣✐❞❡♠✐♦❧♦❣②
❉❛♥✐s❤ ❈❛♥❝❡r ❙♦❝✐❡t②✱❆✉❣✉st ✷✵✷✹ ✴ ❏❛♥✉❛② ✷✵✷✺

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠✴◆❙❈❊✴✷✵✶✼ ❝❤❛♥❝❡

http://BendixCarstensen.com
http://BendixCarstensen.com/NSCE/2017
http://BendixCarstensen.com/NSCE/2017


❈❤❛♥❝❡ ✈❛r✐❛t✐♦♥

▶ ❙②st❡♠❛t✐❝ ❛♥❞ r❛♥❞♦♠ ✈❛r✐❛t✐♦♥
▶ Pr♦❜❛❜✐❧✐t② ♠♦❞❡❧✿

▶ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✖ ♦❜s❡r✈❛t✐♦♥ ✖ ❞❛t❛
▶ ❞✐str✐❜✉t✐♦♥
▶ ♣❛r❛♠❡t❡rs

▶ ❙t❛t✐st✐❝

▶ ❙t❛♥❞❛r❞ ❡rr♦r

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✵✴ ✶✺✹

❙②st❡♠❛t✐❝ ❛♥❞ r❛♥❞♦♠ ✈❛r✐❛t✐♦♥

❈❛♥❝❡r ✐♥❝✐❞❡♥❝❡ r❛t❡s ✈❛r② ❜② ❦♥♦✇♥ ✫ ♠❡❛s✉r❡❞ ❞❡t❡r♠✐♥❛♥ts ♦❢
❞✐s❡❛s❡✱ s✉❝❤ ❛s✿

▶ ❛❣❡✱

▶ ❣❡♥❞❡r✱

▶ r❡❣✐♦♥✱

▶ t✐♠❡✱

▶ s♣❡❝✐✜❝ r✐s❦ ❢❛❝t♦rs✳

❚❤✐s ✐s s②st❡♠❛t✐❝ ✈❛r✐❛t✐♦♥✳

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✶✴ ✶✺✹

❙②st❡♠❛t✐❝ ❛♥❞ r❛♥❞♦♠ ✈❛r✐❛t✐♦♥

■♥ ❛❞❞✐t✐♦♥✱ ♦❜s❡r✈❡❞ r❛t❡s ❛r❡ s✉❜❥❡❝t t♦
r❛♥❞♦♠ ♦r ❝❤❛♥❝❡ ✈❛r✐❛t✐♦♥✿
✖ ✈❛r✐❛t✐♦♥ ❞✉❡ t♦ ✉♥❦♥♦✇♥ s♦✉r❝❡s ❧✐❦❡

▶ ❧❛t❡♥t ❣❡♥❡t✐❝ ❞✐✛❡r❡♥❝❡s✱

▶ ✉♥❦♥♦✇♥ ❝♦♥❝♦♠✐t❛♥t ❡①♣♦s✉r❡s✱

▶ s❛♠♣❧✐♥❣✱

▶ ✧♣✉r❡ ❝❤❛♥❝❡✧ ✖ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✷✴ ✶✺✹

❊①❛♠♣❧❡✿ ❙♠♦❦✐♥❣ ❛♥❞ ❧✉♥❣ ❝❛♥❝❡r

▶ ❖♥❧② ❛ ♠✐♥♦r✐t② ♦❢ s♠♦❦❡rs ❣❡t ❧✉♥❣ ❝❛♥❝❡r

▶ ✳ ✳ ✳ ❛♥❞ s♦♠❡ ♥♦♥✲s♠♦❦❡rs ❣❡t t❤❡ ❞✐s❡❛s❡✱ t♦♦✳

▶ ❆t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ t❤❡ ♦✉t❝♦♠❡ ✐s ✉♥♣r❡❞✐❝t❛❜❧❡✳

▶ ❲❤❡♥ ❝❛♥❝❡r ♦❝❝✉rs✱ ✐t ❝❛♥ ❡✈❡♥t✉❛❧❧② ♦♥❧② ❜❡ ❡①♣❧❛✐♥❡❞ ❥✉st ❜②
✏❜❛❞ ❧✉❝❦✑✳

▶ ❯♥♣r❡❞✐❝t❛❜✐❧✐t② ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♦✉t❝♦♠❡s ✐♠♣❧✐❡s ❧❛r❣❡❧②
✉♥♣r❡❞✐❝t❛❜❧❡ ✖ r❛♥❞♦♠ ✖ ✈❛r✐❛t✐♦♥ ♦❢ ❞✐s❡❛s❡ r❛t❡s ❛t
♣♦♣✉❧❛t✐♦♥ ❧❡✈❡❧✳

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✸✴ ✶✺✹

❊①❛♠♣❧❡✿ ❇r❡❛st ❝❛♥❝❡r

❇r❡❛st ❝❛♥❝❡r ✐♥❝✐❞❡♥❝❡ r❛t❡s ✐♥ ❋✐♥❧❛♥❞✱ ❛❣❡ ❣r♦✉♣ ✻✺✲✻✾ ②❡❛rs ✐♥
t❤r❡❡ s✉❝❝❡ss✐✈❡ ②❡❛rs✳

▼❛❧❡s ❋❡♠❛❧❡s
❨❡❛r ✭♣❡r 106 P✲②❡❛rs✮ ✭♣❡r 104 P✲②❡❛rs✮

✶✾✽✾ ✹✻ ✷✶
✶✾✾✵ ✶✶ ✷✵
✶✾✾✶ ✸✸ ✶✾

▶ ❇✐❣ ❛♥♥✉❛❧ ❝❤❛♥❣❡s ✐♥ r✐s❦ ❛♠♦♥❣ ♠❛❧❡s❄
▶ ■s t❤❡r❡ st❡❛❞② ❞❡❝❧✐♥❡ ✐♥ ❢❡♠❛❧❡s❄

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✹✴ ✶✺✹

❊①❛♠♣❧❡✿ ❇r❡❛st ❝❛♥❝❡r

▲♦♦❦ ❛t ♦❜s❡r✈❡❞ ♥✉♠❜❡rs ♦❢ ❝❛s❡s✦

▼❛❧❡s ❋❡♠❛❧❡s

❨❡❛r ❈❛s❡s P✲②❡❛rs ❈❛s❡s P✲②❡❛rs

✶✾✽✾ ✹ ✽✽✱✵✵✵ ✷✼✺ ✶✸✶✱✵✵✵
✶✾✾✵ ✶ ✽✾✱✵✵✵ ✷✻✹ ✶✸✷✱✵✵✵
✶✾✾✶ ✸ ✾✵✱✵✵✵ ✷✺✸ ✶✸✸✱✵✵✵

❘❡❛❧✐t② ♦❢ ❝❤❛♥❣❡s ♦✈❡r t❤❡ ②❡❛rs❄

❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛s❡s

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✺✴ ✶✺✹

❙✐♠♣❧❡ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧ ❢♦r ❝❛♥❝❡r ♦❝❝✉rr❡♥❝❡

❆ss✉♠❡ t❤❛t t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❤♦♠♦❣❡♥❡♦✉s

▶ t❤❡ t❤❡♦r❡t✐❝❛❧ ✐♥❝✐❞❡♥❝❡ r❛t❡

▶ ❤❛③❛r❞ ♦r ✐♥t❡♥s✐t② ✖ λ

▶ ♦❢ ❝♦♥tr❛❝t✐♥❣ ❝❛♥❝❡r

▶ ✐s ❝♦♥st❛♥t ♦✈❡r ❛ s❤♦rt ♣❡r✐♦❞ ♦❢ t✐♠❡✱ dt

λ = Pr{❈❛♥❝❡r ✐♥(t, t+ dt)}/dt

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✻✴ ✶✺✹

❙✐♠♣❧❡ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧ ❢♦r ❝❛♥❝❡r ♦❝❝✉rr❡♥❝❡

▶ ❚❤❡ ♦❜s❡r✈❛t✐♦♥s✿
▶ ◆✉♠❜❡r ♦❢ ❝❛s❡s D ✐♥
▶ Y ♣❡rs♦♥✲②❡❛rs ❛t r✐s❦
▶ ⇒ ❡♠♣✐r✐❝❛❧ ✐♥❝✐❞❡♥❝❡ r❛t❡ R = D/Y

▶ ❛r❡ ❛❧❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✉♥♣r❡❞✐❝t❛❜❧❡ ✈❛❧✉❡s
▶ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ ❛ r❛♥❞♦♠

✈❛r✐❛❜❧❡ ❤❛s s♦♠❡ ❦♥♦✇♥ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠
▶ ✳ ✳ ✳ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛r❡ ❞❡t❡r♠✐♥❡❞

❜② t❤❡ ❛ss✉♠♣t✐♦♥s

▶ ✳ ✳ ✳ ♦t❤❡r ♣r♦♣❡rt✐❡s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② q✉❛♥t✐t✐❡s ❝❛❧❧❡❞
♣❛r❛♠❡t❡rs

▶ ✖ ✐♥ t❤✐s ❝❛s❡ t❤❡ t❤❡♦r❡t✐❝❛❧ r❛t❡ λ✳
❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✼✴ ✶✺✹

❍♦✇ ❛ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧ ✇♦r❦s

■❢ t❤❡ ❤❛③❛r❞ ♦❢ ❧✉♥❣ ❝❛♥❝❡r✱ λ✱ ✐s ❝♦♥st❛♥t ♦✈❡r t✐♠❡✱ ✇❡ ❝❛♥
s✐♠✉❧❛t❡ ❧✉♥❣ ❝❛♥❝❡r ♦❝❝✉rr❡♥❝❡ ✐♥ ❛ ♣♦♣✉❧❛t✐♦♥✿

▶ ❙t❛rt ✇✐t❤ N ♣❡rs♦♥s✱

▶ ✶st ❞❛②✿ P {❧✉♥❣ ❝❛♥❝❡r} = λ× ✶ ❞❛② ❢♦r ❛❧❧ N ♣❡rs♦♥s

▶ ✷♥❞ ❞❛②✿ P {❧✉♥❣ ❝❛♥❝❡r} = λ× ✶ ❞❛② ❢♦r t❤♦s❡ ❧❡❢t ✇✴♦ ▲❈

▶ ✸r❞ ❞❛②✿ P {❧✉♥❣ ❝❛♥❝❡r} = λ× ✶ ❞❛② ❢♦r t❤♦s❡ ❧❡❢t ✇✴♦ ▲❈

▶ ✳ ✳ ✳

❚❤✉s ❛ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧ s❤♦✇s ❤♦✇ t♦ ❣❡♥❡r❛t❡ ❞❛t❛ ✇✐t❤ ❦♥♦✇♥
♣❛r❛♠❡t❡rs✳ ▼♦❞❡❧ → ❉❛t❛

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✽✴ ✶✺✹

❈♦♠♣♦♥❡♥t ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧

▶ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧
✖ ❛ ♣r✐♦r✐ ❛ss✉♠♣t✐♦♥s✿
✖ ❝♦♥st❛♥t ✐♥❝✐❞❡♥❝❡ r❛t❡

▶ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧
✖ s✐③❡ ♦❢ t❤❡ ✐♥❝✐❞❡♥❝❡ r❛t❡✿
✖ ❞❡r✐✈❡❞ ❢r♦♠ ❞❛t❛ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ str✉❝t✉r❡

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✶✾✴ ✶✺✹



❙t❛t✐st✐❝s

❚❤❡ ♦♣♣♦s✐t❡ ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧s✿

▶ t❤❡ ❞❛t❛ ✐s ❦♥♦✇♥

▶ ✇❛♥t t♦ ✜♥❞ ♣❛r❛♠❡t❡rs

▶ t❤✐s ✐s ❝❛❧❧❡❞ ❡st✐♠❛t✐♦♥

▶ ✳ ✳ ✳ ♠♦st❧② ✉s✐♥❣ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞

❚❤✉s st❛t✐st✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ✐s ❤♦✇ t♦ ❡st✐♠❛t❡ ♣❛r❛♠❡t❡rs ❢r♦♠
♦❜s❡r✈❡❞ ❞❛t❛✳ ❉❛t❛ → ▼♦❞❡❧

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✵✴ ✶✺✹

❙t❛t✐st✐❝s ✖ t❤❡ ✇♦r❦✐♥❣s

▶ ❋✐① t❤❡ ♠♦❞❡❧ ✭str✉❝t✉r❡✮

▶ ❋♦r ❛♥② s❡t ♦❢ ♣❛r❛♠❡t❡rs ✇❡ ❝❛♥ ❣❡♥❡r❛t❡ ❞❛t❛

▶ ❋✐♥❞ ♣❛r❛♠❡t❡rs t❤❛t ❣❡♥❡r❛t❡s ❞❛t❛ t❤❛t ❧♦♦❦ ♠♦st ❧✐❦❡ t❤❡
♦❜s❡r✈❡❞ ❞❛t❛

▶ ❘❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✿
▶ ●✐✈❡♥ ♠♦❞❡❧ ❛♥❞ ♣❛r❛♠❡t❡r
▶ ✇❡ ❦♥♦✇ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ ❞❛t❛

▶ ❊ss❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥s ❛r❡ P♦✐ss♦♥ ❛♥❞ ◆♦r♠❛❧ ✭●❛✉ss✐❛♥✮
❞✐str✐❜✉t✐♦♥s

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✶✴ ✶✺✹

P♦✐ss♦♥ ❛♥❞ ●❛✉ss✐❛♥ ♠♦❞❡❧s

▶ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥✿ s✐♠♣❧❡ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧ ❢♦r ♥✉♠❜❡r ♦❢
❝❛s❡s D ✭✐♥ ❛ ✜①❡❞ ❢♦❧❧♦✇✲✉♣ t✐♠❡✱ Y ✮ ✇✐t❤

▶ ❡①♣❡❝t❛t✐♦♥ ✭t❤❡♦r❡t✐❝❛❧ ♠❡❛♥✮ µ = λY ✱

▶ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥
√
µ

▶ ❲❤❡♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ µ ♦❢ D ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ P♦✐ss♦♥
❞✐str✐❜✉t✐♦♥ r❡s❡♠❜❧❡s ♠♦r❡ ❛♥❞ ♠♦r❡ t❤❡ ●❛✉ss✐❛♥ ♦r
◆♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✷✴ ✶✺✹

P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥t ♠❡❛♥s ✭µ✮
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❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✸✴ ✶✺✹

◆♦r♠❛❧ ✭●❛✉ss✐❛♥✮ ❞✐str✐❜✉t✐♦♥
▶ ❝♦♠♠♦♥ ♠♦❞❡❧ ❢♦r ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s

▶ s②♠♠❡tr✐❝ ❛♥❞ ❜❡❧❧✲s❤❛♣❡❞
▶ ❤❛s t✇♦ ♣❛r❛♠❡t❡rs✿

✕ µ ❂ ❡①♣❡❝t❛t✐♦♥ ♦r ♠❡❛♥
✕ σ ❂ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

▶ ❈❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✿
❆ s✉♠ ♦❢ ♠❛♥② s♠❛❧❧ ✐♥❞❡♣❡♥❞❡♥t q✉❛♥t✐t✐❡s ✇✐❧❧ ❢♦❧❧♦✇ ❛ ♥♦r♠❛❧
❞✐str✐❜✉t✐♦♥

▶ ❈♦♥s❡q❡♥❝❡✿
❲❤❡♥ ✇❡ ❝♦♠♣✉t❡ ✈❛r✐♦✉s ❢✉♥❝t✐♦♥s ❜❛s❡❞ ♦♥ ♦✉r ❞❛t❛ ✇❡ ❝❛♥
❛♣♣r♦①✐♠❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥

▶ ✳ ✳ ✳ s♦ ✇❡ ❥✉st ♥❡❡❞ t♦ ❝♦♠♣✉t❡ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✖
t❤❡ s❤❛♣❡ ✐s ✜①❡❞ ❜② t❤❡ t❤❡♦r②

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✹✴ ✶✺✹

❆r❡❛s ✉♥❞❡r ❝✉r✈❡ ❧✐♠✐t❡❞ ❜② s❡❧❡❝t❡❞ q✉❛♥t✐❧❡s
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.0
0

0

0
.0

0
0

1
.0

0
0

1
.6

4
5

1
.9

6
0

95%

90%

68.3%

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✺✴ ✶✺✹

❊①❛♠♣❧❡✿ ❖❜s❡r✈❡❞ ✐♥❝✐❞❡♥❝❡ r❛t❡

▶ ▼♦❞❡❧✿ ✐♥❝✐❞❡♥❝❡ r❛t❡ ✐s ❝♦♥st❛♥t ♦✈❡r t✐♠❡

▶ ❚❤❡♦r❡t✐❝❛❧ r❛t❡ λ✱

▶ ❊♠♣✐r✐❝❛❧ r❛t❡ R = D/Y ✱

▶ ❊st✐♠❛t♦r ♦❢ λ✱ λ̂ = R✳

▶ λ̂ = R ✐s ❛ st❛t✐st✐❝✱ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✿
▶ ✐ts ✈❛❧✉❡ ✈❛r✐❡s ❢r♦♠ ♦♥❡ st✉❞② ♣♦♣✉❧❛t✐♦♥ ✭✏s❛♠♣❧❡✑✮ t♦ ❛♥♦t❤❡r ♦♥

❤②♣♦t❤❡t✐❝❛❧ r❡♣❡t✐t✐♦♥s
▶ ✳ ✳ ✳ ♥❛♠❡❧② ♦t❤❡r s✐♠✐❧❛r ❝♦♥❞✐t✐♦♥ ✉♥❞❡r ✇❤✐❝❤ ❞❛t❛ ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥

❣❡♥❡r❛t❡❞
▶ ✐ts s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐s ✭✉♥❞❡r t❤❡ ❝♦♥st❛♥t r❛t❡ ♠♦❞❡❧ ✫ ♦t❤❡r

❝♦♥❞✐t✐♦♥s✮ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✻✴ ✶✺✹

❊①❛♠♣❧❡✿ ❖❜s❡r✈❡❞ ✐♥❝✐❞❡♥❝❡ r❛t❡

▶ D ❛♣♣r♦①✐♠❛t❡❧② P♦✐ss♦♥✱ ♠❡❛♥ λY ✱ s❞
√
λY

▶ R = D/Y s❝❛❧❡❞ P♦✐ss♦♥✿
♠❡❛♥✿ λ✱ s❞✿

√
λY /Y =

√
λ/Y

▶ ❙t❛♥❞❛r❞ ❡rr♦r ♦❢ ❡♠♣✐r✐❝❛❧ r❛t❡ R ✐s ❡st✐♠❛t❡❞ ❜② r❡♣❧❛❝✐♥❣ λ
✇✐t❤ R✿

s✳❡✳(R) =

√
λ̂

Y
=

√
R

Y
=

√
D

Y
= R× 1√

D

⇒ ❘❛♥❞♦♠ ❡rr♦r ❞❡♣❡♥❞s ✐♥✈❡rs❡❧② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛s❡s✳

⇒ s✳❡✳ ♦❢ R ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ R✳

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✼✴ ✶✺✹

❊①❛♠♣❧❡✿ ❖❜s❡r✈❡❞ ✐♥❝✐❞❡♥❝❡ r❛t❡

▶ ❯s❡ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✿

▶ λ̂ = R ∼ N (λ, λ/Y ) = N (λ, λ2/D)

⇒ ❖❜s❡r✈❡❞ R ✐s ✇✐t❤ ✾✺✪ ♣r♦❛❜✐❧✐t② ✐♥ t❤❡ ✐♥t❡r✈❛❧

(λ− 1.96× λ/
√
D;λ+ 1.96× λ/

√
D)

⇒ ✇✐t❤ ✾✺✪ ♣r♦❜❛❜✐❧✐t② λ ✐s ✐♥ t❤❡ ✐♥t❡r✈❛❧

(R− 1.96×R/
√
D;R + 1.96×R/

√
D)

▶ ✳ ✳ ✳ ❛ ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❢♦r t❤❡ r❛t❡✳

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✽✴ ✶✺✹

❈❤❛♥❝❡ s✉♠♠❛r②

▶ ❖❜s❡r✈❛t✐♦♥s ✈❛r② s②st❡♠❛t✐❝❛❧❧② ❜② ❦♥♦✇♥ ❢❛❝t♦rs

▶ ❖❜s❡r✈❛t✐♦♥s ✈❛r② r❛♥❞♦♠❧② ❜② ✉♥❦♥♦✇♥ ❢❛❝t♦rs

▶ Pr♦❜❛❜✐❧✐t② ♠♦❞❡❧ ❞❡s❝r✐❜❡s t❤❡ r❛♥❞♦♠ ✈❛r✐❛t✐♦♥

▶ ❲❡ ♦❜s❡r✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✖ ❞r❛✇s ❢r♦♠ ❛ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥

▶ ❈❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❛❧❧♦✇s ✉s t♦ q✉❛♥t✐❢② t❤❡ r❛♥❞♦♠ ✈❛r✐❛t✐♦♥

▶ ✳ ✳ ✳ ❛♥❞ ❝♦♥str✉❝t ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧

❈❤❛♥❝❡ ✭❝❤❛♥❝❡✮ ✷✾✴ ✶✺✹



■♥❢❡r❡♥❝❡

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ✫ ❊s❛ ▲äärä

◆♦r❞✐❝ ❙✉♠♠❡rs❝❤♦♦❧ ♦❢ ❈❛♥❝❡r ❊♣✐❞❡♠✐♦❧♦❣②
❉❛♥✐s❤ ❈❛♥❝❡r ❙♦❝✐❡t②✱❆✉❣✉st ✷✵✷✹ ✴ ❏❛♥✉❛② ✷✵✷✺

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠✴◆❙❈❊✴✷✵✶✼ ✐♥❢❡r❡♥❝❡

▼♦❞❡❧s ❛♥❞ ❞❛t❛

▶ ❆ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ ❞❛t❛
✭❜② s✐♠✉❧❛t✐♦♥✮ ✖ ❢r♦♠ ♠♦❞❡❧ t♦ ❞❛t❛

▶ ■♥❢❡r❡♥❝❡ ✐s t❤❡ ✐♥✈❡rs❡✿

▶ ❲❤❛t ♠♦❞❡❧ ❣❡♥❡r❛t❡❞ t❤❡ ❞❛t❛❄

▶ ✖ ❢r♦♠ ❞❛t❛ t♦ ♠♦❞❡❧

▶ ✳ ✳ ✳ ✐❢ ✇❡ ❦♥♦✇ ❞❛t❛ ✇❡ ❝❛♥ s❛② s♦♠❡t❤✐♥❣ s❡♥s✐❜❧❡ ❛❜♦✉t ❞✐s❡❛s❡
♣r♦❝❡ss ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ t❤❛t ❣❡♥❡r❛t❡❞ ❞❛t❛

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✸✵✴ ✶✺✹

▼♦❞❡❧s ❛♥❞ ❞❛t❛ ✖ ♠♦❞❡❧ ❝♦♠♣♦♥❡♥ts

▶ ❊①t❡r♥❛❧✱ ❛ ♣r✐♦r✐ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♦❜s❡r✈❛t✐♦♥s
✖ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧

▶ q✉❛♥t✐t❛t✐✈❡ ♣❛r❛♠❡t❡r✭s✮ ✇✐t❤✐♥ ♠♦❞❡❧ str✉❝t✉r❡

▶ ♦♥❧② t❤❡ ❧❛tt❡r ✐s t❤❡ t❛r❣❡t ❢♦r ✐♥❢❡r❡♥❝❡

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✸✶✴ ✶✺✹

❙t❛t✐st✐❝❛❧ ❝♦♥❝❡♣ts

▶ Pr♦❜❛❜✐❧✐t②✿ ♣❛r❛♠❡t❡rs → ❞❛t❛

▶ ❙t❛t✐st✐❝s✿ ❞❛t❛ → ♣❛r❛♠❡t❡r✭❡st✐♠❛t❡✮s

▶ ◆♦t❛t✐♦♥✿
▶ P❛r❛♠❡t❡r ❞❡♥♦t❡❞ ❜② ❛ ●r❡❡❦ ❧❡tt❡r✱ β
▶ ❊st✐♠❛t♦r ✫ ❡st✐♠❛t❡ ❜② t❤❡ s❛♠❡ ●r❡❡❦ ❧❡tt❡r ✇✐t❤ ✧❤❛t✧✱ β̂

▶ ❊①❛♠♣❧❡✿ ■♥❝✐❞❡♥❝❡ r❛t❡✿
▶ ❚❤❡♦r❡t✐❝❛❧ r❛t❡ ✖ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ r❛t❡ ✐♥ t❤❡ ♠♦❞❡❧ t❤❛t ❝♦✉❧❞ ❤❛✈❡

❣❡♥❡r❛t❡❞ ❞❛t❛✿ λ
▶ ❊st✐♠❛t♦r✿ λ̂ = R = D/Y ✱ ❡♠♣✐r✐❝❛❧ r❛t❡✳

▶ ✳ ✳ ✳ ❜✉t ✇❤❡r❡ ❞✐❞ t❤❡ D/Y ❝♦♠❡ ❢r♦♠❄

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✸✷✴ ✶✺✹

▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♣r✐♥❝✐♣❧❡

▶ ❉❡✜♥❡ ②♦✉r ♠♦❞❡❧ ✭❡✳❣✳ ❝♦♥st❛♥t r❛t❡✮

▶ ❈❤♦♦s❡ ❛ ♣❛r❛♠❡t❡r ✈❛❧✉❡

▶ ❍♦✇ ❧✐❦❡❧② ✐s ✐t t❤❛t
✖ t❤✐s ♠♦❞❡❧ ✇✐t❤
✖ t❤✐s ♣❛r❛♠❡t❡r
❣❡♥❡r❛t❡❞ ❞❛t❛

▶ P {❞❛t❛|♣❛r❛♠❡t❡r}✱ P {(d, y)|λ}
▶ ❋✐♥❞ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡ t❤❛t ❣✐✈❡s t❤❡ ♠❛①✐♠❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢

❞❛t❛

▶ ❋✐♥❞ t❤❡ ✐♥t❡r✈❛❧ ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s t❤❛t ❣✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s ♥♦t
t♦♦ ❢❛r ❢r♦♠ t❤❡ ♠❛①✐♠✉♠✳

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✸✸✴ ✶✺✹

▲✐❦❡❧✐❤♦♦❞

Pr♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❞❛t❛ ❣✐✈❡♥ t❤❡ ♣❛r❛♠❡t❡r✿

❆ss✉♠✐♥❣ t❤❡ r❛t❡ ✭✐♥t❡♥s✐t②✮ ✐s ❝♦♥st❛♥t✱ λ✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
♦❜s❡r✈✐♥❣ ✶✹ ❞❡❛t❤s ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ ✽✹✸✳✻ ♣❡rs♦♥✲②❡❛rs✿

P {D = 14, Y = 843.6|λ} = λDeλY ×K

= λ14eλ×843.6 ×K

= L(λ|❞❛t❛)
▶ ❊st✐♠❛t❡ ♦❢ λ ✐s t❤❡ λ✲✈❧❛✉❡ ✇❤❡r❡ t❤✐s ❢✉♥❝t✐♦♥ ✐s ❛s ❧❛r❣❡ ❛s

♣♦ss✐❜❧❡✳
▶ ❈♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✐s r❛♥❣❡ ♦❢ λ ✇❤❡r❡ ✐t ✐s ♥♦t t♦♦ ❢❛r ❢r♦♠ t❤❡

♠❛①✐♠✉♠
■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✸✹✴ ✶✺✹

▲✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥✱ 14 ❡✈❡♥ts✱ 843.6 P❨
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▲✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥✱ 14 ❡✈❡♥ts✱ 843.6 P❨
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▲♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ 14 ❡✈❡♥ts✱ 843.6 P❨
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▲♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ 14 ❡✈❡♥ts✱ 843.6 P❨
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❈♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❢♦r ❛ r❛t❡

▶ ❇❛s❡❞ ♦♥ t❤❡ q✉❛❞r❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ♥♦r♠❛❧ ❞❡♥s✐t②
▶ ❆ ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❢♦r t❤❡ ❧♦❣ ♦❢ ❛ r❛t❡✱ θ ✐s✿

θ̂ ± 1.96/
√
D = ❧♦❣(λ̂)± 1.96/

√
D

✖ t❤❡ 1.96 ✐s ❢r♦♠ t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✿
±1.96 ✐s t❤❡ ♠✐❞❞❧❡ ✾✺✪ ♦❢ t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳

▶ ❚❛❦❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ t♦ ❣❡t t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❢♦r t❤❡ r❛t❡✿

λ̂
×
÷ ❡①♣

(
1.96/

√
D
)

︸ ︷︷ ︸
❡rr♦r ❢❛❝t♦r, ❡r❢

✖ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❡ t❤❡♦r❡t✐❝❛❧ r❛t❡ λ ✐s ✐♥ t❤✐s ✐♥t❡r✈❛❧ ✐s ✾✺✪✳
■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✸✼✴ ✶✺✹

❊①❛♠♣❧❡ ❢♦r ❛ s✐♥❣❧❡ r❛t❡

■♥ t❤❡ ❡①❛♠♣❧❡ ✇❡ ❤❛❞ 14 ❞❡❛t❤s ❞✉r✐♥❣ 843.6 ②❡❛rs ♦❢ ❢♦❧❧♦✇✲✉♣✳

❚❤❡ r❛t❡ ✐s ❝♦♠♣✉t❡❞ ❛s✿

λ̂ = D/Y = 14/843.6 = 0.0165 ②❡❛rs−1 = 16.5 ♣❡r ✶✵✵✵ ②❡❛rs

❚❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✐s ❝♦♠♣✉t❡❞ ❛s✿

λ̂
×
÷ ❡r❢ = 16.5

×
÷ ❡①♣

(
1.96/

√
14
)
= (9.8, 28.0)

♣❡r ✶✵✵✵ ♣❡rs♦♥✲②❡❛rs✳

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✸✽✴ ✶✺✹

❈♦♠♣❛r✐♥❣ t✇♦ r❛t❡s

■❢ ✇❡ ❤❛✈❡ ♦❜s❡r✈❛t✐♦♥s ♦❢ t✇♦ r❛t❡s λ1 ❛♥❞ λ0✱
❜❛s❡❞ ♦♥ (D1, Y1) ❛♥❞ (D0, Y0)
✖❢r♦♠ ✐♥❞❡♣❡♥❞❡♥t s❛♠♣❧❡s✿

▶ ❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ r❛t❡s ✐s t❤❡ s✉♠ ♦❢ t❤❡
✈❛r✐❛♥❝❡s ♦❢ ❡❛❝❤ ♦❢ t❤❡ r❛t❡s

▶ ❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❧♦❣ ♦❢ t❤❡ r❛t❡s ✐s t❤❡ s✉♠
♦❢ t❤❡ ✈❛r✐❛♥❝❡s ♦❢ t❤❡ ❧♦❣ ♦❢ t❤❡♠

✳ ✳ ✳ t❤✐s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r r❛t❡
❞✐✛❡r❡♥❝❡s ❛♥❞ r❛t❡ r❛t✐♦s✳

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✸✾✴ ✶✺✹

❘❛t✐♦ ♦❢ t✇♦ r❛t❡s

❋♦r t✇♦ r❛t❡s λ1 ❛♥❞ λ0✱ ❜❛s❡❞ ♦♥ (D1, Y1) ❛♥❞ (D0, Y0)❀
t❤❡ ❧♦❣ ♦❢ t❤❡ r❛t✐♦ ✭❘❘✮ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❧♦❣s ♦❢ ❡❛❝❤ ♦❢ t❤❡
r❛t❡s✿ ❧♦❣(❘❘) = ❧♦❣(λ1)− ❧♦❣(λ0)✱ ❛♥❞ s♦✿

✈❛r
(
❧♦❣(❘❘)

)
= ✈❛r

(
❧♦❣(λ1/λ0)

)

= ✈❛r
(
❧♦❣(λ1)

)
+ ✈❛r

(
❧♦❣(λ0)

)

= 1/D1 + 1/D0

❆s ❜❡❢♦r❡ ❛ ✾✺✪ ❝✳✐✳ ❢♦r t❤❡ ❘❘ ✐s t❤❡♥✱ ✉s✐♥❣ t❤❡ ♥♦r♠❛❧
❞✐str✐❜✉t✐♦♥✿

❘❘
×
÷ ❡①♣

(
1.96

√
1

D1

+
1

D0

)

︸ ︷︷ ︸
❡rr♦r ❢❛❝t♦r
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❉✐✛❡r❡♥❝❡ ♦❢ t✇♦ r❛t❡s

❋♦r t✇♦ r❛t❡s λ1 ❛♥❞ λ0✱ ❜❛s❡❞ ♦♥ (D1, Y1) ❛♥❞ (D0, Y0)❀
t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ r❛t❡s✱ ❘❉ = λ1 − λ0✱ ✐s✿

✈❛r(❘❉) = ✈❛r(λ1 − λ0)

= ✈❛r(λ1) + ✈❛r(λ0)

= D1/Y
2

1
+D0/Y

2

0

❆s ❜❡❢♦r❡ ❛ ✾✺✪ ❝✳✐✳ ❢♦r t❤❡ ❘❉ ✐s t❤❡♥✱ ✉s✐♥❣ t❤❡ ♥♦r♠❛❧
❞✐str✐❜✉t✐♦♥✿

❘❉± 1.96

√
D1

Y 2

1

+
D0

Y 2

0︸ ︷︷ ︸
st❛♥❞❛r❞ ❡rr♦r
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❊①❛♠♣❧❡✿ (14, 843.6♣②) ❛♥❞ (28, 632.3♣②)

❙✉♣♣♦s❡ ✇❡ ✐♥ ❣r♦✉♣ 0 ❤❛✈❡ 14 ❞❡❛t❤s ❞✉r✐♥❣ 843.6 ②❡❛rs ♦❢ ❢♦❧❧♦✇✲✉♣
✐♥ ♦♥❡ ❣r♦✉♣✱ ❛♥❞ ✐♥ ❣r♦✉♣ 1 ❤❛✈❡ 28 ❞❡❛t❤s ❞✉r✐♥❣ 632.3 ②❡❛rs✳

❚❤❡ r❛t❡✲r❛t✐♦ ✐s ❝♦♠♣✉t❡❞ ❛s✿

❘❘ = λ̂1/λ̂0 = (D1/Y1)/(D0/Y0)

= (28/632.3)/(14/843.6) = 0.0443/0.0165 = 2.669

❚❤❡ ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✐s ❝♦♠♣✉t❡❞ ❛s✿

❘̂❘
×
÷ ❡r❢ = 2.669

×
÷ ❡①♣

(
1.96

√
1/14 + 1/28

)

= 2.669
×
÷ 1.899 = (1.40, 5.07)
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❊①❛♠♣❧❡✿ (14, 843.6♣②) ❛♥❞ (28, 632.3♣②)

❙✉♣♣♦s❡ ✇❡ ✐♥ ❣r♦✉♣ 0 ❤❛✈❡ 14 ❞❡❛t❤s ❞✉r✐♥❣ 843.6 ②❡❛rs ♦❢ ❢♦❧❧♦✇✲✉♣
✐♥ ♦♥❡ ❣r♦✉♣✱ ❛♥❞ ✐♥ ❣r♦✉♣ 1 ❤❛✈❡ 28 ❞❡❛t❤s ❞✉r✐♥❣ 632.3 ②❡❛rs✳

❚❤❡ r❛t❡✲❞✐✛❡r❡♥❝❡ ✐s ❝♦♠♣✉t❡❞ ❛s✿

❘❘ = λ̂1 − λ̂0 = (D1/Y1)− (D0/Y0) = (28/632.3)− (14/843.6)

= 0.0443− 0.0165 = 0.0277 = 27.7♣❡r ✶✵✵✵♣②

❚❤❡ ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✐s ❝♦♠♣✉t❡❞ ❛s✿

❘̂❘
×
÷ ❡r❢ = 2.669

×
÷ ❡①♣

(
1.96

√
1/14 + 1/28

)

= 2.669
×
÷ 1.899 = (1.40, 5.07)
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❊st✐♠❛t✐♥❣ ❛ r❛t❡ ✉s✐♥❣ ❘

P♦✐ss♦♥ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ♦♥❡ r❛t❡✱ ❜❛s❡❞ ♦♥ 14 ❡✈❡♥ts ✐♥ 843.6 P❨✿

❃ ❧✐❜r❛r②✭ ❊♣✐ ✮
❃ ❉ ❁✲ ✶✹ ❀ ❨ ❁✲ ✽✹✸✳✻
❃ ♠✶ ❁✲ ❣❧♠✭❉ ⑦ ✶✱ ♦❢❢s❡t ❂ ❧♦❣✭❨ ✴ ✶✵✵✵✮✱ ❢❛♠✐❧② ❂ ♣♦✐ss♦♥✮
❃ ❝✐✳❡①♣✭♠✶✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼

❈♦♥✈❡♥t✐♦♥❛❧ ❞❡s❝r✐♣t✐♦♥ ❢♦r ♠♦rt❛❧✐t② r❛t❡s✿
✏❲❡ ✉s❡❞ P♦✐ss♦♥ r❡❣r❡ss✐♦♥ ✇✐t❤ ❧♦❣✲♣❡rs♦♥✲②❡❛rs ❛s ♦✛s❡t✳ ✳ ✳ ✑

❇✉t r❡❛❧❧② ❜♦t❤ D ❛♥❞ Y ❛r❡ ♦✉t❝♦♠❡s ✭r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✮

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✹✹✴ ✶✺✹

❊st✐♠❛t✐♥❣ ❛ r❛t❡ ✉s✐♥❣ ❘

❇✉t r❡❛❧❧② ❜♦t❤ D ❛♥❞ Y ❛r❡ ♦✉t❝♦♠❡s ✭r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✮✿
✉s❡ ♣♦✐sr❡❣ ✐♥st❡❛❞ ♦❢ ♣♦✐ss♦♥✿

❃ ♠♠ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨ ✴ ✶✵✵✵✮ ⑦ ✶✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✮
❃ ❝✐✳❡①♣✭ ♠♠ ✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼

✳ ✳ ✳ t❤❡♥ ②♦✉ ✇r✐t❡✿
✏❲❡ ✉s❡❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ P♦✐ss♦♥ r❡❣r❡ss✐♦♥ ❢♦r ❡✈❡♥ts ❛♥❞
♣❡rs♦♥✲②❡❛rs✳ ✳ ✳ ✑

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✹✺✴ ✶✺✹

❘❘ ❡①❛♠♣❧❡ ✉s✐♥❣ ❘

P♦✐ss♦♥ ❧✐❦❡❧✐❤♦♦❞✱ t✇♦ r❛t❡s✱ ♦r ♦♥❡ r❛t❡ ❛♥❞ ❘❘✿

❃ ❉ ❁✲ ❝✭✶✹✱ ✷✽✮ ❀ ❨ ❁✲ ❝✭✽✹✸✳✻✱ ✻✸✷✳✸✮ ❀ ❣❣ ❁✲ ❢❛❝t♦r✭✵✿✶✮
❃ ❝❜✐♥❞✭❉✱ ❨✱ ❣❣✮

❉ ❨ ❣❣
❬✶✱❪ ✶✹ ✽✹✸✳✻ ✶
❬✷✱❪ ✷✽ ✻✸✷✳✸ ✷

❃ ♠✷ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨ ✴ ✶✵✵✵✮ ⑦ ❣❣✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✮
❃ ❝✐✳❡①♣✭♠✷✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹✸ ✾✳✽✷✽✼✺✵ ✷✽✳✵✷✶✵✻✻
❣❣✶ ✷✳✻✻✽✸✺✹ ✶✳✹✵✹✽✷✺ ✺✳✵✻✽✸✷✺

❃ ♠✸ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨ ✴ ✶✵✵✵✮ ⑦ ❣❣ ✲ ✶✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✮
❃ ❝✐✳❡①♣✭♠✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
❣❣✵ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼
❣❣✶ ✹✹✳✷✽✷✼✽ ✸✵✳✺✼✺✹✺ ✻✹✳✶✸✺✷✺

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✹✻✴ ✶✺✹

❘❉ ❡①❛♠♣❧❡ ✉s✐♥❣ ❘

P♦✐ss♦♥ ❧✐❦❡❧✐❤♦♦❞✱ t✇♦ r❛t❡s✱ ♦r ♦♥❡ r❛t❡ ❛♥❞ ❘❉✿

❃ ❛✷ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨ ✴ ✶✵✵✵✮ ⑦ ❣❣✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✭❧✐♥❦ ❂ ✧✐❞❡♥t✐t②✧✮ ✮
❃ ❝✐✳❡①♣✭❛✷✱ ❊①♣❂❋❆▲❙❊✮

❊st✐♠❛t❡ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✼✳✾✵✷✹✷✻ ✷✺✳✷✽✽✻✻
❣❣✶ ✷✼✳✻✽✼✷✸ ✾✳✶✷✸✼✵✸ ✹✻✳✷✺✵✼✼

❃ ❛✸ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨ ✴ ✶✵✵✵✮ ⑦ ❣❣ ✲ ✶✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✭❧✐♥❦ ❂ ✧✐❞❡♥t✐t②✧✮ ✮
❃ ❝✐✳❡①♣✭❛✸✱ ❊①♣ ❂ ❋❆▲❙❊✮

❊st✐♠❛t❡ ✷✳✺✪ ✾✼✳✺✪
❣❣✵ ✶✻✳✺✾✺✺✹ ✼✳✾✵✷✹✷✻ ✷✺✳✷✽✽✻✻
❣❣✶ ✹✹✳✷✽✷✼✽ ✷✼✳✽✽✵✺✵✽ ✻✵✳✻✽✺✵✺

❨♦✉ ❞♦ ✐t ✭❜♦t❤ ❘❘ ❛♥❞ ❘❉✮✿
❲❤❛t ✐s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ ♠✷✱ ♠✸✱ ❛✷ ❛♥❞ ❛✸❄

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✹✼✴ ✶✺✹

❙t❛t✐st✐❝❛❧ t❡sts

▶ ❆r❡ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ ❝♦♥s✐st❡♥t ✇✐t❤ ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ t❤❡
♣❛r❛♠❡t❡r❄

▶ ❙✉❝❤ ❛ ✈❛❧✉❡ ✐s ♦❢t❡♥ ❛ ♥✉❧❧ ✈❛❧✉❡

▶ ❚②♣✐❝❛❧❧② ❛ ❝♦♥s❡r✈❛t✐✈❡ ❛ss✉♠♣t✐♦♥✱ ❡✳❣✳✿
✏♥♦ ❞✐✛❡r❡♥❝❡ ✐♥ ♦✉t❝♦♠❡ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♣s✑

▶ ❘❘ = 1 ♦r ❘❉ = 0

▶ ❚❤✐s ✐s ❝❛❧❧❡❞ ❛ ♥✉❧❧ ❤②♣♦t❤❡s✐s✱ H0

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✹✽✴ ✶✺✹

❈♦♠♣✉t✐♥❣ ❛ st❛t✐st✐❝❛❧ t❡st

Z♦❜s =
❘̂❘− 1

s✳❡✳(❘❘)
≈ N (0, 1), ♦r

Z♦❜s =
❧♦❣(❘̂❘)− 0

s✳❡✳
(
❧♦❣(❘❘)

) ≈ N (0, 1), ♦r

Z♦❜s =
❘̂❉− 0

s✳❡✳(❘❉)
≈ N (0, 1), ♦r ✳ ✳ ✳

▶ ❍♦✇ ❢❛r ❛r❡ ❛r❡ ✇❡ ❢r♦♠ t❤❡ ♥✉❧❧ ✐♥ t❡r♠s ♦❢ t❤❡ ♣r❡❝✐s✐♦♥❄
▶ ❍♦✇ ❢❛r ✐s q✉❛♥t✐✜❡❞ ❜② t❤❡ P ✲✈❛❧✉❡✿

P = P {Z ✐s ♠♦r❡ ❡①tr❡♠❡ t❤❛♥ Z♦❜s|H0 ✐s tr✉❡}
■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✹✾✴ ✶✺✹

■♥t❡r♣r❡t❛t✐♦♥ ♦❢ P ✲✈❛❧✉❡s

▶ ◆♦t❡ ✐t ✐s ♥♦t ✏t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t H0 ✐s tr✉❡✑ ✦

▶ ◆♦ ♠❡❝❤❛♥✐❝❛❧ r✉❧❡s ♦❢ ✐♥❢❡r❡♥❝❡

▶ ❘♦✉❣❤ ❣✉✐❞❡❧✐♥❡s✿
▶ ✏❧❛r❣❡✑ ✈❛❧✉❡ ✭p > 0.1✮✿ ❝♦♥s✐st❡♥t ✇✐t❤ H0 ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧②

s✉♣♣♦rt✐♥❣ ✐t✱
▶ ✏s♠❛❧❧✑ ✈❛❧✉❡ ✭p < 0.01✮✿ ✐♥❞✐❝❛t❡s ❡✈✐❞❡♥❝❡ ❛❣❛✐♥st H0

▶ ✏✐♥t❡r♠❡❞✐❛t❡✑ ✈❛❧✉❡ ✭p ≈ 0.05✮✿ ✇❡❛❦ ❡✈✐❞❡♥❝❡ ❛❣❛✐♥st H0

▶ ❉✐✈✐s✐♦♥ ♦❢ p✲✈❛❧✉❡s ✐♥t♦ ✧s✐❣♥✐✜❝❛♥t✧ ♦r ✧♥♦♥✲s✐❣♥✐✜❝❛♥t✧ ❜②
❝✉t✲♦✛ ♦❢ 5% ✖ ♥♦♥s❡♥s❡✦

▶ ✳ ✳ ✳ r❡♠❡♠❜❡r t❤❛t t❤❡ 5% ✐s ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r t❛❦❡♥ ♦✉t ♦❢
t❤✐♥ ❛✐r✳

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✺✵✴ ✶✺✹

❈♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✭❈■✮

▶ ❘❛♥❣❡ ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛
✖ ♥✉❧❧ ✈❛❧✉❡s t❤❛t ✇✐❧❧ ❣✐✈❡ ❛ P ✲✈❛❧✉❡ ❧❛r❣❡r t❤❛♥ ✺✪
✭1− ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧✮

▶ ❙♣❡❝✐✜❡❞ ❛t ❝❡rt❛✐♥ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧✱ ❝♦♠♠♦♥❧② ✾✺✪ ✭❛❧s♦
✾✵✪ ❛♥❞ ✾✾✪ ✉s❡❞✮

▶ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ r❛♥❞♦♠ ✐♥t❡r✈❛❧ ❝♦✈❡rs t❤❡ tr✉❡
♣❛r❛♠❡t❡r ✈❛❧✉❡ ❡q✉❛❧s t❤❡ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ ✭❡✳❣✳ ✾✺✪✮✳

▶ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡ ✐s ✐♥ t❤❡ ✐♥t❡r✈❛❧ ✐s
❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ ✭❡✳❣✳ ✾✺✪✮✳

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✺✶✴ ✶✺✹

▲♦♥❣✲t❡r♠ ❜❡❤❛✈✐♦✉r ♦❢ ❈■

❱❛r✐❛❜✐❧✐t② ♦❢ ✾✺✪ ❈■ ✉♥❞❡r
❤②♣♦t❤❡t✐❝❛❧ r❡♣❡t✐t✐♦♥s ♦❢
s✐♠✐❧❛r st✉❞②✱ ✇❤❡♥ tr✉❡ r❛t❡
r❛t✐♦ ✐s ❘❘✳

0.2 0.5 1.0 2.0

Rate ratio = 0.7, erf 1.7

1
2
3
4
5
6
7
8
9
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11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

RR

■♥ t❤❡ ❧♦♥❣ r✉♥ ✾✺✪ ♦❢ t❤❡s❡ ✐♥t❡r✈❛❧s ✇♦✉❧❞ ❝♦✈❡r t❤❡ tr✉❡ ✈❛❧✉❡ ❜✉t
✺✪ ✇♦✉❧❞ ♥♦t✳

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✺✷✴ ✶✺✹

▲♦♥❣✲t❡r♠ ❜❡❤❛✈✐♦✉r ♦❢ ❈■

❱❛r✐❛❜✐❧✐t② ♦❢ ✾✺✪ ❈■ ✉♥❞❡r
❤②♣♦t❤❡t✐❝❛❧ r❡♣❡t✐t✐♦♥s ♦❢
s✐♠✐❧❛r st✉❞②✱ ✇❤❡♥ tr✉❡ r❛t❡
r❛t✐♦ ✐s ❘❘✳

0.2 0.5 1.0 2.0

Rate ratio = 0.7, erf 1.3

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

RR

■♥ t❤❡ ❧♦♥❣ r✉♥ ✾✺✪ ♦❢ t❤❡s❡ ✐♥t❡r✈❛❧s ✇♦✉❧❞ ❝♦✈❡r t❤❡ tr✉❡ ✈❛❧✉❡ ❜✉t
✺✪ ✇♦✉❧❞ ♥♦t✳

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✺✷✴ ✶✺✹



■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❈■

▶ ❈♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❣✐✈❡s q✉❛♥t✐t❛t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡
♣❛r❛♠❡t❡r ❛♥❞ ♦♥ st❛t✐st✐❝❛❧ ✉♥❝❡rt❛✐♥t② ❛❜♦✉t ✐ts ✈❛❧✉❡

▶ ♥❛rr♦✇ ❈■ ❛❜♦✉t H0 ✈❛❧✉❡ → r❡s✉❧ts s✉♣♣♦rts H0

▶ ♥❛rr♦✇ ❈■ ❛❜♦✉t ♥♦♥✲H0 ✈❛❧✉❡ → r❡s✉❧ts s✉♣♣♦rts ❛♥ ❛❧t❡r♥❛t✐✈❡

▶ ✇✐❞❡ ❈■ ❛❜♦✉t H0 ✈❛❧✉❡ → r❡s✉❧ts ✐♥❝♦♥❝❧✉s✐✈❡

▶ ✇✐❞❡ ❈■ ❛❜♦✉t ♥♦♥✲H0 ✈❛❧✉❡ → r❡s✉❧ts ✐♥❝♦♥❝❧✉s✐✈❡

▶ ✇✐❞t❤ ♦❢ t❤❡ ✐♥t❡r✈❛❧ ❞❡t❡r♠✐♥❡s t❤❡ ♣r❡❝✐s✐♦♥

▶ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ ❞❡t❡r♠✐♥❡s r❡❧❡✈❛♥❝❡

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✺✸✴ ✶✺✹

❈♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❛♥❞ P ✲✈❛❧✉❡

✾✺ ✪ ❈■s ♦❢ r❛t❡ ❞✐❢✲
❢❡r❡♥❝❡ δ ❛♥❞ P ✈❛❧✲
✉❡s ❢♦r H0 : δ = 0 ✐♥
❞✐✛❡r❡♥t st✉❞✐❡s✳

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

Estimated effect

p = 0.382

p = 0.417

p = 0.003

p = 0.005

▶ ❲❤✐❝❤ ♦♥❡s ❛r❡ s✐❣♥✐✜❝❛♥t❄

▶ ❲❤✐❝❤ ♦♥❡s ❛r❡ ✐♥❢♦r♠❛t✐✈❡❄

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✺✹✴ ✶✺✹

❘❡❝♦♠♠❡♥❞❛t✐♦♥s

❙t❡r♥❡ ❛♥❞ ❉❛✈❡② ❙♠✐t❤✿ ❙✐❢t✐♥❣ t❤❡ ❡✈✐❞❡♥❝❡ ✕ ✇❤❛t✬s ✇r♦♥❣ ✇✐t❤
s✐❣♥✐✜❝❛♥❝❡ t❡sts❄ ❇▼❏ ✷✵✵✶❀ ✸✷✷✿ ✷✷✻✲✷✸✶✳

✏❙✉❣❣❡st❡❞ ❣✉✐❞❡❧✐♥❡s ❢♦r t❤❡ r❡♣♦rt✐♥❣ ♦❢ r❡s✉❧ts ♦❢ st❛t✐st✐❝❛❧
❛♥❛❧②s❡s ✐♥ ♠❡❞✐❝❛❧ ❥♦✉r♥❛❧s✑

✶✳ ❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❞✐✛❡r❡♥❝❡s ❛s
st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ✐s ♥♦t ❛❝❝❡♣t❛❜❧❡✳

✷✳ ❈♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✭❈■✮ ❢♦r t❤❡ ♠❛✐♥ r❡s✉❧ts s❤♦✉❧❞ ❛❧✇❛②s ❜❡
✐♥❝❧✉❞❡❞✱ ❜✉t ✾✵✪ r❛t❤❡r t❤❛♥ ✾✺✪ ❧❡✈❡❧s s❤♦✉❧❞ ❜❡ ✉s❡❞✳

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✺✺✴ ✶✺✹

❘❡❝♦♠♠❡♥❞❛t✐♦♥s

✸✳ ❈■s s❤♦✉❧❞ ♥♦t ❜❡ ✉s❡❞ ❛s ❛ s✉rr♦❣❛t❡ ♠❡❛♥s ♦❢ ❡①❛♠✐♥✐♥❣
s✐❣♥✐✜❝❛♥❝❡ ❛t t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✺✪ ❧❡✈❡❧✳

✹✳ ■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❈■s s❤♦✉❧❞ ❢♦❝✉s ♦♥ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ✭❝❧✐♥✐❝❛❧
✐♠♣♦rt❛♥❝❡✮ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ✐♥ t❤❡ ✐♥t❡r✈❛❧✳

✺✳ ■♥ ♦❜s❡r✈❛t✐♦♥❛❧ st✉❞✐❡s ✐t s❤♦✉❧❞ ❜❡ r❡♠❡♠❜❡r❡❞ t❤❛t
❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ ❝♦♥❢♦✉♥❞✐♥❣ ❛♥❞ ❜✐❛s ❛r❡ ❛t ❧❡❛st ❛s ✐♠♣♦rt❛♥t
❛s t❤❡ ✐ss✉❡s ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

■♥❢❡r❡♥❝❡ ✭✐♥❢❡r❡♥❝❡✮ ✺✻✴ ✶✺✹

❆♥❛❧②s✐s

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ✫ ❊s❛ ▲äärä

◆♦r❞✐❝ ❙✉♠♠❡rs❝❤♦♦❧ ♦❢ ❈❛♥❝❡r ❊♣✐❞❡♠✐♦❧♦❣②
❉❛♥✐s❤ ❈❛♥❝❡r ❙♦❝✐❡t②✱❆✉❣✉st ✷✵✷✹ ✴ ❏❛♥✉❛② ✷✵✷✺

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠✴◆❙❈❊✴✷✵✶✼ ❛♥❛❧②s✐s

❈r✉❞❡ ❛♥❛❧②s✐s

▶ ❙✐♥❣❧❡ ✐♥❝✐❞❡♥❝❡ r❛t❡

▶ ❘❛t❡ r❛t✐♦ ✐♥ ❝♦❤♦rt st✉❞②

▶ ❘❛t❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❝♦❤♦rt st✉❞②

▶ ❘❛t❡ r❛t✐♦ ✐♥ ❝❛s❡✲❝♦♥tr♦❧ st✉❞②

▶ ❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s

▶ ❊①t❡♥s✐♦♥s ❛♥❞ r❡♠❛r❦s

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✺✼✴ ✶✺✹

❙✐♥❣❧❡ ✐♥❝✐❞❡♥❝❡ r❛t❡

▶ ❉❛t❛✿ ❊✈❡♥ts ❛♥❞ r✐s❦ t✐♠❡ (D, Y )
▶ ▼♦❞❡❧✿ ❊✈❡♥ts ♦❝❝✉r ✇✐t❤ ❝♦♥st❛♥t r❛t❡ λ✳
▶ P❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✿

λ = tr✉❡ r❛t❡ ✐♥ t❛r❣❡t ♣♦♣✉❧❛t✐♦♥

▶ ❊st✐♠❛t♦r✿ λ̂ = R✱ t❤❡ ❡♠♣✐r✐❝❛❧ r❛t❡ ✐♥ ❛ ✏r❡♣r❡s❡♥t❛t✐✈❡
s❛♠♣❧❡✑ ❢r♦♠ t❤❡ ♣♦♣✉❧❛t✐♦♥✿

R =
D

Y
=

♥♦✳ ♦❢ ❝❛s❡s

♣❡rs♦♥✲t✐♠❡

▶ ❙t❛♥❞❛r❞ ❡rr♦r ♦❢ r❛t❡✿ ❙❊(R) = R/
√
D✳

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✺✽✴ ✶✺✹

❊①❛♠♣❧❡ ✉s✐♥❣ ❘

P♦✐ss♦♥ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ♦♥❡ r❛t❡✱ ❜❛s❡❞ ♦♥ 14 ❡✈❡♥ts ✐♥ 843.6 P❨✿

❃ ❧✐❜r❛r②✭ ❊♣✐ ✮
❃ ❉ ❁✲ ✶✹ ❀ ❨ ❁✲ ✽✹✸✳✻
❃ ♠✶ ❁✲ ❣❧♠✭❉ ⑦ ✶✱ ♦❢❢s❡t ❂ ❧♦❣✭❨ ✴ ✶✵✵✵✮✱ ❢❛♠✐❧② ❂ ♣♦✐ss♦♥✮
❃ ❝✐✳❡①♣✭ ♠✶ ✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼

❇✉t r❡❛❧❧② ❜♦t❤ D ❛♥❞ Y ❛r❡ ♦✉t❝♦♠❡s ✭r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✮

❃ ♠♠ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨ ✴ ✶✵✵✵✮ ⑦ ✶✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✮
❃ ❝✐✳❡①♣✭ ♠♠ ✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✺✾✴ ✶✺✹

❘❛t❡ r❛t✐♦ ✐♥ ❝♦❤♦rt st✉❞②

◗✉❡st✐♦♥✿ ❲❤❛t ✐s t❤❡ r❛t❡ r❛t✐♦ ♦❢ ❝❛♥❝❡r ✐♥ t❤❡ ❡①♣♦s❡❞ ❛s
❝♦♠♣❛r❡❞ t♦ t❤❡ ✉♥❡①♣♦s❡❞ ❣r♦✉♣❄

▼♦❞❡❧ ❈❛♥❝❡r ✐♥❝✐❞❡♥❝❡ r❛t❡s ❝♦♥st❛♥t ✐♥ ❜♦t❤ ❣r♦✉♣s✱ ✈❛❧✉❡s λ1✱
λ0

P❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st ✐s r❛t✐♦ ♦❢ t❤❡♦r❡t✐❝❛❧ r❛t❡s✿

ρ =
λ1

λ0

=
r❛t❡ ❛♠♦♥❣ ❡①♣♦s❡❞

r❛t❡ ❛♠♦♥❣ ✉♥❡①♣♦s❡❞

◆✉❧❧ ❤②♣♦t❤❡s✐s H0 : ρ = 1✿ ❡①♣♦s✉r❡ ❤❛s ♥♦ ❡✛❡❝t✳

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✻✵✴ ✶✺✹

❘❛t❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❝♦❤♦rt st✉❞②

◗✉❡st✐♦♥✿ ❲❤❛t ✐s t❤❡ r❛t❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❝❛♥❝❡r ✐♥ t❤❡ ❡①♣♦s❡❞ ❛s
❝♦♠♣❛r❡❞ t♦ t❤❡ ✉♥❡①♣♦s❡❞ ❣r♦✉♣❄

▼♦❞❡❧ ❈❛♥❝❡r ✐♥❝✐❞❡♥❝❡ r❛t❡s ❝♦♥st❛♥t ✐♥ ❜♦t❤ ❣r♦✉♣s✱ ✈❛❧✉❡s λ1✱
λ0

P❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st ✐s ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡♦r❡t✐❝❛❧ r❛t❡s✿

δ = λ1−λ0 = r❛t❡ ❛♠♦♥❣ ❡①♣♦s❡❞−r❛t❡ ❛♠♦♥❣ ✉♥❡①♣♦s❡❞

◆✉❧❧ ❤②♣♦t❤❡s✐s H0 : δ = 0✿ ❡①♣♦s✉r❡ ❤❛s ♥♦ ❡✛❡❝t✳

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✻✶✴ ✶✺✹

http://BendixCarstensen.com/NSCE/2017
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P♦✐ss♦♥ ❧✐❦❡❧✐❤♦♦❞✿ ♦♥❡ r❛t❡ ❛♥❞ ❘❘ ♦r t✇♦ r❛t❡s✿
❃ ❉ ❁✲ ❝✭✶✹✱✷✽✮ ❀ ❨ ❁✲ ❝✭✽✹✸✳✻✱✻✸✷✳✸✮ ❀ ❣❣ ❁✲ ❢❛❝t♦r✭✵✿✶✮
❃ ❝❜✐♥❞✭❉✱ ❨✱ ❣❣✮

❉ ❨ ❣❣
❬✶✱❪ ✶✹ ✽✹✸✳✻ ✶
❬✷✱❪ ✷✽ ✻✸✷✳✸ ✷

❃ ♠✷ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨ ✴ ✶✵✵✵✮ ⑦ ❣❣✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣ ✮
❃ ❝✐✳❡①♣✭♠✷✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹✸ ✾✳✽✷✽✼✺✵ ✷✽✳✵✷✶✵✻✻
❣❣✶ ✷✳✻✻✽✸✺✹ ✶✳✹✵✹✽✷✺ ✺✳✵✻✽✸✷✺
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❃ ❝✐✳❡①♣✭♠✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
❣❣✵ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼
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❘❉ ❡①❛♠♣❧❡ ✉s✐♥❣ ❘
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❃ ❛✷ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨ ✴ ✶✵✵✵✮ ⑦ ❣❣✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✭❧✐♥❦ ❂ ✬✐❞❡♥t✐t②✬✮ ✮
❃ ❝✐✳❡①♣✭♠✷✱ ❊①♣ ❂ ❋❆▲❙❊ ✮
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❊st✐♠❛t❡ ✷✳✺✪ ✾✼✳✺✪
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❨♦✉ ❞♦ ✐t ✭❜♦t❤ ❘❘ ❛♥❞ ❘❉✮✿
❲❤❛t ✐s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs❄

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✻✸✴ ✶✺✹

❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s

▶ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❝♦❤♦rt ❞❛t❛ ✇✐t❤ ❛ ✜①❡❞ r✐s❦ ♣❡r✐♦❞✱ ✐✳❡✳ ❛❧❧
s✉❜❥❡❝ts ❛r❡ ❢♦❧❧♦✇❡❞ ♦✈❡r t❤❡ s❛♠❡ ♣❡r✐♦❞ ❛♥❞ t❤❡r❡❢♦r❡ ❛s ✇❡❧❧
❛s ♥♦ ❧♦ss❡s t♦ ❢♦❧❧♦✇✲✉♣ ✭♥♦ ❝❡♥s♦r✐♥❣✮✳

▶ ■♥ t❤✐s s❡tt✐♥❣ t❤❡ r✐s❦✱ π✱ ♦❢ t❤❡ ❞✐s❡❛s❡ ♦✈❡r t❤❡ r✐s❦ ♣❡r✐♦❞
❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ❛ s✐♠♣❧❡ ♣r♦♣♦rt✐♦♥✳

▶ ✳ ✳ ✳ t❤❡ ✐♥❝✐❞❡♥❝❡ ♣r♦♣♦rt✐♦♥ ✭♦❢t❡♥ ❝❛❧❧❡❞ ✧❝✉♠✉❧❛t✐✈❡

✐♥❝✐❞❡♥❝❡✧ ♦r ❡✈❡♥ ✧❝✉♠✉❧❛t✐✈❡ r✐s❦✧✮

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✻✹✴ ✶✺✹

❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s

❚❤❡♦r❡t✐❝❛❧ ♣r♦♣♦rt✐♦♥✿ ♣r♦❜❛❜✐❧✐t②✱ π✱ t❤❛t ❛ r❛♥❞♦♠ ♣❡rs♦♥ ❜❡❝♦♠❡s
❛ ❝❛s❡ ✐♥ ❛ ❣✐✈❡♥ ♣❡r✐♦❞✳

π̂ = p =
x

n

=
♥✉♠❜❡r ♦❢ ♥❡✇ ❝❛s❡s ❞✉r✐♥❣ ♣❡r✐♦❞

s✐③❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛t st❛rt

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✻✺✴ ✶✺✹

❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s

❚❤❡♦r❡t✐❝❛❧ ♣r❡✈❛❧❡♥❝❡✿ ♣r♦❜❛❜✐❧✐t②✱ p✱ t❤❛t ❛ r❛♥❞♦♠❧② ❝❤♦s❡♥
♣❡rs♦♥ ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❛ ❝❛s❡ ✭❛t ❛ ❣✐✈❡♥ t✐♠❡✮✳

❆♥❛❧♦❣♦✉s❧②✱ ❡♠♣✐r✐❝❛❧ ♣r❡✈❛❧❡♥❝❡ ✭♣r♦♣♦rt✐♦♥✮ ❛t ❛ ❝❡rt❛✐♥ ♣♦✐♥t ♦❢
t✐♠❡ t✿

p̂ =
♥♦✳ ♦❢ ♣r❡✈❛❧❡♥t ❝❛s❡s ❛t t

t♦t❛❧ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❛t t
=

x

n

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✻✻✴ ✶✺✹

❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s

▶ Pr♦♣♦rt✐♦♥s ✭✉♥❧✐❦❡ r❛t❡s✮ ❛r❡ ❞✐♠❡♥s✐♦♥❧❡ss q✉❛♥t✐t✐❡s r❛♥❣✐♥❣
❢r♦♠ ✵ t♦ ✶

▶ ❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s ❜❛s❡❞ ♦♥ ❜✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥

▶ ❙t❛♥❞❛r❞ ❡rr♦r ❢♦r ❛♥ ❡st✐♠❛t❡❞ ♣r♦♣♦rt✐♦♥✿

❙❊(p) =

√
p(1− p)

n
=

√
(1− p)

n/p
= p×

√
(1− p)

x

▶ ❉❡♣❡♥❞s ❛❧s♦ ✐♥✈❡rs❡❧② ♦♥
√
x

▶ ✳ ✳ ✳ ❜✉t ♥♦t ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ p̂ = x/n

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✻✼✴ ✶✺✹

❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s

▶ ❈■ : p± 2× ❙❊(p) ❛r❡ ✇✐t❤✐♥ [0; 1] ✐❢ x > 4/(1 + 4/n)
▶ ❚❤✐s ✐s ❛❧✇❛②s tr✉❡ ✐❢ x > 3 ✭✐❢ x > 2 ❢♦r n < 12✮
▶ ✖ ❜✉t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥♦t ❣♦♦❞ ❢♦r x < 10

❃ ❝✐ ❁✲ ❢✉♥❝t✐♦♥✭①✱ ♥✮ r♦✉♥❞✭❝❜✐♥❞✭ ①✱ ♥✱ ♣ ❂ ♣ ❁✲ ① ✴ ♥✱
✰ ❧♦ ❂ ♣ ✲ ✷ ✯ sqrt✭♣✯✭✶✲♣✮✴♥✮✱
✰ ❤✐ ❂ ♣ ✰ ✷ ✯ sqrt✭♣✯✭✶✲♣✮✴♥✮✮✱ ✹✮
❃ r❜✐♥❞✭❝✐✭✸✱ ✶✶✿✶✸✮✱ ❝✐✭✷✱ ✸✿✺✮✱ ❝✐✭✶✱ ✶✿✷✮✮

① ♥ ♣ ❧♦ ❤✐
❬✶✱❪ ✸ ✶✶ ✵✳✷✼✷✼ ✵✳✵✵✹✷ ✵✳✺✹✶✸
❬✷✱❪ ✸ ✶✷ ✵✳✷✺✵✵ ✵✳✵✵✵✵ ✵✳✺✵✵✵
❬✸✱❪ ✸ ✶✸ ✵✳✷✸✵✽ ✲✵✳✵✵✷✾ ✵✳✹✻✹✺
❬✹✱❪ ✷ ✸ ✵✳✻✻✻✼ ✵✳✶✷✷✸ ✶✳✷✶✶✵
❬✺✱❪ ✷ ✹ ✵✳✺✵✵✵ ✵✳✵✵✵✵ ✶✳✵✵✵✵
❬✻✱❪ ✷ ✺ ✵✳✹✵✵✵ ✲✵✳✵✸✽✷ ✵✳✽✸✽✷
❬✼✱❪ ✶ ✶ ✶✳✵✵✵✵ ✶✳✵✵✵✵ ✶✳✵✵✵✵
❬✽✱❪ ✶ ✷ ✵✳✺✵✵✵ ✲✵✳✷✵✼✶ ✶✳✷✵✼✶

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✻✽✴ ✶✺✹

❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s

▶ ❯s❡ ❝♦♥✜❞❡♥❝❡ ❧✐♠✐ts ❜❛s❡❞ ♦♥ s②♠♠❡tr✐❝ ✭♥♦r♠❛❧✮ ❧♦❣(❖❘)✿
▶ ❈♦♠♣✉t❡ ❡rr♦r ❢❛❝t♦r✿ ❊❋ = ❡①♣

(
1.96/

√
np(1− p)

)

▶ t❤❡♥ ✉s❡ ❊❋ t♦ ❝♦♠♣✉t❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✿

p/
(
p+ (1− p)

×
÷ ❊❋

)

▶ ❖❜s❡r✈❡❞ x = 4 ♦✉t ♦❢ n = 25✿ p̂ = 4/25 = 0.16
▶ ◆❛✐✈❡ ❈■✿ 0.16± 1.96×

√
0.16× 0.84/25 = [0.016; 0.304]

▶ ❇❡tt❡r✿ ❊❋ = ❡①♣(1.96/
√
25× 0.16× 0.84) = 2.913

❈■ : 0.16/
(
0.16 + (0.84

×
÷ 2.913)

)
= [0.061; 0.357]

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✻✾✴ ✶✺✹

❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s ❜② ❣❧♠

▶ ❉❡❢❛✉❧t ✐s t♦ ♠♦❞❡❧ ❧♦❣✐t(p) = ❧♦❣(p/(1− p))✱ ❧♦❣✲♦❞❞s
▶ ❯s✐♥❣ ❝✐✳❡①♣ ❣✐✈❡s ♦❞❞s ✭ω✮✿

ω = p/(1− p) ⇔ p = ω/(1 + ω)

❃ ① ❁✲ ✹ ❀ ♥ ❁✲ ✷✺
❃ ♣✵ ❁✲ ❣❧♠✭❝❜✐♥❞✭①✱ ♥ ✲ ①✮ ⑦ ✶✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧✮
❃ ✭♦❞❞s ❁✲ ❝✐✳❡①♣✭♣✵✮✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✶✾✵✹✼✻✷ ✵✳✵✻✺✸✽✹✶✼ ✵✳✺✺✹✽✾✷✹

❃ ♦❞❞s ✴ ✭♦❞❞s ✰ ✶✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✶✻ ✵✳✵✻✶✸✼✶✹✺ ✵✳✸✺✻✽✻✽✼

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✵✴ ✶✺✹

❆♥❛❧②s✐s ♦❢ ♣r♦♣♦rt✐♦♥s ❜② ❣❧♠

❆❧s♦ ♣♦ss✐❜❧❡ t♦ ♠♦❞❡❧ ❧♦❣(p)✱ ❧♦❣✲♣r♦❜❛❜✐❧✐t②✱ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❧✐♥❦
❢✉♥❝t✐♦♥✿

❃ ① ❁✲ ✹ ❀ ♥ ❁✲ ✷✺
❃ ♣❧ ❁✲ ❣❧♠✭❝❜✐♥❞✭①✱ ♥ ✲ ①✮ ⑦ ✶✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧✭❧✐♥❦ ❂ ✧❧♦❣✧✮ ✮
❃ ❝✐✳❡①♣✭♣❧✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✶✻ ✵✳✵✻✺✶✼✵✺✻ ✵✳✸✾✷✽✶✺✹

❃ ♦❞❞s ✴ ✭♦❞❞s ✰ ✶✮ ★ ✭❢r♦♠ ❧❛st s❧✐❞❡✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✶✻ ✵✳✵✻✶✸✼✶✹✺ ✵✳✸✺✻✽✻✽✼

❲❡ s❡❡ t❤❛t t❤❡ ❡st✐♠❛t❡❞ ♣r♦❜❛❜✐❧✐t② ✐s t❤❡ s❛♠❡ ❜✉t t❤❡ ❝♦♥✜❞❡♥❝❡
❧✐♠✐ts ❛r❡ s❧✐❣❤t❧② ❞✐✛❡r❡♥t✳

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✶✴ ✶✺✹



❘❛t❡ r❛t✐♦ ✐♥ ❝❛s❡✲❝♦♥tr♦❧ st✉❞②

P❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✿ ρ = λ1/λ0

✖ s❛♠❡ ❛s ✐♥ ❝♦❤♦rt st✉❞②✳

❈❛s❡✲❝♦♥tr♦❧ ❞❡s✐❣♥✿

▶ ✐♥❝✐❞❡♥t ❝❛s❡s ♦❝❝✉rr✐♥❣ ❞✉r✐♥❣ ❛ ❣✐✈❡♥ ♣❡r✐♦❞ ✐♥ t❤❡ s♦✉r❝❡
♣♦♣✉❧❛t✐♦♥ ❛r❡ ❝♦❧❧❡❝t❡❞

▶ ❝♦♥tr♦❧s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ✐♥❝✐❞❡♥❝❡ ❞❡♥s✐t② s❛♠♣❧✐♥❣ ❢r♦♠ t❤♦s❡
❛t r✐s❦ ✐♥ t❤❡ st✉❞② ❜❛s❡

▶ ❡①♣♦s✉r❡ ✐s ❛s❝❡rt❛✐♥❡❞ ✐♥ ❝❛s❡s ❛♥❞ ❝❤♦s❡♥ ❝♦♥tr♦❧s✳

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✷✴ ✶✺✹

❘❛t❡ r❛t✐♦ ✐♥ ❝❛s❡✲❝♦♥tr♦❧ st✉❞②

❙✉♠♠❛r✐③❡❞ ❞❛t❛ ♦♥ ♦✉t❝♦♠❡✿

❊①♣♦s✉r❡ ❈❛s❡s ❈♦♥tr♦❧s

②❡s D1 C1

♥♦ D0 C0

▶ ❈❛♥ ✇❡ ❞✐r❡❝t❧② ❡st✐♠❛t❡ t❤❡ r❛t❡s λ0 ❛♥❞ λ1 ❢r♦♠ t❤✐s❄

▶ ✖ ❛♥❞ t❤❡ r❛t✐♦ ♦❢ t❤❡s❡❄

▶ ◆❖ ❛♥❞ ❨❊❙ ✭r❡s♣❡❝t✐✈❡❧②✮

▶ ❘❛t❡s ❛r❡ ♥♦t ❡st✐♠❛❜❧❡ ❢r♦♠ ❛ ❝❛s❡✲❝♦♥tr♦❧ ❞❡s✐❣♥

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✸✴ ✶✺✹

❘❛t❡ r❛t✐♦ ✐♥ ❝❛s❡✲❝♦♥tr♦❧ st✉❞②

▶ ■❢ ❝♦♥tr♦❧s ❛r❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ♣❡rs♦♥✲ ②❡❛rs ✐♥ t❤❡
♣♦♣✉❧❛t✐♦♥✱ t❤❡✐r ❞✐✈✐s✐♦♥ ✐♥t♦ ❡①♣♦s✉r❡ ❣r♦✉♣s ❡st✐♠❛t❡s t❤❡
❡①♣♦s✉r❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❡rs♦♥✲②❡❛rs✿

C1/C0 ≈ Y1/Y0

▶ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ❘❘ ❜② t❤❡ ❖❘✿

❘̂❘ =
D1/Y1

D0/Y0

=
D1/D0

Y1/Y0

≈ D1/D0

C1/C0

=
D1/C1

D0/C0

= ❖❘

⇒ ❘❘ ❡st✐♠❛t❡❞ ❜② t❤❡ r❛t✐♦ ♦❢ t❤❡ ❝❛s❡✲❝♦♥tr♦❧ r❛t✐♦s ✭D/C✮
▶ ✳ ✳ ✳ ❜✉t ♦❢ ❝♦✉rs❡ t❤❡r❡ ✐s ❛ ♣❡♥❛❧t② t♦ ♣❛②✳ ✳ ✳

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✹✴ ✶✺✹

❘❛t❡ r❛t✐♦ ❢r♦♠ ❝❛s❡✲❝♦♥tr♦❧ st✉❞②

❙t❛♥❞❛r❞ ❡rr♦r ❢♦r ❧♦❣(❖❘)✱ ✾✺✪ ❡rr♦r ❢❛❝t♦r
❛♥❞ ❛♣♣r♦①✐♠❛t❡ ❈■ ❢♦r ❖❘✿

❙❊
(
❧♦❣(❖❘)

)
=

√
1

D1

+
1

D0

+
1

C1

+
1

C0

❊❋ = ❡①♣
(
1.96× ❙❊

(
❧♦❣(❖❘)

))

❈■ = [❖❘/❊❋,❖❘× ❊❋]

◆❇✳ ❘❛♥❞♦♠ ❡rr♦r ❛❣❛✐♥ ❞❡♣❡♥❞s ✐♥✈❡rs❡❧② ♦♥ ♥✉♠❜❡rs ♦❢ ❝❛s❡s
❛♥❞ ❝♦♥tr♦❧s ✖ t❤❡ ♣❡♥❛❧t②✱ ✐♥ t❤❡ t✇♦ ❡①♣♦s✉r❡ ❣r♦✉♣s✳

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✺✴ ✶✺✹

❊①❛♠♣❧❡✿ ♠♦❜✐❧❡ ♣❤♦♥❡ ✉s❡ ❛♥❞ ❜r❛✐♥ ❝❛♥❝❡r

✭■♥s❦✐♣ ❡t ❛❧✳ ◆❊❏▼ ✷✵✵✶❀ ✸✹✹✿ ✼✾✲✽✻✮✳

❉❛✐❧② ✉s❡ ❈❛s❡s ❈♦♥tr♦❧s

≥ 15 ♠✐♥ ✸✺ ✺✶
♥♦ ✉s❡ ✻✸✼ ✻✷✺

❚❤❡ ❘❘ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✉s❡ ♦❢ ♠♦❜✐❧❡ ♣❤♦♥❡ ❧♦♥❣❡r t❤❛♥ ✶✺ ♠✐♥ ✭✈s✳
♥♦♥❡✮ ✐s ❡st✐♠❛t❡❞ ❜② t❤❡ ❖❘✿

❖❘ =
35/51

637/625
= 0.67

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✻✴ ✶✺✹

❊①❛♠♣❧❡✿ ♠♦❜✐❧❡ ♣❤♦♥❡ ✉s❡ ❛♥❞ ❜r❛✐♥ ❝❛♥❝❡r

❙❊ ❢♦r ❧♦❣(❖❘)✱ ✾✺✪ ❡rr♦r ❢❛❝t♦r ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ❈■ ❢♦r ❖❘✿

❙❊
(
❧♦❣(❖❘)

)
=

√
1

35
+

1

637
+

1

51
+

1

625
= 0.2266

❊❋ = ❡①♣(1.96× 0.2266) = 1.45

❈■ = [0.67/1.45, 0.67× 1.45] = [0.43, 1.05]

◆✳❇✳ ♠♦❞❡❧✲❛❞❥✉st❡❞ ❡st✐♠❛t❡ ✭✇✐t❤ ✾✺✪ ❈■✮✿

❖❘ = 0.6[0.3, 1.0]

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✼✴ ✶✺✹

❖❘ ❢r♦♠ ❜✐♥♦♠✐❛❧ ♠♦❞❡❧
❃ ❈❛ ❁✲ ❝✭✻✸✽✱ ✸✺✮❀ ❈♦ ❁✲ ❝✭✻✷✺✱ ✺✶✮❀ ❊① ❁✲ ❢❛❝t♦r✭❝✭✧◆♦♥❡✧✱ ✧❃✶✺✧✮✱
❃ ❧❡✈❡❧s ❂ ❝✭✧◆♦♥❡✧✱ ✧❃✶✺✧✮✮
❃ ❞❛t❛✳❢r❛♠❡✭❈❛✱ ❈♦✱ ❊①✮

❈❛ ❈♦ ❊①
✶ ✻✸✽ ✻✷✺ ◆♦♥❡
✷ ✸✺ ✺✶ ❃✶✺

❃ ♠❢ ❁✲ ❣❧♠✭❝❜✐♥❞✭❈❛✱ ❈♦✮ ⑦ ❊①✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧✮
❃ ❝✐✳❡①♣✭ ♠❢ ✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✳✵✷✵✽✵✵✵ ✵✳✾✶✹✶✽✼✻ ✶✳✶✸✾✽✹✺
❊①❃✶✺ ✵✳✻✼✷✷✾✵✾ ✵✳✹✸✶✶✾✼✾ ✶✳✵✹✽✶✽✺

▶ ■♥t❡r❝❡♣t ✐s ♠❡❛♥✐♥❣❧❡ss❀ ♦♥❧② ❡①♣♦s✉r❡ ❡st✐♠❛t❡ ✐s r❡❧❡✈❛♥t
▶ ❚❤❡ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ♠♦❞❡❧ ✐s ❧♦❣(❖❘)✱ s♦ ✉s✐♥❣ ❝✐✳❡①♣ ❣✐✈❡s

✉s t❤❡ ❡st✐♠❛t❡❞ ❖❘ ✖ s❛♠❡ ❛s ✐♥ t❤❡ ❤❛♥❞✲❝❛❧❝✉❧❛t✐♦♥ ❛❜♦✈❡✳
▶ ❚❤✐s ✐s ❝❛❧❧❡❞ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✽✴ ✶✺✹

❊①t❡♥s✐♦♥s ❛♥❞ r❡♠❛r❦s

▶ ❚❤✐s ❡①t❡♥❞s t♦ ❝r✉❞❡ ❛♥❛❧②s❡s ♦❢ ❡①♣♦s✉r❡ ✈❛r✐❛❜❧❡s ✇✐t❤ s❡✈❡r❛❧
❝❛t❡❣♦r✐❡s ✇❤❡♥ ❡❛❝❤ ❡①♣♦s✉r❡ ❝❛t❡❣♦r② ✐s s❡♣❛r❛t❡❧② ❝♦♠♣❛r❡❞
t♦ ❛ r❡❢❡r❡♥❝❡ ❣r♦✉♣

▶ ❊✈❛❧✉❛t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ ♠♦♥♦t♦♥❡ tr❡♥❞ ✐♥ t❤❡ ♣❛r❛♠❡t❡r ♦✈❡r
✐♥❝r❡❛s✐♥❣ ❧❡✈❡❧s ♦❢ ❡①♣♦s✉r❡✿ ❡st✐♠❛t✐♦♥ ♦❢ r❡❣r❡ss✐♦♥ s❧♦♣❡

▶ ❈r✉❞❡ ❛♥❛❧②s✐s ✐s ✐♥s✉✣❝✐❡♥t ✐♥ ♦❜s❡r✈❛t✐♦♥❛❧ st✉❞✐❡s✿

▶ ❝♦♥tr♦❧ ♦❢ ❝♦♥❢♦✉♥❞✐♥❣ ♥❡❡❞❡❞

❆♥❛❧②s✐s ✭❛♥❛❧②s✐s✮ ✼✾✴ ✶✺✹

❙❤♦rt r❡❝❛♣

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ✫ ❊s❛ ▲äärä

◆♦r❞✐❝ ❙✉♠♠❡rs❝❤♦♦❧ ♦❢ ❈❛♥❝❡r ❊♣✐❞❡♠✐♦❧♦❣②
❉❛♥✐s❤ ❈❛♥❝❡r ❙♦❝✐❡t②✱❆✉❣✉st ✷✵✷✹ ✴ ❏❛♥✉❛② ✷✵✷✺

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠✴◆❙❈❊✴✷✵✶✼ r❡❝❛♣

❘❛t❡s

▶ ❞✐♠❡♥s✐♦♥ t✐♠❡−1
▶ ❡st✐♠❛t❡❞ ❛s λ̂ = D/Y
▶ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❢♦r λ✿

▶ ♠✉❧t✐♣❧✐❝❛t✐✈❡ λ
×

÷ ❡r❢

▶ ❛❞❞✐t✐✈❡ λ± ❊▼

❙❤♦rt r❡❝❛♣ ✭r❡❝❛♣✮ ✽✵✴ ✶✺✹

http://BendixCarstensen.com/NSCE/2017


Pr❛❝t✐❝❛❧ ♠♦❞❡❧ ❢♦r r❛t❡s

❃ ❧✐❜r❛r②✭ ❊♣✐ ✮
❃ ❉ ❁✲ ✶✹ ❀ ❨ ❁✲ ✽✹✸✳✻✴✶✵✵✵ ❀ ❉✴❨

❬✶❪ ✶✻✳✺✾✺✺✹

❃ ♠✵ ❁✲ ❣❧♠✭ ❉ ⑦ ✶✱ ♦❢❢s❡t❂❧♦❣✭❨✮✱ ❢❛♠✐❧②❂♣♦✐ss♦♥ ✮
❃ ❝✐✳❡①♣✭ ♠✵ ✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼

❇❡tt❡r ✇❛②✿

❃ ♠♠ ❁✲ ❣❧♠✭ ❝❜✐♥❞✭❉✱❨✮ ⑦ ✶✱ ❢❛♠✐❧②❂♣♦✐sr❡❣ ✮
❃ ❝✐✳❡①♣✭ ♠♠ ✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼

❙❤♦rt r❡❝❛♣ ✭r❡❝❛♣✮ ✽✶✴ ✶✺✹

❆❧❧♦✇s ❡rr♦r ❢❛❝t♦r ❛♥❞ ♠❛r❣✐♥ t♦♦✿

❃ ♠♠ ❁✲ ❣❧♠✭ ❝❜✐♥❞✭❉✱❨✮ ⑦ ✶✱ ❢❛♠✐❧②❂♣♦✐sr❡❣ ✮
❃ ❝✐✳❡①♣✭ ♠♠ ✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼

❲✐t❤ ❡rr♦r ♠❛r❣✐♥ ✭❝♦♥❢✳✐♥t✳ ♦♥ r❛t❡✲s❝❛❧❡✮

❃ ♠❛ ❁✲ ❣❧♠✭ ❝❜✐♥❞✭❉✱❨✮ ⑦ ✶✱ ❢❛♠✐❧②❂♣♦✐sr❡❣✭❧✐♥❦❂✧✐❞❡♥t✐t②✧✮ ✮
❃ ❝✐✳❡①♣✭ ♠❛✱ ❊①♣❂❋❆▲❙❊ ✮

❊st✐♠❛t❡ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✼✳✾✵✷✹✷✻ ✷✺✳✷✽✽✻✻

❙❤♦rt r❡❝❛♣ ✭r❡❝❛♣✮ ✽✷✴ ✶✺✹

❘❛t❡ r❛t✐♦ ❛♥❞ r❛t❡ ❞✐✛❡r❡♥❝❡

❃ ❉ ❁✲ ❝✭✶✹✱✷✽✮ ❀ ❨ ❁✲ ❝✭✽✹✸✳✻✱✻✸✷✳✸✮✴✶✵✵✵ ❀ ❣❣ ❁✲ ❢❛❝t♦r✭✵✿✶✮
❃ ♠r ❁✲ ❣❧♠✭ ❝❜✐♥❞✭❉✱❨✮ ⑦ ❣❣✱ ❢❛♠✐❧②❂♣♦✐sr❡❣ ✮
❃ ❝✐✳❡①♣✭ ♠r ✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹✸ ✾✳✽✷✽✼✺✵ ✷✽✳✵✷✶✵✻✻
❣❣✶ ✷✳✻✻✽✸✺✹ ✶✳✹✵✹✽✷✺ ✺✳✵✻✽✸✷✺

❃ ♠❘ ❁✲ ❣❧♠✭ ❝❜✐♥❞✭❉✱❨✮ ⑦ ❣❣✲✶✱ ❢❛♠✐❧②❂♣♦✐sr❡❣ ✮
❃ ❝✐✳❡①♣✭ ♠❘ ✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
❣❣✵ ✶✻✳✺✾✺✺✹ ✾✳✽✷✽✼✺ ✷✽✳✵✷✶✵✼
❣❣✶ ✹✹✳✷✽✷✼✽ ✸✵✳✺✼✺✹✺ ✻✹✳✶✸✺✷✺

❙❤♦rt r❡❝❛♣ ✭r❡❝❛♣✮ ✽✸✴ ✶✺✹

❘❛t❡ r❛t✐♦ ❛♥❞ r❛t❡ ❞✐✛❡r❡♥❝❡

❃ ♠❛ ❁✲ ❣❧♠✭ ❝❜✐♥❞✭❉✱❨✮ ⑦ ❣❣✱ ❢❛♠✐❧②❂♣♦✐sr❡❣✭❧✐♥❦❂✧✐❞❡♥t✐t②✧✮ ✮
❃ ❝✐✳❡①♣✭ ♠❛✱ ❊①♣❂❋❆▲❙❊ ✮

❊st✐♠❛t❡ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✻✳✺✾✺✺✹ ✼✳✾✵✷✹✷✻ ✷✺✳✷✽✽✻✻
❣❣✶ ✷✼✳✻✽✼✷✸ ✾✳✶✷✸✼✵✸ ✹✻✳✷✺✵✼✼

❃ ♠❆ ❁✲ ❣❧♠✭ ❝❜✐♥❞✭❉✱❨✮ ⑦ ❣❣✲✶✱ ❢❛♠✐❧②❂♣♦✐sr❡❣✭❧✐♥❦❂✧✐❞❡♥t✐t②✧✮ ✮
❃ ❝✐✳❡①♣✭ ♠❆✱ ❊①♣❂❋❆▲❙❊ ✮

❊st✐♠❛t❡ ✷✳✺✪ ✾✼✳✺✪
❣❣✵ ✶✻✳✺✾✺✺✹ ✼✳✾✵✷✹✷✻ ✷✺✳✷✽✽✻✻
❣❣✶ ✹✹✳✷✽✷✼✽ ✷✼✳✽✽✵✺✵✽ ✻✵✳✻✽✺✵✺

❙❤♦rt r❡❝❛♣ ✭r❡❝❛♣✮ ✽✹✴ ✶✺✹

▼♦❞❡❧s

▶ Pr♦❜❛❜✐❧✐t② ♠♦❞❡❧✿ ❉❛t❛ ❣❡♥❡r❛t♦r✱ ♠♦❞❡❧ t♦ ❞❛t❛

▶ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s✿ ❋r♦♠ ❞❛t❛ t♦ ♠♦❞❡❧ ✭♣❛r❛♠❡t❡rs✮

▶ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ✐s t❤❡ ❜❛s✐s ❢♦r ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥

▶ ❇✉t ♦♥❧② ❢♦r ❣✐✈❡♥ ♠♦❞❡❧

▶ ◆♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦✈✐❞❡s ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s

▶ ✖ ❡✐t❤❡r ❢♦r ❧♦❣✲r❛t❡s✱ r❛t❡s✱ ❘❘✱ ❘❉✱ ❖❘

▶ ❇❡✇❛r❡ ♦❢ P ✲✈❛❧✉❡s

❙❤♦rt r❡❝❛♣ ✭r❡❝❛♣✮ ✽✺✴ ✶✺✹

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ✫ ❊s❛ ▲äärä

◆♦r❞✐❝ ❙✉♠♠❡rs❝❤♦♦❧ ♦❢ ❈❛♥❝❡r ❊♣✐❞❡♠✐♦❧♦❣②
❉❛♥✐s❤ ❈❛♥❝❡r ❙♦❝✐❡t②✱❆✉❣✉st ✷✵✷✹ ✴ ❏❛♥✉❛② ✷✵✷✺

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠✴◆❙❈❊✴✷✵✶✼ str❛t

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s

▶ ❙❤♦rt❝♦♠✐♥❣s ♦❢ ❝r✉❞❡ ❛♥❛❧②s✐s

▶ ❊✛❡❝t ♠♦❞✐✜❝❛t✐♦♥

▶ ❈♦♥❢♦✉♥❞✐♥❣

▶ ❙t❡♣s ♦❢ str❛t✐✜❡❞ ❛♥❛❧②s✐s

▶ ❊st✐♠❛t✐♦♥ ♦❢ r❛t❡ r❛t✐♦

▶ ▼❛t❝❤❡❞ ❝❛s❡✲❝♦♥tr♦❧ st✉❞②

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✽✻✴ ✶✺✹

❙❤♦rt❝♦♠✐♥❣s ♦❢ ❝r✉❞❡ ❛♥❛❧②s✐s

▶ t❤❡ r❛t❡ r❛t✐♦ ❢♦r t❤❡ r✐s❦ ❢❛❝t♦r ♦❢ ✐♥t❡r❡st ✐s ♥♦t ❝♦♥st❛♥t✱
❜✉t ✈❛r✐❡s ❜② ♦t❤❡r ❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ ❞✐s❡❛s❡

⇐ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ ❝♦♠♣❛r❛t✐✈❡ ♣❛r❛♠❡t❡r ♦r ❡✛❡❝t
♠♦❞✐✜❝❛t✐♦♥

▶ t❤❡ ❡①♣♦s✉r❡ ❣r♦✉♣s ❛r❡ ♥♦t ❝♦♠♣❛r❛❜❧❡ ✇✳r✳t✳ ♦t❤❡r
❞❡t❡r♠✐♥❛♥ts ♦❢ ❞✐s❡❛s❡

⇒ ❜✐❛s ✐♥ ❝♦♠♣❛r✐s♦♥ ♦r ❝♦♥❢♦✉♥❞✐♥❣

⇐ ❡①♣♦s✉r❡ ✈❛r✐❡s ❛❝r♦ss ♦t❤❡r ❞❡t❡r♠✐♥❛♥ts

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✽✼✴ ✶✺✹

▼♦❞❡❧s ❢♦r ♦✉t❝♦♠❡ ✇✐t❤ ❡✛❡❝ts ♦❢

▶ ♣r✐♠❛r② ✈❛r✐❛❜❧❡ ✭✏❡①♣♦s✉r❡✑✮

▶ s❡❝♦♥❞❛r② ✈❛r✐❛❜❧❡ ✭✏str❛t✉♠✑✮

▶ ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥ ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧
❡①♣♦s✉r❡ × str❛t✉♠
❡①♣♦s✉r❡ ✇✐t❤ ❞✐✛❡r❡♥t ❡✛❡❝ts ❛❝r♦ss str❛t❛

▶ ❝♦♥❢♦✉♥❞✐♥❣ ✐s t❤❡ ♠❛✐♥✲❡✛❡❝ts ♠♦❞❡❧
❡①♣♦s✉r❡ + str❛t✉♠ ❡①♣♦s✉r❡ ✇✐t❤ s❛♠❡ ❡✛❡❝t ❛❝r♦ss str❛t❛

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✽✽✴ ✶✺✹

❍❛♥❞❧✐♥❣ ❢♦r ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥ ❛♥❞ ❝♦♥❢♦✉♥❞✐♥❣

▶ ❙tr❛t✐✜❝❛t✐♦♥ ♦❢ ❞❛t❛
❜② ♣♦t❡♥t✐❛❧❧② ♠♦❞✐❢②✐♥❣ ❛♥❞✴♦r ❝♦♥❢♦✉♥❞✐♥❣ ❢❛❝t♦r✭s✮
✫ ✉s❡ ♦❢ ❛❞❥✉st❡❞ ❡st✐♠❛t♦rs

▶ ❈♦♥❝❡♣t✉❛❧❧② s✐♠♣❧❡r✱
❛♥❞ t❡❝❤♥✐❝❛❧❧② ❧❡ss ❞❡♠❛♥❞✐♥❣ ❛♣♣r♦❛❝❤ ✐s
r❡❣r❡ss✐♦♥ ♠♦❞❡❧✐♥❣

▶ ❘❡❣r❡ss✐♦♥ ♠♦❞❡❧✐♥❣ ✐s ❢❡❛s✐❜❧❡ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡rs

▶ ✳ ✳ ✳ ❛❞❥✉st♠❡♥t ❡st✐♠❛t♦rs ❛r❡ ❧❡❢t✲♦✈❡rs ❢r♦♠ t❡❛❝❤❡rs t❛✉❣❤t
❜❡❢♦r❡ t❤❡ ❛❞✈❡♥t ♦❢ ❝♦♠♣✉t❡rs ✭❡✳❣✳ ❇①❈ ✫ ❊▲✳ ✳ ✳ ✮

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✽✾✴ ✶✺✹
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❊✛❡❝t ♠♦❞✐✜❝❛t✐♦♥

■♥❝✐❞❡♥❝❡ r❛t❡s ✭♣❡r 105 P❨✮ ♦❢ ❧✉♥❣ ❝❛♥❝❡r ❜② ♦❝❝✉♣❛t✐♦♥❛❧ ❛s❜❡st♦s
❡①♣♦s✉r❡ ❛♥❞ s♠♦❦✐♥❣✿

❆s❜❡st♦s ❙♠♦❦❡rs ◆♦♥✲s♠♦❦❡rs

❡①♣♦s❡❞ ✻✵✵ ✻✵
✉♥❡①♣♦s❡❞ ✶✷✵ ✶✷

r❛t❡ r❛t✐♦ ✺ ✺
r❛t❡ ❞✐✛❡r❡♥❝❡ ✹✽✵ ✹✽

■s t❤❡ ❡✛❡❝t ♦❢ ❛s❜❡st♦s ❡①♣♦s✉r❡ t❤❡ s❛♠❡ ♦r ❞✐✛❡r❡♥t ✐♥ s♠♦❦❡rs
t❤❛♥ ✐♥ ♥♦♥✲s♠♦❦❡rs❄

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✵✴ ✶✺✹

❊✛❡❝t ♠♦❞✐✜❝❛t✐♦♥ ✭❝♦♥t✬❞✮

❉❡♣❡♥❞s ❤♦✇ t❤❡ ❡✛❡❝t ✐s ♠❡❛s✉r❡❞✿

▶ ❘❛t❡ r❛t✐♦✿ ❝♦♥st❛♥t ♦r ❤♦♠♦❣❡♥❡♦✉s

▶ ❘❛t❡ ❞✐✛❡r❡♥❝❡✿ ❤❡t❡r♦❣❡♥❡♦✉s✿
❚❤❡ ✈❛❧✉❡ ♦❢ r❛t❡ ❞✐✛❡r❡♥❝❡ ✐s ♠♦❞✐✜❡❞ ❜② s♠♦❦✐♥❣✳

❙♠♦❦✐♥❣ ✐s t❤✉s ❛♥ ❡✛❡❝t ♠♦❞✐✜❡r ♦❢ ❛s❜❡st♦s ❡①♣♦s✉r❡
♦♥ t❤❡ ❛❜s♦❧✉t❡ s❝❛❧❡ ✭r❛t❡s✮
❜✉t ♥♦t
♦♥ t❤❡ r❡❧❛t✐✈❡ s❝❛❧❡ ✭❧♦❣✲r❛t❡s✮

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✶✴ ✶✺✹

■♥❝✐❞❡♥❝❡ ♦❢ ❈❍❉ ✭♣❡r 103 P❨✮ ❜② r✐s❦ ❢❛❝t♦r ❊ ❛♥❞ ❛❣❡✿

❋❛❝t♦r ❊ ❨♦✉♥❣ ❖❧❞

❡①♣♦s❡❞ ✹ ✾
✉♥❡①♣♦s❡❞ ✶ ✻

r❛t❡ r❛t✐♦ ✹ ✶✳✺
r❛t❡ ❞✐✛❡r❡♥❝❡ ✸ ✸

▶ ❘❛t❡ r❛t✐♦ ♠♦❞✐✜❡❞ ❜② ❛❣❡
▶ ❘❛t❡ ❞✐✛❡r❡♥❝❡ ♥♦t ♠♦❞✐✜❡❞✳
▶ ❚❤❡r❡ ✐s ♥♦ s✉❝❤ t❤✐♥❣ ❛s ✐♥t❡r❛❝t✐♦♥ ✭❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥✮

✇✐t❤♦✉t r❡❢❡r❡♥❝❡ t♦ t❤❡ s❝❛❧❡ ♦❢ t❤❡ ❡✛❡❝t
✭❡✳❣✳ ❛❞❞✐t✐✈❡ ♦r ♠✉❧t✐♣❧✐❝❛t✐✈❡✮

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✷✴ ✶✺✹

❍❛♥❞❧✐♥❣ ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥

▶ ■♥ r❡❛❧ ❡①❛♠♣❧❡s✱ ❝♦♠♣❛r❛t✐✈❡ ♣❛r❛♠❡t❡rs ❛r❡ ♠♦r❡ ♦r ❧❡ss
❤❡t❡r♦❣❡♥❡♦✉s ❛❝r♦ss ❝❛t❡❣♦r✐❡s ♦❢ ♦t❤❡r ❞❡t❡r♠✐♥❛♥ts ♦❢ ❞✐s❡❛s❡

▶ ❚❤✐s ✐s t❡r♠❡❞ ✐♥t❡r❛❝t✐♦♥ ♦r ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥

▶ ❚❤❡ ❡✛❡❝t ♦❢ X ❞❡♣❡♥❞ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ Z

▶ ❚❤❡ ❡✛❡❝t ♦❢ X ❝❛♥♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ s✐♥❣❧❡ ♥✉♠❜❡r✱

▶ ✳ ✳ ✳ ✐t ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ Z

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✸✴ ✶✺✹

❆❝t✉❛❧ ❡①❛♠♣❧❡
❆❣❡✲s♣❡❝✐✜❝ ❈❍❉ ♠♦rt❛❧✐t② r❛t❡s ✭♣❡r 104 P❨✮ ❛♥❞ ♥✉♠❜❡rs ♦❢ ❝❛s❡s
✭D✮ ❛♠♦♥❣ ❇r✐t✐s❤ ♠❛❧❡ ❞♦❝t♦rs ❜② ❝✐❣❛r❡tt❡ s♠♦❦✐♥❣✱ r❛t❡
❞✐✛❡r❡♥❝❡s ✭❘❉✮ ❛♥❞ r❛t❡ r❛t✐♦s ✭❘❘✮ ✭❉♦❧❧ ❛♥❞ ❍✐❧❧✱ ✶✾✻✻✮✳

❙♠♦❦❡rs ◆♦♥✲s♠♦❦❡rs

❆❣❡ ✭②✮ r❛t❡ D r❛t❡ D ❘❉ ❘❘

✸✺✕✹✹ ✻✳✶ ✸✷ ✶✳✶ ✷ ✺ ✺✳✼
✹✺✕✺✹ ✷✹ ✶✵✹ ✶✶ ✶✷ ✶✸ ✷✳✶
✺✺✕✻✹ ✼✷ ✷✵✻ ✹✾ ✷✽ ✷✸ ✶✳✺
✻✺✕✼✹ ✶✹✼ ✶✽✻ ✶✵✽ ✷✽ ✸✾ ✶✳✹
✼✺✕✽✹ ✶✾✷ ✶✵✷ ✷✶✷ ✸✶ ✲✷✵ ✵✳✾

❚♦t❛❧ ✹✹ ✻✸✵ ✷✻ ✶✵✶ ✶✽ ✶✳✼

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✹✴ ✶✺✹

❈❍❉ ❛♥❞ s♠♦❦✐♥❣

❇♦t❤ ❝♦♠♣❛r❛t✐✈❡ ♣❛r❛♠❡t❡rs ❛♣♣❡❛r ❤❡t❡r♦❣❡♥❡♦✉s✿

▶ ❘❉ ✐♥❝r❡❛s❡s ❜② ❛❣❡ ✭❛t ❧❡❛st ✉♣ t♦ ✼✺ ②✮

▶ ❘❘ ❞❡❝r❡❛s❡s ❜② ❛❣❡

◆♦ s✐♥❣❧❡✲♣❛r❛♠❡t❡r ✭❝♦♠♠♦♥ r❛t❡ r❛t✐♦ ♦r r❛t❡ ❞✐✛❡r❡♥❝❡✮
❝♦♠♣❛r✐s♦♥ ❝❛♣t✉r❡s ❛❞❡q✉❛t❡❧② t❤❡ ❥♦✐♥t ♣❛tt❡r♥ ♦❢ r❛t❡s✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✺✴ ✶✺✹

❊✈❛❧✉❛t✐♦♥ ♦❢ ♠♦❞✐✜❝❛t✐♦♥

▶ ▼♦❞✐✜❝❛t✐♦♥ ♦r ✐ts ❛❜s❡♥❝❡ ✐s ❛♥ ✐♥❤❡r❡♥t ♣r♦♣❡rt② ♦❢ t❤❡
♣❤❡♥♦♠❡♥♦♥✿

▶ ❝❛♥♥♦t ❜❡ r❡♠♦✈❡❞ ♦r ✏❛❞❥✉st❡❞✑ ❢♦r

▶ ✖ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ s❝❛❧❡ ♦♥ ✇❤✐❝❤ ✐t ✐s ♠❡❛s✉r❡❞

▶ ❇❡❢♦r❡ ❧♦♦❦✐♥❣ ❢♦r ❡✛❡❝t✲♠♦❞✐✜❝❛t✐♦♥✿
▶ ✇❤❛t s❝❛❧❡ ❛r❡ ✇❡ ✉s✐♥❣ ❢♦r ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡✛❡❝ts
▶ ❤♦✇ ✇✐❧❧ ✇❡ r❡♣♦rt t❤❡ ♠♦❞✐✜❡❞ ❡✛❡❝ts ✭t❤❡ ✐♥t❡r❛❝t✐♦♥✮
▶ ✳ ✳ ✳ ❞♦ ♥♦t t❡st ❢♦r ❛♥ ✐♥t❡r❛❝t✐♦♥ ②♦✉ ❤❛✈❡ ♥♦t s❡❡♥✿

t❤❛t ✇♦✉❧❞ ❜❡ r❡t✉r♥✐♥❣ t♦ t❤❡ ✇♦r❧❞ ♦❢ P✲✈❛❧✉❡s

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✻✴ ✶✺✹

❊✈❛❧✉❛t✐♦♥ ♦❢ ♠♦❞✐✜❝❛t✐♦♥ ✭❝♦♥t✬❞✮

▶ st❛t✐st✐❝❛❧ t❡sts ❢♦r ❤❡t❡r♦❣❡♥❡✐t② ✐♥s❡♥s✐t✐✈❡ ❛♥❞ r❛r❡❧② ❤❡❧♣❢✉❧

▶ ⇒ t❡♠♣t✐♥❣ t♦ ❛ss✉♠❡ ✏♥♦ ❡ss❡♥t✐❛❧ ♠♦❞✐✜❝❛t✐♦♥✑✿

+ s✐♠♣❧❡r ❛♥❛❧②s✐s ❛♥❞ r❡s✉❧t ♣r❡s❡♥t❛t✐♦♥✱

− ♠✐s❧❡❛❞✐♥❣ ✐❢ ❡ss❡♥t✐❛❧ ♠♦❞✐✜❝❛t✐♦♥ ✐s ♣r❡s❡♥t✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✼✴ ✶✺✹

❈❍❉ ❛♥❞ s♠♦❦✐♥❣ ❡①❛♠♣❧❡ ✇✐t❤ ❘ ■

❃ ❧✐❜r❛r②✭ ❊♣✐ ✮
❃ ❘ ❁✲ ❝✭✻✳✶✱ ✷✹✱ ✼✷✱ ✶✹✼✱ ✶✾✷✱ ✶✳✶✱ ✶✶✱ ✹✾✱ ✶✵✽✱ ✷✶✷✮
❃ ❉ ❁✲ ❝✭ ✸✷✱ ✶✵✹✱ ✷✵✻✱ ✶✽✻✱ ✶✵✷✱ ✷ ✱ ✶✷✱ ✷✽✱ ✷✽✱ ✸✶✮
❃ ❨ ❁✲ ❉ ✴ ❘ ★ r✐s❦ t✐♠❡ ✐♥ ✉♥✐ts ♦❢ ✶✵❫✹ P❨
❃ s♠❦ ❁✲ ❢❛❝t♦r✭r❡♣✭✶✿✷✱ ❡❛❝❤ ❂ ✺✮✱ ❧❛❜❡❧s ❂ ❝✭✧❙♠♦❦❡✧✱ ✧♥♦♥✲❙♠✧✮ ✮
❃ ❛❣❡ ❁✲ ❢❛❝t♦r✭r❡♣✭s❡q✭✸✺✱ ✼✺✱ ✶✵✮✱ ✷✮✮
❃ ❞❛t❛✳❢r❛♠❡✭❉✱ ❨✱ ❛❣❡✱ s♠❦✮

❉ ❨ ❛❣❡ s♠❦
✶ ✸✷ ✺✳✷✹✺✾✵✶✻ ✸✺ ❙♠♦❦❡
✷ ✶✵✹ ✹✳✸✸✸✸✸✸✸ ✹✺ ❙♠♦❦❡
✸ ✷✵✻ ✷✳✽✻✶✶✶✶✶ ✺✺ ❙♠♦❦❡
✹ ✶✽✻ ✶✳✷✻✺✸✵✻✶ ✻✺ ❙♠♦❦❡
✺ ✶✵✷ ✵✳✺✸✶✷✺✵✵ ✼✺ ❙♠♦❦❡
✻ ✷ ✶✳✽✶✽✶✽✶✽ ✸✺ ♥♦♥✲❙♠
✼ ✶✷ ✶✳✵✾✵✾✵✾✶ ✹✺ ♥♦♥✲❙♠
✽ ✷✽ ✵✳✺✼✶✹✷✽✻ ✺✺ ♥♦♥✲❙♠
✾ ✷✽ ✵✳✷✺✾✷✺✾✸ ✻✺ ♥♦♥✲❙♠
✶✵ ✸✶ ✵✳✶✹✻✷✷✻✹ ✼✺ ♥♦♥✲❙♠

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✽✴ ✶✺✹

❈❍❉ ❛♥❞ s♠♦❦✐♥❣ ❡①❛♠♣❧❡ ✇✐t❤ ❘ ■■
❃ ♠❛ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❛❣❡ ✰ s♠❦✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✮
❃ ♠✐ ❁✲ ✉♣❞❛t❡✭♠❛✱ ✳ ⑦ ✳ ✰ ❛❣❡✿s♠❦✮ ★ ❛❞❞ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐♥t❡r❛❝t✐♦♥
❃ ❛♥♦✈❛✭♠❛✱ ♠✐✱ t❡st ❂ ✧❈❤✐sq✧✮

❆♥❛❧②s✐s ♦❢ ❉❡✈✐❛♥❝❡ ❚❛❜❧❡

▼♦❞❡❧ ✶✿ ❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❛❣❡ ✰ s♠❦
▼♦❞❡❧ ✷✿ ❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❛❣❡ ✰ s♠❦ ✰ ❛❣❡✿s♠❦
❘❡s✐❞✳ ❉❢ ❘❡s✐❞✳ ❉❡✈ ❉❢ ❉❡✈✐❛♥❝❡ Pr✭❃❈❤✐✮

✶ ✹ ✶✶✳✾✾✸
✷ ✵ ✵✳✵✵✵ ✹ ✶✶✳✾✾✸ ✵✳✵✶✼✹ ✯
✲✲✲
❙✐❣♥✐❢✳ ❝♦❞❡s✿ ✵ ✬✯✯✯✬ ✵✳✵✵✶ ✬✯✯✬ ✵✳✵✶ ✬✯✬ ✵✳✵✺ ✬✳✬ ✵✳✶ ✬ ✬ ✶

❃ ★
❃ ❛❛ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❛❣❡ ✰ s♠❦✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✭❧✐♥❦ ❂ ✐❞❡♥t✐t②✮✮
❃ ❛✐ ❁✲ ✉♣❞❛t❡✭♠❛✱ ✳ ⑦ ✳ ✰ ❛❣❡✿s♠❦ ✮ ★ ❛❞❞ t❤❡ ❛❞❞✐t✐✈❡ ✐♥t❡r❛❝t✐♦♥
❃ ❛♥♦✈❛✭❛❛✱ ❛✐✱ t❡st ❂ ✧❈❤✐sq✧✮

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✾✾✴ ✶✺✹



❈❍❉ ❛♥❞ s♠♦❦✐♥❣ ❡①❛♠♣❧❡ ✇✐t❤ ❘ ■■■
❆♥❛❧②s✐s ♦❢ ❉❡✈✐❛♥❝❡ ❚❛❜❧❡

▼♦❞❡❧ ✶✿ ❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❛❣❡ ✰ s♠❦
▼♦❞❡❧ ✷✿ ❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❛❣❡ ✰ s♠❦ ✰ ❛❣❡✿s♠❦
❘❡s✐❞✳ ❉❢ ❘❡s✐❞✳ ❉❡✈ ❉❢ ❉❡✈✐❛♥❝❡ Pr✭❃❈❤✐✮

✶ ✹ ✼✳✼✹✸✹
✷ ✵ ✵✳✵✵✵✵ ✹ ✼✳✼✹✸✹ ✵✳✶✵✶✹

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✵✴ ✶✺✹

❉❡✈✐❛♥❝❡❄

▶ ✳ ✳ ✳ ✐s t❤❡ ❧✐❦❡❧✐❤♦♦❞✲r❛t✐♦ t❡st ♦❢ ❛ ❣✐✈❡♥ ♠♦❞❡❧ ✈❡rs✉s t❤❡
♠♦❞❡❧ ✇✐t❤ ♦♥❡ ♣❛r❛♠❡t❡r ♣❡r r❡❝♦r❞ ✐♥ t❤❡ ❞❛t❛

▶ ■♥ t❤❡ ❝❛s❡ ♦❢ ❈❍❉ ❛♥❞ s♠♦❦✐♥❣✱ str❛t✐✜❡❞ ❜② ❛❣❡✱ t❤❡ ♠♦❞❡❧
✇✐t❤ ♦♥❡ ♣❛r❛♠❡t❡r ♣❡r r❡❝♦r❞ ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧
s♦ t❤✐s ❤❛s 0 ❞❡✈✐❛♥❝❡

▶ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ❞❡✈✐❛♥❝❡ ♣❡r s❡ ✐s ♥♦t ♠❡❛♥✐♥❣❢✉❧

▶ ✳ ✳ ✳ ❜✉t ❢♦r ♠♦❞❡❧s ✜tt❡❞ t♦ t❤❡ s❛♠❡ ❞❛t❛s❡t✱ t❤❡ ❞✐❢❢❡r❡♥❝❡
✐♥ ❞❡✈✐❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s ✐s t❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st
❝♦♠♣❛r✐♥❣ t❤❡ t✇♦ ♠♦❞❡❧s✳

▶ ❚❤❛t ✐s ✇❤❛t ✇❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛♥♦✈❛✭✮✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✶✴ ✶✺✹

■♥t❡r❛❝t✐♦♥ ✲ ❈❍❉✱ ❛❣❡ ❛♥❞ s♠♦❦✐♥❣✖②♦✉r t✉r♥✦

✶✳ ❡♥t❡r ❞❛t❛ ❛♥❞ r❡♣❡❛t t❤❡ ❛♥❛❧②s❡s ❛s ♦♥ t❤❡ s❧✐❞❡

✷✳ ✇❤❛t ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✭♠❛✐♥✮ ❡✛❡❝t ♦❢ s♠♦❦✐♥❣

✸✳ ✇❤❛t ✐s t❤❡ ❛❞❞✐t✐✈❡ ✭♠❛✐♥✮ ❡✛❡❝t ♦❢ s♠♦❦✐♥❣

✹✳ ✉s❡ t❤❡ ♠♦❞❡❧ ✏ ❛❣❡ ✴ s♠❦✑ ✖ ✇❤❛t ❞♦❡s ✐t ❞♦❄

✺✳ ✇❤❛t ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✭✐♥t❡r❛❝t✐♦♥✮ ❡✛❡❝t ♦❢ s♠♦❦✐♥❣

✻✳ ✇❤❛t ✐s t❤❡ ❛❞❞✐t✐✈❡ ✭✐♥t❡r❛❝t✐♦♥✮ ❡✛❡❝t ♦❢ s♠♦❦✐♥❣
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❃ ★ ❢♦r❡st ♣❧♦ts ❛❣❛✐♥✱ ♥✐❝❡✐❢✐❡❞
❃ ♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱✷✮✮
❃ ♣❧♦t❊st✭✶ ✴ ❝✐✳❡①♣✭♠■✱ s✉❜s❡t ❂ ✧s♠❦✧✮✱
✰ ①❧♦❣ ❂ ❚❘❯❊✱ ①❧❛❜ ❂ ✧s♠♦❦✐♥❣ ❘❘✧✱ ①❧✐♠ ❂ ❝✭✵✳✺✱ ✷✵✮✮

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✽✴ ✶✺✹

❈❍❉ ❛♥❞ s♠♦❦✐♥❣ ❡①❛♠♣❧❡ ✇✐t❤ ❘ ❱■■
❃ ❛❜❧✐♥❡✭✈ ❂ ❝✭✶✱ ❡①♣✭✲❝♦❡❢✭♠❛✮❬✻❪✮✮✱ ❝♦❧ ❂ ✶✿✷✮
❃ ♣❧♦t❊st✭✲❝✐✳❡①♣✭❛■✱ ❊①♣ ❂ ❋❆▲❙❊✱ s✉❜s❡t ❂ ✧s♠❦✧✮✱
✰ ①❧❛❜ ❂ ✧s♠♦❦✐♥❣ ❘❉✧✱ ①❧✐♠ ❂ ❝✭✲✺✵✱ ✶✵✵✮✮
❃ ❛❜❧✐♥❡✭✈ ❂ ❝✭✵✱ ✲❝♦❡❢✭❛❛✮❬✻❪✮✱ ❝♦❧ ❂ ✶✿✷✮

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✾✴ ✶✺✹



❈♦♥❢♦✉♥❞✐♥❣ ✲ ♦♣❡r❛t✐♦♥ ❡①❛♠♣❧❡

❖❜s❡r✈❛t✐♦♥❛❧ ❝❧✐♥✐❝❛❧ st✉❞② ✇✐t❤ ❝♦♠♣❛r✐s♦♥ ♦❢ s✉❝❝❡ss ♦❢ tr❡❛t♠❡♥t
❜❡t✇❡❡♥ t✇♦ t②♣❡s ♦❢ ♦♣❡r❛t✐♦♥ ❢♦r tr❡❛t✐♥❣ r❡♥❛❧ ❝❛❧❝✉❧✐✿

▶ ❖❙✿ ♦♣❡♥ s✉r❣❡r② ✭✐♥✈❛s✐✈❡✮

▶ P◆✿ ♣❡r❝✉t❛♥❡♦✉s ♥❡♣❤r♦❧✐t❤♦t♦♠② ✭♥♦♥✲✐♥✈❛s✐✈❡✮

❚r❡❛t♠❡♥t Pts ❖♣✳ ❖❑ ✪ ❖❑ ✪✲❞✐✛✳

❖❙ ✸✺✵ ✷✼✸ ✼✽

P◆ ✸✺✵ ✷✾✵ ✽✸ +5

P◆ ❛♣♣❡❛rs ♠♦r❡ s✉❝❝❡ss❢✉❧ t❤❛♥ ❖❙❄

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✸✴ ✶✺✹

❖♣❡r❛t✐♦♥ ❡①❛♠♣❧❡

❘❡s✉❧ts str❛t✐✜❡❞ ❜② ✐♥✐t✐❛❧ ❞✐❛♠❡t❡r s✐③❡ ♦❢ t❤❡ st♦♥❡✿

❙✐③❡ ❚r❡❛t♠❡♥t Pts ❖♣✳ ❖❑ ✪ ❖❑ ✪✲❞✐✛✳

< 2 ❝♠✿ ❖❙ ✽✼ ✽✶ ✾✸
P◆ ✷✼✵ ✷✸✺ ✽✼ −6

≥ 2 ❝♠✿ ❖❙ ✷✻✸ ✶✾✷ ✼✸
P◆ ✽✵ ✺✺ ✻✾ −4

❖❙ s❡❡♠s ♠♦r❡ s✉❝❝❡ss❢✉❧ ✐♥ ❜♦t❤ s✉❜❣r♦✉♣s✳

■s t❤❡r❡ ❛ ♣❛r❛❞♦① ❤❡r❡❄

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✹✴ ✶✺✹

❖♣❡r❛t✐♦♥ ❡①❛♠♣❧❡

▶ ❚r❡❛t♠❡♥t ❣r♦✉♣s ❛r❡ ♥♦t ❝♦♠♣❛r❛❜❧❡ ✇✳r✳t✳ ✐♥✐t✐❛❧ s✐③❡✳

▶ ❙✐③❡ ♦❢ t❤❡ st♦♥❡ ✭❙❙✮ ✐s ❛ ❝♦♥❢♦✉♥❞❡r ♦❢ t❤❡ ❛ss♦❝✐❛t✐♦♥
❜❡t✇❡❡♥ ♦♣❡r❛t✐♦♥ t②♣❡ ❛♥❞ s✉❝❝❡ss✿

✶ ❛ ❞❡t❡r♠✐♥❛♥t ♦❢ ♦✉t❝♦♠❡ ✭s✉❝❝❡ss✮✱ ❜❛s❡❞ ♦♥ ❡①t❡r♥❛❧
❦♥♦✇❧❡❞❣❡✱

✷ st❛t✐st✐❝❛❧❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦♣❡r❛t✐♦♥ t②♣❡ ✐♥ t❤❡ st✉❞②
♣♦♣✉❧❛t✐♦♥✱

✸ ♥♦t ❝❛✉s❛❧❧② ❛✛❡❝t❡❞ ❜② ♦♣❡r❛t✐♦♥ t②♣❡✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✺✴ ✶✺✹

❖♣❡r❛t✐♦♥ ❡①❛♠♣❧❡

▶ ■♥st❛♥❝❡ ♦❢ ✏❝♦♥❢♦✉♥❞✐♥❣ ❜② ✐♥❞✐❝❛t✐♦♥✑✿
✖ ♣❛t✐❡♥t st❛t✉s ❛✛❡❝ts ❝❤♦✐❝❡ ♦❢ tr❡❛t♠❡♥t✱
⇒ ❜✐❛s ✐♥ ❝♦♠♣❛r✐♥❣ tr❡❛t♠❡♥ts✳

▶ ❚❤✐s ❜✐❛s ✐s ❜❡st ❛✈♦✐❞❡❞ ✐♥ ♣❧❛♥♥✐♥❣✿
✖ r❛♥❞♦♠✐③❡❞ ❛❧❧♦❝❛t✐♦♥ ♦❢ tr❡❛t♠❡♥t✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✻✴ ✶✺✹

●r❡② ❤❛✐r ❛♥❞ ❝❛♥❝❡r ✐♥❝✐❞❡♥❝❡

●r❛② P✲②❡❛rs ❘❛t❡
❆❣❡ ❤❛✐r ❈❛s❡s ×✶✵✵✵ ✴✶✵✵✵ ② ❘❘

❚♦t❛❧ ②❡s ✻✻ ✷✺ ✷✳✻✹ ✷✳✷
♥♦ ✸✵ ✷✺ ✶✳✷✵

❨♦✉♥❣ ②❡s ✻ ✶✵ ✵✳✻✵ ✶✳✵✾
♥♦ ✶✶ ✷✵ ✵✳✺✺

❖❧❞ ②❡s ✻✵ ✶✺ ✹✳✵ ✶✳✵✺
♥♦ ✶✾ ✺ ✸✳✽

❖❜s❡r✈❡❞ ❝r✉❞❡ ❛ss♦❝✐❛t✐♦♥ ♥❡❛r❧② ✈❛♥✐s❤❡s ❛❢t❡r ❝♦♥tr♦❧❧✐♥❣ ❢♦r ❛❣❡✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✼✴ ✶✺✹

▼❡❛♥s ❢♦r ❝♦♥tr♦❧ ♦❢ ❝♦♥❢♦✉♥❞✐♥❣

❉❡s✐❣♥✿

▶ ❘❛♥❞♦♠✐③❛t✐♦♥

▶ ❘❡str✐❝t✐♦♥

▶ ▼❛t❝❤✐♥❣

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✽✴ ✶✺✹

▼❡❛♥s ❢♦r ❝♦♥tr♦❧ ♦❢ ❝♦♥❢♦✉♥❞✐♥❣ ✭❝♦♥t✬❞✮

❆♥❛❧②s✐s✿

▶ ❙tr❛t✐✜❝❛t✐♦♥

▶ ❘❡❣r❡ss✐♦♥ ♠♦❞❡❧✐♥❣

❖♥❧② r❛♥❞♦♠✐③❛t✐♦♥ ❝❛♥ r❡♠♦✈❡ ❝♦♥❢♦✉♥❞✐♥❣ ❞✉❡ t♦
✉♥♠❡❛s✉r❡❞ ❢❛❝t♦rs✳

❖t❤❡r ♠❡t❤♦❞s ♣r♦✈✐❞❡ ♣❛rt✐❛❧ r❡♠♦✈❛❧✱ ❜✉t ♦♥❧② ❞✉❡ t♦
♠❡❛s✉r❡❞ ❢❛❝t♦rs
r❡s✐❞✉❛❧ ❝♦♥❢♦✉♥❞✐♥❣ ♠❛② r❡♠❛✐♥✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✵✾✴ ✶✺✹

❙t❡♣s ♦❢ str❛t✐✜❡❞ ❛♥❛❧②s✐s

▶ ❙tr❛t✐❢② ❜② ❧❡✈❡❧s ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❝♦♥❢♦✉♥❞✐♥❣✴♠♦❞✐❢②✐♥❣
❢❛❝t♦r✭s✮

▶ ❈♦♠♣✉t❡ str❛t✉♠✲s♣❡❝✐✜❝ ❡st✐♠❛t❡s ♦❢ t❤❡ ❡✛❡❝t ♣❛r❛♠❡t❡r ✭❡✳❣✳
❘❘ ♦r ❘❉✮

▶ ❊✈❛❧✉❛t❡ s✐♠✐❧❛r✐t② ♦❢ t❤❡ str❛t✉♠✲s♣❡❝✐✜❝ ❡st✐♠❛t❡s ❜②
✏❡②❡✲❜❛❧❧✐♥❣✑ ♦r t❡st ♦❢ ❤❡t❡r♦❣❡♥❡✐t②✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✵✴ ✶✺✹

❙t❡♣s ♦❢ str❛t✐✜❡❞ ❛♥❛❧②s✐s ✭❝♦♥t✳✮

▶ ■❢ t❤❡ ♣❛r❛♠❡t❡r ✐s ❥✉❞❣❡❞ t♦ ❜❡ ❤♦♠♦❣❡♥❡♦✉s ❡♥♦✉❣❤✱ ❝❛❧❝✉❧❛t❡
❛♥ ❛❞❥✉st❡❞ s✉♠♠❛r② ❡st✐♠❛t❡✳

▶ ■❢ ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥ ✐s ❥✉❞❣❡❞ t♦ ❜❡ ♣r❡s❡♥t✿
▶ r❡♣♦rt str❛t✉♠✲s♣❡❝✐✜❝ ❡st✐♠❛t❡s ✇✐t❤ ❈■s✱
▶ ✐❢ ❞❡s✐r❡❞✱ ❝❛❧❝✉❧❛t❡ ❛♥ ❛❞❥✉st❡❞ s✉♠♠❛r② ❡st✐♠❛t❡ ❜② ❛♣♣r♦♣r✐❛t❡

st❛♥❞❛r❞✐③❛t✐♦♥ ✖ ✭❢♦r♠❛❧❧② ♠❡❛♥✐♥❣❧❡ss✮✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✶✴ ✶✺✹

❊st✐♠❛t✐♦♥ ♦❢ r❛t❡ r❛t✐♦

▶ ❙✉♣♣♦s❡ t❤❛t t❤❡ r❛t❡ r❛t✐♦ ❘❘ ✐s s✉✣❝✐❡♥t❧② ❤♦♠♦❣❡♥❡♦✉s
❛❝r♦ss str❛t❛ ✭♥♦ ♠♦❞✐✜❝❛t✐♦♥✮✱ ❜✉t ❝♦♥❢♦✉♥❞✐♥❣ ✐s ♣r❡s❡♥t✳

▶ ❈r✉❞❡ ❘❘ ❡st✐♠❛t♦r ✐s ❜✐❛s❡❞✳

▶ ❆❞❥✉st❡❞ s✉♠♠❛r② ❡st✐♠❛t♦r✱ ❝♦♥tr♦❧❧✐♥❣ ❢♦r ❝♦♥❢♦✉♥❞✐♥❣✱
♠✉st ❜❡ ✉s❡❞✳

▶ ❚❤❡s❡ ❡st✐♠❛t♦rs ❛r❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡s ♦❢ str❛t✉♠✲s♣❡❝✐✜❝
❡st✐♠❛t♦rs✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✷✴ ✶✺✹



❆❞❥✉st❡❞ s✉♠♠❛r② ❡st✐♠❛t♦rs

❉✐✛❡r❡♥t ✇❡✐❣❤t✐♥❣ ♠❡t❤♦❞s✿

▶ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ✭▼▲✮

▶ ✇❡✐❣❤t❡❞ ❧❡❛st sq✉❛r❡s ✭❲▲❙✮

▶ ▼❛♥t❡❧✲❍❛❡♥s③❡❧ ✭▼❍✮ ✇❡✐❣❤ts

▶ ✭❞✐r❡❝t✮ st❛♥❞❛r❞✐③❛t✐♦♥ ❜② ❡①t❡r♥❛❧ st❛♥❞❛r❞ ♣♦♣✉❧❛t✐♦♥ ✭❈▼❋✮

▶ st❛♥❞❛r❞✐③❡❞ ♠♦r❜✐❞✐t② r❛t✐♦ ✭❙▼❘✮

Pr❡❢❡rr❡❞ ♠❡t❤♦❞ ✐♥ ❛♥❛❧②s✐s✿ ▼▲ ❯s❡❢✉❧ ♠❡t❤♦❞ ✐♥ s✐♠♣❧❡
❞❡s❝r✐♣t✐✈❡✿ ❈▼❋ ✴ ❙▼❘

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✸✴ ✶✺✹

●r❛② ❤❛✐r ✫ ❝❛♥❝❡r

❃ ❉ ❁✲ ❝✭ ✻✱ ✶✶✱ ✻✵✱ ✶✾✮
❃ ❨ ❁✲ ❝✭✶✵✱ ✷✵✱ ✶✺✱ ✺✮
❃ ❛❣❡ ❁✲ ❢❛❝t♦r✭❝✭✧❨♦✉♥❣✧✱ ✧❨♦✉♥❣✧✱ ✧❖❧❞✧✱ ✧❖❧❞✧✮✮
❃ ❤❛✐r ❁✲ ❢❛❝t♦r✭❝✭✧●r❛②✧✱ ✧❈♦❧✧✱ ✧●r❛②✧✱ ✧❈♦❧✧✮✮
❃ ❞❛t❛✳❢r❛♠❡✭❉✱ ❨✱ ❛❣❡✱ ❤❛✐r✮

❉ ❨ ❛❣❡ ❤❛✐r
✶ ✻ ✶✵ ❨♦✉♥❣ ●r❛②
✷ ✶✶ ✷✵ ❨♦✉♥❣ ❈♦❧
✸ ✻✵ ✶✺ ❖❧❞ ●r❛②
✹ ✶✾ ✺ ❖❧❞ ❈♦❧

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✹✴ ✶✺✹

●r❛② ❤❛✐r ✫ ❝❛♥❝❡r

❈r✉❞❡ ❛♥❞ ❛❞❥✉st❡❞ r✐s❦ ❡st✐♠❛t❡ ❜② P♦✐ss♦♥ ♠♦❞❡❧✿

❃ ❧✐❜r❛r②✭❊♣✐✮
❃ ❝✐✳❡①♣✭❣❧♠✭❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❤❛✐r ✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✮✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✳✷ ✵✳✽✸✾✵✷✸✷ ✶✳✼✶✻✷✽✶
❤❛✐r●r❛② ✷✳✷ ✶✳✹✷✽✽✼✺✻ ✸✳✸✽✼✷✼✾

❃ ❝✐✳❡①♣✭❣❧♠✭❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❤❛✐r ✰ ❛❣❡✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✮✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✸✳✼✼✽✷✷✻✾ ✷✳✹✾✾✻✷✻✺✸ ✺✳✼✶✵✽✺✷✻
❤❛✐r●r❛② ✶✳✵✻✵✻✶✽✻ ✵✳✻✼✵✶✸✺✷✼ ✶✳✻✼✽✻✸✸✾
❛❣❡❨♦✉♥❣ ✵✳✶✹✼✵✶✶✻ ✵✳✵✽✹✶✽✻✸✺ ✵✳✷✺✻✼✷✶✶

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✺✴ ✶✺✹

❈❛s❡✲❝♦♥tr♦❧ st✉❞② ♦❢

❆❧❝♦❤♦❧ ❛♥❞ ♦❡s♦♣❤❛❣❡❛❧ ❝❛♥❝❡r

▶ ❚✉②♥s ❡t ❛❧✳ ✶✾✼✼✱ s❡❡ ❇r❡s❧♦✇ ✫ ❉❛② ✶✾✽✵✱
▶ ✷✵✺ ✐♥❝✐❞❡♥t ❝❛s❡s✱
▶ ✼✼✵ ✉♥♠❛t❝❤❡❞ ♣♦♣✉❧❛t✐♦♥ ❝♦♥tr♦❧s✱
▶ ❘✐s❦ ❢❛❝t♦r✿ ❞❛✐❧② ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❛❧❝♦❤♦❧✳
▶ ❈r✉❞❡ s✉♠♠❛r②✿

❊①♣♦s✉r❡
≥ 80 ❣✴❞ ❈❛s❡s ❈♦♥tr♦❧s ❖❘

②❡s ✾✻ ✶✵✾ ✺✳✻✹
♥♦ ✶✵✹ ✻✻✻

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✻✴ ✶✺✹

❈r✉❞❡ ❛♥❛❧②s✐s ♦❢ ❈❈✲❞❛t❛

❃ ❈❛ ❁✲ ❝✭ ✾✻✱ ✶✵✹✮
❃ ❈♦ ❁✲ ❝✭✶✵✾✱ ✻✻✻✮
❃ ❊① ❁✲ ❢❛❝t♦r✭❝✭✧❃✽✵✧✱ ✧❁✽✵✧✮✮
❃ ❞❛t❛✳❢r❛♠❡✭❈❛✱ ❈♦✱ ❊①✮

❈❛ ❈♦ ❊①
✶ ✾✻ ✶✵✾ ❃✽✵
✷ ✶✵✹ ✻✻✻ ❁✽✵

❃ ♠✵ ❁✲ ❣❧♠✭❝❜✐♥❞✭❈❛✱ ❈♦✮ ⑦ ❊①✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧✮
❃ r♦✉♥❞✭❝✐✳❡①♣✭♠✵✮✱ ✷✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✶✻ ✵✳✶✸ ✵✳✶✾
❊①❃✽✵ ✺✳✻✹ ✹✳✵✵ ✼✳✾✺

❚❤❡ ♦❞❞s✲r❛t✐♦ ♦❢ ♦❡s♦♣❤❛❣❡❛❧ ❝❛♥❝❡r✱ ❝♦♠♣❛r✐♥❣ ❤✐❣❤ ✈s✳ ❧♦✇
❛❧❝♦❤♦❧ ❝♦♥s✉♠♣t✐♦♥ ✐s 5.64(4.00; 7.95)

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✼✴ ✶✺✹

❙tr❛t✐✜❝❛t✐♦♥ ❜② ❛❣❡
❊①♣♦s✉r❡

❆❣❡ ≥ 80 ❣✴❞ ❈❛s❡s ❈♦♥tr♦❧s ❊❖❘

✷✺✲✸✹ ②❡s ✶ ✾ ∞
♥♦ ✵ ✶✵✻

✸✺✲✹✹ ②❡s ✹ ✷✻ ✺✳✵✺
♥♦ ✺ ✶✻✹

✹✺✲✺✹ ②❡s ✷✺ ✷✾ ✺✳✻✼
♥♦ ✷✶ ✶✸✽

✺✺✲✻✹ ②❡s ✹✷ ✷✼ ✻✳✸✻
♥♦ ✸✹ ✶✸✾

✻✺✲✼✹ ②❡s ✶✾ ✶✽ ✷✳✺✽
♥♦ ✸✻ ✽✽

✼✺✲✽✹ ②❡s ✺ ✵ ∞
♥♦ ✽ ✸✶

◆❇✦ ❙❡❧❡❝t✐♦♥ ♦❢ ❝♦♥tr♦❧s✿ ✐♥❡✣❝✐❡♥t st✉❞②
❙❤♦✉❧❞ ❤❛✈❡ ❡♠♣❧♦②❡❞ str❛t✐✜❡❞ s❛♠♣❧✐♥❣ ❜② ❛❣❡✳

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✽✴ ✶✺✹

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s

❃ ❝❛ ❁✲ ❝✭✶✱ ✵✱ ✹✱ ✺✱ ✷✺✱ ✷✶✱ ✹✷✱ ✸✹✱ ✶✾✱ ✸✻✱ ✺✱ ✽✮
❃ ❝♦ ❁✲ ❝✭✾✱ ✶✵✻✱ ✷✻✱ ✶✻✹✱ ✷✾✱ ✶✸✽✱ ✷✼✱ ✶✸✾✱ ✶✽✱ ✽✽✱ ✵✱ ✸✶✮
❃ ❛❧❝ ❁✲ r❡♣✭❝✭✧❃✽✵✧✱ ✧❁✽✵✧✮✱ ✻✮
❃ ❛❣❡ ❁✲ ❢❛❝t♦r✭r❡♣✭s❡q✭✷✺✱ ✼✺✱ ✶✵✮✱ ❡❛❝❤ ❂ ✷✮✮
❃ ❞❛t❛✳❢r❛♠❡✭❝❛✱ ❝♦✱ ❛❧❝✱ ❛❣❡✮

❝❛ ❝♦ ❛❧❝ ❛❣❡
✶ ✶ ✾ ❃✽✵ ✷✺
✷ ✵ ✶✵✻ ❁✽✵ ✷✺
✸ ✹ ✷✻ ❃✽✵ ✸✺
✹ ✺ ✶✻✹ ❁✽✵ ✸✺
✺ ✷✺ ✷✾ ❃✽✵ ✹✺
✻ ✷✶ ✶✸✽ ❁✽✵ ✹✺
✼ ✹✷ ✷✼ ❃✽✵ ✺✺
✽ ✸✹ ✶✸✾ ❁✽✵ ✺✺
✾ ✶✾ ✶✽ ❃✽✵ ✻✺
✶✵ ✸✻ ✽✽ ❁✽✵ ✻✺
✶✶ ✺ ✵ ❃✽✵ ✼✺
✶✷ ✽ ✸✶ ❁✽✵ ✼✺

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✶✾✴ ✶✺✹

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s

❚❤❡ ✏❛❣❡✿✑ ♦♣❡r❛t♦r ♣r♦❞✉❝❡s ❛ s❡♣❛r❛t❡ ❛❧❝✲❖❘ ❢♦r ❡❛❝❤ ❛❣❡ ❝❧❛ss
✭✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ♠❛✐♥ ❡✛❡❝t ♦❢ ❛❧❝✮✿

❃ ♠✐ ❁✲ ❣❧♠✭❝❜✐♥❞✭❝❛✱ ❝♦✮ ⑦ ❛❣❡ ✰ ❛❣❡✿❛❧❝✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧✮
❃ r♦✉♥❞✭❝✐✳❡①♣✭♠✐✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✵✵✵✵✵✵❡✰✵✵ ✵✳✵✵✵ ■♥❢
❛❣❡✸✺ ✷✳✸✹✺✸✷✽❡✰✶✵ ✵✳✵✵✵ ■♥❢
❛❣❡✹✺ ✶✳✶✼✵✻✷✹❡✰✶✶ ✵✳✵✵✵ ■♥❢
❛❣❡✺✺ ✶✳✽✽✶✻✻✶❡✰✶✶ ✵✳✵✵✵ ■♥❢
❛❣❡✻✺ ✸✳✶✹✼✵✵✸❡✰✶✶ ✵✳✵✵✵ ■♥❢
❛❣❡✼✺ ✶✳✾✽✺✷✵✻❡✰✶✶ ✵✳✵✵✵ ■♥❢
❛❣❡✷✺✿❛❧❝❃✽✵ ✽✳✺✹✼✹✶✻❡✰✶✵ ✵✳✵✵✵ ■♥❢
❛❣❡✸✺✿❛❧❝❃✽✵ ✺✳✵✹✻✵✵✵❡✰✵✵ ✶✳✷✼✷ ✷✵✳✵✷✺
❛❣❡✹✺✿❛❧❝❃✽✵ ✺✳✻✻✺✵✵✵❡✰✵✵ ✷✳✼✾✾ ✶✶✳✹✻✹
❛❣❡✺✺✿❛❧❝❃✽✵ ✻✳✸✺✾✵✵✵❡✰✵✵ ✸✳✹✹✾ ✶✶✳✼✷✻
❛❣❡✻✺✿❛❧❝❃✽✵ ✷✳✺✽✵✵✵✵❡✰✵✵ ✶✳✷✶✻ ✺✳✹✼✺
❛❣❡✼✺✿❛❧❝❃✽✵ ✶✳✼✺✺✷✹✻❡✰✶✶ ✵✳✵✵✵ ■♥❢

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✷✵✴ ✶✺✹

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s

✳ ✳ ✳ ♦♥❧② t❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs✿

❃ r♦✉♥❞✭❝✐✳❡①♣✭♠✐✱ s✉❜s❡t ❂ ✧❛❧❝✧✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
❛❣❡✷✺✿❛❧❝❃✽✵ ✽✳✺✹✼✹✶✻❡✰✶✵ ✵✳✵✵✵ ■♥❢
❛❣❡✸✺✿❛❧❝❃✽✵ ✺✳✵✹✻✵✵✵❡✰✵✵ ✶✳✷✼✷ ✷✵✳✵✷✺
❛❣❡✹✺✿❛❧❝❃✽✵ ✺✳✻✻✺✵✵✵❡✰✵✵ ✷✳✼✾✾ ✶✶✳✹✻✹
❛❣❡✺✺✿❛❧❝❃✽✵ ✻✳✸✺✾✵✵✵❡✰✵✵ ✸✳✹✹✾ ✶✶✳✼✷✻
❛❣❡✻✺✿❛❧❝❃✽✵ ✷✳✺✽✵✵✵✵❡✰✵✵ ✶✳✷✶✻ ✺✳✹✼✺
❛❣❡✼✺✿❛❧❝❃✽✵ ✶✳✼✺✺✷✹✻❡✰✶✶ ✵✳✵✵✵ ■♥❢

❃ r♦✉♥❞✭♣♠✐♥✭❝✐✳❡①♣✭♠✐✱ s✉❜s❡t ❂ ✧❛❧❝✧✮✱ ✺✵✮✱ ✷✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
❛❣❡✷✺✿❛❧❝❃✽✵ ✺✵✳✵✵ ✵✳✵✵ ✺✵✳✵✵
❛❣❡✸✺✿❛❧❝❃✽✵ ✺✳✵✺ ✶✳✷✼ ✷✵✳✵✷
❛❣❡✹✺✿❛❧❝❃✽✵ ✺✳✻✼ ✷✳✽✵ ✶✶✳✹✻
❛❣❡✺✺✿❛❧❝❃✽✵ ✻✳✸✻ ✸✳✹✺ ✶✶✳✼✸
❛❣❡✻✺✿❛❧❝❃✽✵ ✷✳✺✽ ✶✳✷✷ ✺✳✹✼
❛❣❡✼✺✿❛❧❝❃✽✵ ✺✵✳✵✵ ✵✳✵✵ ✺✵✳✵✵

▶ ❚❤❡ ❛❣❡✲s♣❡❝✐✜❝ ❖❘s ❛r❡ q✉✐t❡ ✈❛r✐❛❜❧❡
❘❛♥❞♦♠ ❡rr♦r ✐♥ s♦♠❡ ♦❢ t❤❡♠ ❛♣♣❛r❡♥t❧② ❧❛r❣❡
◆♦ ❝❧❡❛r ♣❛tt❡r♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✷✶✴ ✶✺✹

❖❡s♦♣❤❛❣❡❛❧ ❝❛♥❝❡r ❈❈ ✖ ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥❄

❃ ♠❛ ❁✲ ❣❧♠✭❝❜✐♥❞✭❝❛✱ ❝♦✮ ⑦ ❛❣❡ ✰ ❛❧❝✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧✮
❃ ❛♥♦✈❛✭♠✐✱ ♠❛✱ t❡st ❂ ✧❈❤✐sq✧✮

❆♥❛❧②s✐s ♦❢ ❉❡✈✐❛♥❝❡ ❚❛❜❧❡

▼♦❞❡❧ ✶✿ ❝❜✐♥❞✭❝❛✱ ❝♦✮ ⑦ ❛❣❡ ✰ ❛❣❡✿❛❧❝
▼♦❞❡❧ ✷✿ ❝❜✐♥❞✭❝❛✱ ❝♦✮ ⑦ ❛❣❡ ✰ ❛❧❝
❘❡s✐❞✳ ❉❢ ❘❡s✐❞✳ ❉❡✈ ❉❢ ❉❡✈✐❛♥❝❡ Pr✭❃❈❤✐✮

✶ ✵ ✵✳✵✵✵
✷ ✺ ✶✶✳✵✹✶ ✲✺ ✲✶✶✳✵✹✶ ✵✳✵✺✵✺✼ ✳
✲✲✲
❙✐❣♥✐❢✳ ❝♦❞❡s✿ ✵ ✬✯✯✯✬ ✵✳✵✵✶ ✬✯✯✬ ✵✳✵✶ ✬✯✬ ✵✳✵✺ ✬✳✬ ✵✳✶ ✬ ✬ ✶

▶ ❙♦♠❡ ❡✈✐❞❡♥❝❡ ❛❣❛✐♥st ❤♦♠♦❣❡♥❡✐t②✱
❜✉t ♥♦ ❝❧❡❛r ♣❛tt❡r♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✭❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥✮

▶ ❊①tr❛❝t ❛ ❝♦♠♠♦♥ ❡✛❡❝t ❢r♦♠ t❤❡ r❡❞✉❝❡❞ ♠♦❞❡❧
❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✷✷✴ ✶✺✹



❖❡s♦♣❤❛❣❡❛❧ ❝❛♥❝❡r ❈❈ ✖ ❧✐♥❡❛r ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥

❃ ♠❧ ❁✲ ❣❧♠✭❝❜✐♥❞✭❝❛✱ ❝♦✮ ⑦ ❛❣❡ ✰ ❛❧❝ ✯ ❛s✳✐♥t❡❣❡r✭❛❣❡✮✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧✮
❃ r♦✉♥❞✭❝✐✳❡①♣✭ ♠❧✱ s✉❜s❡t❂✧❛❧❝✧✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
❛❧❝❃✽✵ ✽✳✺✽✹ ✶✳✾✻✶ ✸✼✳✺✼✾
❛❧❝❃✽✵✿❛s✳✐♥t❡❣❡r✭❛❣❡✮ ✵✳✽✽✸ ✵✳✻✵✾ ✶✳✷✼✾

❃ ♠❛ ❁✲ ❣❧♠✭❝❜✐♥❞✭❝❛✱ ❝♦✮ ⑦ ❛❣❡ ✰ ❛❧❝✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧✮
❃ ❛♥♦✈❛✭♠✐✱ ♠❧✱ ♠❛✱ t❡st ❂ ✧❈❤✐sq✧✮❬✶✿✸✱ ✶✿✺❪

❘❡s✐❞✳ ❉❢ ❘❡s✐❞✳ ❉❡✈ ❉❢ ❉❡✈✐❛♥❝❡ Pr✭❃❈❤✐✮
✶ ✵ ✵✳✵✵✵
✷ ✹ ✶✵✳✻✵✾ ✲✹ ✲✶✵✳✻✵✾✸ ✵✳✵✸✶✸✷ ✯
✸ ✺ ✶✶✳✵✹✶ ✲✶ ✲✵✳✹✸✶✾ ✵✳✺✶✶✵✼
✲✲✲
❙✐❣♥✐❢✳ ❝♦❞❡s✿ ✵ ✬✯✯✯✬ ✵✳✵✵✶ ✬✯✯✬ ✵✳✵✶ ✬✯✬ ✵✳✵✺ ✬✳✬ ✵✳✶ ✬ ✬ ✶

❊✈✐❞❡♥❝❡ ❛❣❛✐♥st ❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥ ✭❖❘ ❞❡❝r❡❛s✐♥❣ ❜② ❛❣❡✮

❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✷✸✴ ✶✺✹

❖❡s♦♣❤❛❣❡❛❧ ❝❛♥❝❡r ❈❈ ✖ ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥❄

❃ ♠♥ ❁✲ ❣❧♠✭❝❜✐♥❞✭❝❛✱ ❝♦✮ ⑦ ❛❧❝ ✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧ ✮
❃ r♦✉♥❞✭❝✐✳❡①♣✭♠♥✱ s✉❜s❡t ❂ ✧❛❧❝✧ ✮✱ ✷✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
❛❧❝❃✽✵ ✺✳✻✹ ✹ ✼✳✾✺

❃ ♠❛ ❁✲ ❣❧♠✭❝❜✐♥❞✭❝❛✱ ❝♦✮ ⑦ ❛❣❡ ✰ ❛❧❝✱ ❢❛♠✐❧② ❂ ❜✐♥♦♠✐❛❧ ✮
❃ r♦✉♥❞✭❝✐✳❡①♣✭♠❛✱ s✉❜s❡t ❂ ✧❛❧❝✧ ✮✱ ✷✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
❛❧❝❃✽✵ ✺✳✸✶ ✸✳✻✻ ✼✳✼

▶ ◆♦ ❝❧❡❛r ✐♥t❡r❛❝t✐♦♥ ✭❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥✮ ❞❡t❡❝t❡❞

▶ ❈r✉❞❡ ❖❘✿ 5.64(4.00; 7.95)

▶ ❆❞❥✉st❡❞ ❖❘✿ 5.31(3.66; 7.70)

▶ ◆♦t❡✿ ◆♦ t❡st ❢♦r ❝♦♥❢♦✉♥❞✐♥❣ ❡①✐sts✳
❙tr❛t✐✜❡❞ ❛♥❛❧②s✐s ✭str❛t✮ ✶✷✹✴ ✶✺✹

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ✫ ❊s❛ ▲äärä

◆♦r❞✐❝ ❙✉♠♠❡rs❝❤♦♦❧ ♦❢ ❈❛♥❝❡r ❊♣✐❞❡♠✐♦❧♦❣②
❉❛♥✐s❤ ❈❛♥❝❡r ❙♦❝✐❡t②✱❆✉❣✉st ✷✵✷✹ ✴ ❏❛♥✉❛② ✷✵✷✺

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠✴◆❙❈❊✴✷✵✶✼ r❡❣r❡ss

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧✐♥❣

▶ ▲✐♠✐t❛t✐♦♥s ♦❢ str❛t✐✜❡❞ ❛♥❛❧②s✐s

▶ ▲♦❣✲❧✐♥❡❛r ♠♦❞❡❧ ❢♦r r❛t❡s

▶ ❆❞❞✐t✐✈❡ ♠♦❞❡❧ ❢♦r r❛t❡s

▶ ▼♦❞❡❧ ✜tt✐♥❣

▶ Pr♦❜❧❡♠s ✐♥ ♠♦❞❡❧✐♥❣

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✷✺✴ ✶✺✹

▲✐♠✐t❛t✐♦♥s ♦❢ str❛t✐✜❡❞ ❛♥❛❧②s✐s

▶ ▼✉❧t✐♣❧❡ str❛t✐✜❝❛t✐♦♥✿
▶ ♠❛♥② str❛t❛ ✇✐t❤ s♣❛rs❡ ❞❛t❛
▶ ❧♦ss ♦❢ ♣r❡❝✐s✐♦♥

▶ ❈♦♥t✐♥✉♦✉s r✐s❦ ❢❛❝t♦rs ♠✉st ❜❡ ❝❛t❡❣♦r✐③❡❞
▶ ❧♦ss ♦❢ ♣r❡❝✐s✐♦♥
▶ ❛r❜✐tr❛r② ✭✉♥r❡❛s♦♥❛❜❧❡✮ ❛ss✉♠♣t✐♦♥s ❛❜♦✉t ❡✛❡❝t s❤❛♣❡

▶ ▼♦r❡ t❤❛♥ ✷ ❡①♣♦s✉r❡ ❝❛t❡❣♦r✐❡s✿
▶ P❛✐r✇✐s❡ ❝♦♠♣❛r✐s♦♥s ❣✐✈❡ ✐♥❝♦♥s✐st❡♥t r❡s✉❧ts
▶ ✭♥♦♥✮▲✐♥❡❛r tr❡♥❞s ♥♦t ❡❛s✐❧② ❡st✐♠❛t❡❞

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✷✻✴ ✶✺✹

▲✐♠✐t❛t✐♦♥s

▶ ❏♦✐♥t ❡✛❡❝ts ♦❢ s❡✈❡r❛❧ r✐s❦ ❢❛❝t♦rs ❞✐✣❝✉❧t t♦ q✉❛♥t✐❢②

▶ ▼❛t❝❤❡❞ ❝❛s❡✲❝♦♥tr♦❧ st✉❞✐❡s✿
❞✐✣❝✉❧t t♦ ❛❧❧♦✇ ❢♦r ❝♦♥❢♦✉♥❞❡rs ✫ ♠♦❞✐✜❡rs ♥♦t ♠❛t❝❤❡❞ ♦♥✳

❚❤❡s❡ ❧✐♠✐t❛t✐♦♥s ♠❛② ❜❡ ♦✈❡r❝♦♠❡ t♦ s♦♠❡ ❡①t❡♥t ❜② r❡❣r❡ss✐♦♥
♠♦❞❡❧✐♥❣✳

❑❡② ❝♦♥❝❡♣t✿ st❛t✐st✐❝❛❧ ♠♦❞❡❧

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✷✼✴ ✶✺✹

▲♦❣✲❧✐♥❡❛r ♠♦❞❡❧ ❢♦r r❛t❡s

❆ss✉♠❡ t❤❛t t❤❡ t❤❡♦r❡t✐❝❛❧ r❛t❡ λ ❞❡♣❡♥❞s ♦♥
❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ♦r r❡❣r❡ss♦rs X✱ Z ✭✫ U ✱ V ✱ . . . ✮
❛❝❝♦r❞✐♥❣ t♦ ❛ ❧♦❣✲❧✐♥❡❛r ♠♦❞❡❧

❧♦❣
(
λ(X,Z, . . . )

)
= α + βX + γZ + . . .

❊q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♠♦❞❡❧✿

λ(X,Z, . . . ) = ❡①♣(α + βX + γZ + . . . )

= λ0 ρ
XτZ · · ·

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✷✽✴ ✶✺✹

▲♦❣✲❧✐♥❡❛r ♠♦❞❡❧

▼♦❞❡❧ ♣❛r❛♠❡t❡rs

α = ❧♦❣(λ0) ❂ ✐♥t❡r❝❡♣t✱ ❧♦❣✲❜❛s❡❧✐♥❡ r❛t❡ λ0

✭✐✳❡✳ r❛t❡ ✇❤❡♥ X = Z = · · · = 0✮

β = ❧♦❣(ρ) ❂ s❧♦♣❡✱
❝❤❛♥❣❡ ✐♥ ❧♦❣(λ) ❢♦r ✉♥✐t ❝❤❛♥❣❡ ✐♥ X✱
❛❞❥✉st✐♥❣ ❢♦r t❤❡ ❡✛❡❝t ♦❢ Z ✭✫ U, V, . . . ✮

eβ = ρ ❂ r❛t❡ r❛t✐♦ ❢♦r ✉♥✐t ❝❤❛♥❣❡ ✐♥ X✳

◆♦ ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥ ✇✳r✳t✳ r❛t❡ r❛t✐♦s ❛ss✉♠❡❞ ✐♥ t❤✐s ♠♦❞❡❧✳

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✷✾✴ ✶✺✹

▲✉♥❣ ❝❛♥❝❡r ✐♥❝✐❞❡♥❝❡✱

❛s❜❡st♦s ❡①♣♦s✉r❡ ❛♥❞ s♠♦❦✐♥❣

❉✐❝❤♦t♦♠♦✉s ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❝♦❞❡❞✿

▶ X ❂ ❛s❜❡st♦s✿ ✶✿ ❡①♣♦s❡❞✱ ✵✿ ✉♥❡①♣♦s❡❞✱

▶ Z ❂ s♠♦❦✐♥❣✿ ✶✿ s♠♦❦❡r✱ ✵✿ ♥♦♥✲s♠♦❦❡r

▲♦❣✲❧✐♥❡❛r ♠♦❞❡❧ ❢♦r t❤❡♦r❡t✐❝❛❧ r❛t❡s

❧♦❣
(
λ(X,Z)

)
= 2.485 + 1.609X + 2.303Z

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✸✵✴ ✶✺✹

▲♦❣✲❧✐♥❡❛r ♠♦❞❡❧✿ ❱❛r✐❛❜❧❡s

❘❛t❡s ❱❛r✐❛❜❧❡s

X Z
❆s❜❡st♦s ❙♠♦❦❡ ◆♦♥✲s♠ ❙♠♦❦❡ ◆♦♥✲s♠ ❙♠♦❦❡ ◆♦♥✲s♠

❡①♣♦s❡❞ ✻✵✵ ✻✵ 1 1 1 0
✉♥❡①♣♦s❡❞ ✶✷✵ ✶✷ 0 0 1 0

◆♦t❡✿ ❚❤❡r❡ ✇✐❧❧ ❜❡ ✹ ❧✐♥❡s ✐♥ t❤❡ ❞❛t❛s❡t✱ ♦♥❡ ❢♦r ❡❛❝❤ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ❡①♣♦s✉r❡ ❛♥❞ s♠♦❦✐♥❣

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✸✶✴ ✶✺✹
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▲✉♥❣ ❝❛♥❝❡r✱ ❛s❜❡st♦s ❛♥❞ s♠♦❦✐♥❣

❊♥t❡r✐♥❣ t❤❡ ❞❛t❛✿
✖ ♥♦t❡ t❤❛t t❤❡ ❞❛t❛ ❛r❡ ❛rt✐✜❝✐❛❧ ❛ss✉♠✐♥❣ t❤❡ ♥♦✳ ♦❢ P❨ ❛♠♦♥❣
❛s❜❡st♦s ❡①♣♦s❡❞ ✐s 1/4 ♦❢ t❤❛t ❛♠♦♥❣ ♥♦♥✲❡①♣♦s❡❞

❃ ❉ ❁✲ ❝✭✶✺✵✱ ✶✺✱ ✶✷✵✱ ✶✷✮ ★ ❝❛s❡s
❃ ❨ ❁✲ ❝✭ ✷✺✱ ✷✺✱ ✶✵✵✱ ✶✵✵✮ ✴ ✶✵✵ ★ P❨ ✭✶✵✵✱✵✵✵s✮
❃ ❛s❜ ❁✲ ❝✭✶✱ ✶✱ ✵✱ ✵✮ ★ ❆s❜❡st♦s ❡①♣♦s✉r❡
❃ s♠❦ ❁✲ ❝✭✶✱ ✵✱ ✶✱ ✵✮ ★ ❙♠♦❦✐♥❣
❃ ❝❜✐♥❞✭❉✱ ❨✱ ❛s❜✱ s♠❦✮

❉ ❨ ❛s❜ s♠❦
❬✶✱❪ ✶✺✵ ✵✳✷✺ ✶ ✶
❬✷✱❪ ✶✺ ✵✳✷✺ ✶ ✵
❬✸✱❪ ✶✷✵ ✶✳✵✵ ✵ ✶
❬✹✱❪ ✶✷ ✶✳✵✵ ✵ ✵

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✸✷✴ ✶✺✹

▲✉♥❣ ❝❛♥❝❡r✱ ❛s❜❡st♦s ❛♥❞ s♠♦❦✐♥❣

▶ ❘❡❣r❡ss✐♦♥ ♠♦❞❡❧✐♥❣

▶ ▼✉❧t✐♣❧✐❝❛t✐✈❡ ✭❞❡❢❛✉❧t✮ P♦✐ss♦♥ ♠♦❞❡❧

▶ ✷ ❡q✉✐✈❛❧❡♥t ❛♣♣r♦❛❝❤❡s
▶ ❉ r❡s♣♦♥s❡✱ ❧♦❣✭❨✮ ♦✛s❡t ✭♠♦st❧② ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✮
▶ ❝❜✐♥❞✭❉✱❨✮ r❡s♣♦♥s❡✱ ❢❛♠✐❧②❂♣♦✐sr❡❣
▶ ✳ ✳ ✳ t❤❡ ❧❛tt❡r ❛♣♣r♦❛❝❤ ❛❧s♦ ✉s❡❢✉❧ ❢♦r ❛❞❞✐t✐✈❡ ♠♦❞❡❧s
▶

❃ ❧✐❜r❛r②✭ ❊♣✐ ✮
❃ ♠♦ ❁✲ ❣❧♠✭ ❉ ⑦ ❛s❜ ✰ s♠❦✱ ❢❛♠✐❧② ❂ ♣♦✐ss♦♥✱ ♦❢❢s❡t ❂ ❧♦❣✭❨✮✮
❃ ♠♠ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❛s❜ ✰ s♠❦✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✮
❃ ♠❛ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❛s❜ ✰ s♠❦✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✭❧✐♥❦ ❂ ✐❞❡♥t✐t②✮✮

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✸✸✴ ✶✺✹

▲✉♥❣ ❝❛♥❝❡r✱ ❛s❜❡st♦s ❛♥❞ s♠♦❦✐♥❣

❙✉♠♠❛r② ❛♥❞ ❡①tr❛❝t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs✿

❃ s✉♠♠❛r②✭♠♦✮

❈❛❧❧✿
❣❧♠✭❢♦r♠✉❧❛ ❂ ❉ ⑦ ❛s❜ ✰ s♠❦✱ ❢❛♠✐❧② ❂ ♣♦✐ss♦♥✱ ♦❢❢s❡t ❂ ❧♦❣✭❨✮✮

❈♦❡❢❢✐❝✐❡♥ts✿
❊st✐♠❛t❡ ❙t❞✳ ❊rr♦r ③ ✈❛❧✉❡ Pr✭❃⑤③⑤✮

✭■♥t❡r❝❡♣t✮ ✷✳✹✽✹✾ ✵✳✷✵✸✶ ✶✷✳✷✸ ❁✷❡✲✶✻ ✯✯✯
❛s❜ ✶✳✻✵✾✹ ✵✳✶✶✻✽ ✶✸✳✼✽ ❁✷❡✲✶✻ ✯✯✯
s♠❦ ✷✳✸✵✷✻ ✵✳✷✵✶✽ ✶✶✳✹✶ ❁✷❡✲✶✻ ✯✯✯
✲✲✲
❙✐❣♥✐❢✳ ❝♦❞❡s✿ ✵ ✬✯✯✯✬ ✵✳✵✵✶ ✬✯✯✬ ✵✳✵✶ ✬✯✬ ✵✳✵✺ ✬✳✬ ✵✳✶ ✬ ✬ ✶

✭❉✐s♣❡rs✐♦♥ ♣❛r❛♠❡t❡r ❢♦r ♣♦✐ss♦♥ ❢❛♠✐❧② t❛❦❡♥ t♦ ❜❡ ✶✮

◆✉❧❧ ❞❡✈✐❛♥❝❡✿ ✹✳✶✷✼✹❡✰✵✷ ♦♥ ✸ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
❘❡s✐❞✉❛❧ ❞❡✈✐❛♥❝❡✿ ✲✶✳✺✾✽✼❡✲✶✹ ♦♥ ✶ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
❆■❈✿ ✷✽✳✸✼

◆✉♠❜❡r ♦❢ ❋✐s❤❡r ❙❝♦r✐♥❣ ✐t❡r❛t✐♦♥s✿ ✸

❃ ❝✐✳❡①♣✭♠♦✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✷ ✽✳✵✺✾✺✸✾ ✶✼✳✽✻✼✵✷✻
❛s❜ ✺ ✸✳✾✼✼✶✹✷ ✻✳✷✽✺✾✷✶
s♠❦ ✶✵ ✻✳✼✸✷✼✷✶ ✶✹✳✽✺✷✽✸✻

❃ ❝✐✳❡①♣✭♠♦✱ ❊①♣ ❂ ❋❆▲❙❊✮

❊st✐♠❛t❡ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✷✳✹✽✹✾✵✼ ✷✳✵✽✻✽✺✻ ✷✳✽✽✷✾✺✼
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s♠❦ ✷✳✸✵✷✺✽✺ ✶✳✾✵✻✾✼✾ ✷✳✻✾✽✶✾✶

❃ ❝✐✳❡①♣✭♠♠✱ ❊①♣ ❂ ❋❆▲❙❊✮

❊st✐♠❛t❡ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✷✳✹✽✹✾✵✼ ✷✳✵✽✻✽✺✻ ✷✳✽✽✷✾✺✼
❛s❜ ✶✳✻✵✾✹✸✽ ✶✳✸✽✵✺✻✸ ✶✳✽✸✽✸✶✷
s♠❦ ✷✳✸✵✷✺✽✺ ✶✳✾✵✻✾✼✾ ✷✳✻✾✽✶✾✶

P❛r❛♠❡t❡rs ❛r❡ t❤❡ s❛♠❡ ❢♦r t❤❡ t✇♦ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤❡s✳

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✸✹✴ ✶✺✹

❙✉♠♠❛r② ❛♥❞ ❡①tr❛❝t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs ■

❃ ❝✐✳❡①♣✭♠♦✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
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α = 2.485 = ❧♦❣(12)✱ ❧♦❣ ♦❢ ❜❛s❡❧✐♥❡ r❛t❡✱

β = 1.609 = ❧♦❣(5)✱ ❧♦❣ ♦❢ r❛t❡ r❛t✐♦ ρ = 5 ❜❡t✇❡❡♥ ❡①♣♦s❡❞ ❛♥❞
✉♥❡①♣♦s❡❞ ❢♦r ❛s❜❡st♦s

γ = 2.303 = ❧♦❣(10)✱ ❧♦❣ ♦❢ r❛t❡ r❛t✐♦ τ = 10 ❜❡t✇❡❡♥ s♠♦❦❡rs
❛♥❞ ♥♦♥✲s♠♦❦❡rs✳
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t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛✳

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✸✽✴ ✶✺✹

▲♦❣✲❧✐♥❡❛r ♠♦❞❡❧✿ ❊st✐♠❛t❡❞ r❛t❡s

❘❛t❡s P❛r❛♠❡t❡rs

❆s❜❡st♦s ❙♠♦❦❡rs ◆♦♥✲s♠♦❦❡rs ❙♠♦❦❡rs ◆♦♥✲s♠♦❦❡rs

❡①♣♦s❡❞ ✻✵✵ ✻✵ α + γ + β α + β
✉♥❡①♣♦s❡❞ ✶✷✵ ✶✷ α + γ α

❘❛t❡ r❛t✐♦ ✺ ✺ ❡①♣(β) ❡①♣(β)
❘❛t❡ ❞✐✛❡r❡♥❝❡ ✹✽✵ ✹✽ β β

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✸✾✴ ✶✺✹

▲♦❣✲❧✐♥❡❛r ♠♦❞❡❧

▼♦❞❡❧ ✇✐t❤ ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥ ✭t✇♦ r❡❣r❡ss♦rs ♦♥❧②✮

❧♦❣
(
λ(X,Z)

)
= α + βX + γZ + δXZ,

❡q✉✐✈❛❧❡♥t❧②

λ(X,Z) = ❡①♣
(
α + βX + γZ + δXZ

)
= λ0ρ

XτZθXZ

✇❤❡r❡ α ✐s ❛s ❜❡❢♦r❡✱ ❜✉t

β ❂ ❧♦❣✲r❛t❡ r❛t✐♦ ρ ❢♦r ❛ ✉♥✐t ❝❤❛♥❣❡ ✐♥ X ✇❤❡♥ Z = 0✱

γ ❂ ❧♦❣✲r❛t❡ r❛t✐♦ τ ❢♦r ❛ ✉♥✐t ❝❤❛♥❣❡ ✐♥ Z ✇❤❡♥ X = 0

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✵✴ ✶✺✹

■♥t❡r❛❝t✐♦♥ ♣❛r❛♠❡t❡r

δ ❂ ❧♦❣(θ)✱ ✐♥t❡r❛❝t✐♦♥ ♣❛r❛♠❡t❡r✱ ❞❡s❝r✐❜✐♥❣
❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥

❋♦r ❜✐♥❛r② X ❛♥❞ Z ✇❡ ❤❛✈❡

θ = eδ =
λ(1, 1)/λ(0, 1)

λ(1, 0)/λ(0, 0)
,

✐✳❡✳ t❤❡ r❛t✐♦ ♦❢ r❡❧❛t✐✈❡ r✐s❦s ❛ss♦❝✐❛t❡❞ ✇✐t❤ X ❜❡t✇❡❡♥ t❤❡ t✇♦
❝❛t❡❣♦r✐❡s ♦❢ Z✳

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✶✴ ✶✺✹



▲♦❣✲❧✐♥❡❛r ♠♦❞❡❧✿ ❊st✐♠❛t❡❞ r❛t❡s

❘❛t❡s P❛r❛♠❡t❡rs

❆s❜❡st♦s ❙♠♦❦❡rs ◆♦♥✲s♠♦❦❡rs ❙♠♦❦❡rs ◆♦♥✲s♠♦❦❡rs

❡①♣♦s❡❞ ✻✵✵ ✻✵ α + γ + β + δ α + β
✉♥❡①♣♦s❡❞ ✶✷✵ ✶✷ α + γ α

❘❛t❡ r❛t✐♦ ✺ ✺ ❧♦❣(β + δ) ❧♦❣(β)
❘❛t❡ ❞✐✛❡r❡♥❝❡ ✹✽✵ ✹✽ β + δ β

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✷✴ ✶✺✹

▲✉♥❣ ❝❛♥❝❡r✱ ❛s❜❡st♦s ❛♥❞ s♠♦❦✐♥❣

❃ ♠✐ ❁✲ ❣❧♠✭❝❜✐♥❞✭❉✱ ❨✮ ⑦ ❛s❜ ✰ s♠❦ ✰ ■✭❛s❜✯s♠❦✮✱ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✮
❃ r♦✉♥❞✭❝❜✐♥❞✭ ❝✐✳❡①♣✭♠✐✮✱
✰ r❜✐♥❞✭❝✐✳❡①♣✭♠♠✮✱ ◆❆✮✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪ ❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✶✷ ✻✳✽✶✺ ✷✶✳✶✸✵ ✶✷ ✽✳✵✻✵ ✶✼✳✽✻✼
❛s❜ ✺ ✷✳✸✹✵ ✶✵✳✻✽✷ ✺ ✸✳✾✼✼ ✻✳✷✽✻
s♠❦ ✶✵ ✺✳✺✷✹ ✶✽✳✶✵✶ ✶✵ ✻✳✼✸✸ ✶✹✳✽✺✸
■✭❛s❜ ✯ s♠❦✮ ✶ ✵✳✹✺✶ ✷✳✷✶✼ ◆❆ ◆❆ ◆❆

▶ ◆♦ ✐♥t❡r❛❝t✐♦♥ ♦♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s❝❛❧❡✿
▶ ✐♥t❡r❛❝t✐♦♥ ♣❛r❛♠❡t❡r ✐s 1✱
▶ ❛s❜❡st♦s ❛♥❞ s♠♦❦✐♥❣ ❡✛❡❝ts ❛r❡ t❤❡ ✉♥❝❤❛♥❣❡❞✱
▶ ❜✉t ❙❊s ❛r❡ ❧❛r❣❡r ❜❡❝❛✉s❡ t❤❡② r❡❢❡r t♦ ❘❘s ❢♦r ❧❡✈❡❧s X = 0

❛♥❞ Z = 0 r❡s♣❡❝t✐✈❡❧② ❛♥❞ ♥♦t ❜♦t❤ ❧❡✈❡❧s ❥♦✐♥t❧②

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✸✴ ✶✺✹

❆❞❞✐t✐✈❡ ♠♦❞❡❧ ❢♦r r❛t❡s

●❡♥❡r❛❧ ❢♦r♠ ✇✐t❤ t✇♦ r❡❣r❡ss♦rs

λ(X,Z) = α + βX + γZ + δXZ

α = λ(0, 0) ✐s t❤❡ ❜❛s❡❧✐♥❡ r❛t❡✱

β = λ(x+ 1, 0)− λ(x, 0)✱ r❛t❡ ❞✐✛❡r❡♥❝❡ ❢♦r
✉♥✐t ❝❤❛♥❣❡ ✐♥ X ✇❤❡♥ Z = 0

γ = λ(0, z + 1)− λ(0, z)✱ r❛t❡ ❞✐✛❡r❡♥❝❡ ❢♦r
✉♥✐t ❝❤❛♥❣❡ ✐♥ Z ✇❤❡♥ X = 0✱

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✹✴ ✶✺✹

❆❞❞✐t✐✈❡ ♠♦❞❡❧

δ ❂ ✐♥t❡r❛❝t✐♦♥ ♣❛r❛♠❡t❡r✳

▶ ❋♦r ❜✐♥❛r② X,Z✿

δ = [λ(1, 1)− λ(1, 0)]− [λ(0, 1)− λ(0, 0)]

▶ ■❢ ♥♦ ❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥ ♣r❡s❡♥t✱ δ = 0✱ ❛♥❞

β ❂ r❛t❡ ❞✐✛❡r❡♥❝❡ ❢♦r ✉♥✐t ❝❤❛♥❣❡ ✐♥ X
❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ Z

γ ❂ r❛t❡ ❞✐✛❡r❡♥❝❡ ❢♦r ✉♥✐t ❝❤❛♥❣❡ ✐♥ Z
❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ X✱

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✺✴ ✶✺✹

❊①❛♠♣❧❡✿ ❆❞❞✐t✐✈❡ ♠♦❞❡❧

❃ ♠❛✐ ❁✲ ❣❧♠✭ ❝❜✐♥❞✭❉✱❨✮ ⑦ ❛s❜ ✰ s♠❦ ✰ ❛s❜✯s♠❦✱ ❢❛♠✐❧②❂♣♦✐sr❡❣✭❧✐♥❦❂✐❞❡♥t✐t②✮ ✮
❃ r♦✉♥❞✭ ❝✐✳❡①♣✭ ♠❛✐✱ ❊①♣❂❋❆▲❙❊✱ ♣✈❛❧❂❚❘❯❊ ✮✱ ✹ ✮

❊st✐♠❛t❡ ✷✳✺✪ ✾✼✳✺✪ P
✭■♥t❡r❝❡♣t✮ ✶✷ ✺✳✷✶✵✺ ✶✽✳✼✽✾✺ ✵✳✵✵✵✺
❛s❜ ✹✽ ✶✻✳✽✽✻✺ ✼✾✳✶✶✸✺ ✵✳✵✵✷✺
s♠❦ ✶✵✽ ✽✺✳✹✽✶✼ ✶✸✵✳✺✶✽✸ ✵✳✵✵✵✵
❛s❜✿s♠❦ ✹✸✷ ✸✷✽✳✽✵✽✸ ✺✸✺✳✶✾✶✼ ✵✳✵✵✵✵

❆ ✈❡r② ❝❧❡❛r ✐♥t❡r❛❝t✐♦♥ ✭❡✛❡❝t ♠♦❞✐✜❝❛t✐♦♥✮

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✻✴ ✶✺✹

λ(X,Z) = α + βX + γZ + δXZ = 12 + 48X + 108Z + 432XZ

α ❂ ✶✷✱ ❜❛s❡❧✐♥❡ r❛t❡✱ ✐✳❡✳ t❤❛t ❛♠♦♥❣ ♥♦♥✲s♠♦❦❡rs ✉♥❡①♣♦s❡❞ t♦
❛s❜❡st♦s ✭r❡❢❡r❡♥❝❡ ❣r♦✉♣✮✱

β ❂ ✹✽ (60− 12)✱ r❛t❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛s❜❡st♦s ❡①♣♦s❡❞ ❛♥❞
✉♥❡①♣♦s❡❞ ❛♠♦♥❣ ♥♦♥✲s♠♦❦❡rs ♦♥❧②✱

γ ❂ 108 (= 120− 12)✱ r❛t❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s♠♦❦❡rs ❛♥❞
♥♦♥✲s♠♦❦❡rs ❛♠♦♥❣ ♦♥❧② t❤♦s❡ ✉♥❡①♣♦s❡❞ t♦ ❛s❜❡st♦s

δ ❂ ❡①❝❡ss ♦❢ r❛t❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s♠♦❦❡rs ❛♥❞ ♥♦♥✲s♠♦❦❡rs
❛♠♦♥❣ t❤♦s❡ ❡①♣♦s❡❞ t♦ ❛s❜❡st♦s✿
δ = (600− 120)− (60− 12) = 432

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✼✴ ✶✺✹

▼♦❞❡❧ ✜tt✐♥❣

❖✉t♣✉t ❢r♦♠ ❝♦♠♣✉t❡r ♣❛❝❦❛❣❡s ✇✐❧❧ ❣✐✈❡✿

▶ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ ❙❊s✱
▶ ❣♦♦❞♥❡ss✲♦❢✲✜t st❛t✐st✐❝s✱
▶ ✜tt❡❞ ✈❛❧✉❡s✱
▶ r❡s✐❞✉❛❧s✱✳✳✳

▼❛② ❜❡ ❞✐✣❝✉❧t t♦ ✐♥t❡r♣r❡t✦

▼♦❞❡❧ ❝❤❡❝❦✐♥❣ ✫ ❞✐❛❣♥♦st✐❝s✿

▶ ❛ss❡ss♠❡♥t ✇❤❡t❤❡r ♠♦❞❡❧ ❛ss✉♠♣t✐♦♥s s❡❡♠ r❡❛s♦♥❛❜❧❡ ❛♥❞
❝♦♥s✐st❡♥t ✇✐t❤ ❞❛t❛

▶ ✐♥✈♦❧✈❡s ✜tt✐♥❣ ❛♥❞ ❝♦♠♣❛r✐♥❣ ❞✐✛❡r❡♥t ♠♦❞❡❧s
❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✽✴ ✶✺✹

Pr♦❜❧❡♠s ✐♥ ♠♦❞❡❧✐♥❣

▶ ❙✐♠♣❧❡ ♠♦❞❡❧ ❝❤♦s❡♥ ♠❛② ❜❡ ❢❛r ❢r♦♠ t❤❡ ✏tr✉t❤✑✳

▶ ♣♦ss✐❜❧❡ ❜✐❛s ✐♥ ❡✛❡❝t ❡st✐♠❛t✐♦♥✱ ✖ ✉♥❞❡r❡st✐♠❛t✐♦♥ ♦❢ ❙❊s✳

▶ ▼✉❧t✐t✉❞❡ ♦❢ ♠♦❞❡❧s ✜t ✇❡❧❧ t♦ t❤❡ s❛♠❡ ❞❛t❛
✇❤✐❝❤ ♠♦❞❡❧ t♦ ❝❤♦♦s❡❄

▶ ❙♦❢t✇❛r❡ ❡❛s② t♦ ✉s❡✿

▶ ✳ ✳ ✳ ❡❛s② t♦ ✜t ♠♦❞❡❧s ❜❧✐♥❞❧②

▶ ✳ ✳ ✳ ♣♦ss✐❜✐❧✐t② ♦❢ ✉♥r❡❛s♦♥❛❜❧❡ r❡s✉❧ts

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✹✾✴ ✶✺✹

▼♦❞❡❧✐♥❣

▶ ▼♦❞❡❧✐♥❣ s❤♦✉❧❞ ♥♦t s✉❜st✐t✉t❡✱ ❜✉t ❝♦♠♣❧❡♠❡♥t ❝r✉❞❡ ❛♥❛❧②s❡s✿

▶ ❈r✉❞❡ ❛♥❛❧②s❡s ❝❛♥ ❜❡ s❡❡♥ ❛s ✐♥✐t✐❛❧ ♠♦❞❡❧✐♥❣ st❡♣s✿
♦♥❡ ♦r t✇♦ ❡✛❡❝ts ✐♥ t❤❡ ♠♦❞❡❧

▶ ❋✐♥❛❧ ♠♦❞❡❧ ❢♦r ✉s❡❞ ❢♦r r❡♣♦rt✐♥❣ ❞❡✈❡❧♦♣❡❞ ♠❛✐♥❧② ❢r♦♠ s✉❜❥❡❝t
♠❛tt❡r ❦♥♦✇❧❡❞❣❡✱ ♥♦t ❞❛t❛✲❞r✐✈❡♥

▶ ❆❞❡q✉❛t❡ tr❛✐♥✐♥❣ ❛♥❞ ❡①♣❡r✐❡♥❝❡ r❡q✉✐r❡❞✳

▶ ❆s❦ ❤❡❧♣ ❢r♦♠ ❛ ♣r♦❢❡ss✐♦♥❛❧ st❛t✐st✐❝✐❛♥✦

▶ ❈♦❧❧❛❜♦r❛t✐♦♥ ✐s t❤❡ ❦❡②✇♦r❞✳

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✭r❡❣r❡ss✮ ✶✺✵✴ ✶✺✹

❈♦♥❝❧✉s✐♦♥

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ✫ ❊s❛ ▲äärä

◆♦r❞✐❝ ❙✉♠♠❡rs❝❤♦♦❧ ♦❢ ❈❛♥❝❡r ❊♣✐❞❡♠✐♦❧♦❣②
❉❛♥✐s❤ ❈❛♥❝❡r ❙♦❝✐❡t②✱❆✉❣✉st ✷✵✷✹ ✴ ❏❛♥✉❛② ✷✵✷✺

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠✴◆❙❈❊✴✷✵✶✼ ❝♦♥❝❧✲❛♥❛❧②s✐s
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❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❊♣✐❞❡♠✐♦❧♦❣✐❝ st✉❞② ✐s ❛

▼❡❛s✉r❡♠❡♥t ❡①❝❡r❝✐s❡

❚❛r❣❡t ✐s ❛ ♣❛r❛♠❡t❡r✭s✮ ♦❢ ✐♥t❡r❡st✱ ❧✐❦❡

▶ ✐♥❝✐❞❡♥❝❡ r❛t❡
▶ r❛t❡ r❛t✐♦
▶ r❛t❡ ❞✐✛❡r❡♥❝❡
▶ r❡❧❛t✐✈❡ r✐s❦
▶ ❞✐✛❡r❡♥❝❡ ✐♥ ♣r❡✈❛❧❡♥❝❡s

❘❡s✉❧t✿ ❊st✐♠❛t❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r✳
❈♦♥❝❧✉s✐♦♥ ✭❝♦♥❝❧✲❛♥❛❧②s✐s✮ ✶✺✶✴ ✶✺✹

❊st✐♠❛t✐♦♥ ❛♥❞ ✐ts ❡rr♦rs

▲✐❦❡ ❡rr♦rs ✐♥ ♠❡❛s✉r❡♠❡♥t✱ ❡st✐♠❛t✐♦♥ ♦❢ ♣❛r❛♠❡t❡r ✐s ♣r♦♥❡ t♦ ❡rr♦r✿

❡st✐♠❛t❡ = tr✉❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡

+ s②st❡♠❛t✐❝ ❡rr♦r ✭❜✐❛s✮

+ r❛♥❞♦♠ ❡rr♦r

▶ ❝♦♥❢♦✉♥❞✐♥❣✱ ♥♦♥✲❝♦♠♣❛r❛❜✐❧✐t②✱

▶ ♠❡❛s✉r❡♠❡♥t ❡rr♦r✱ ♠✐s❝❧❛ss✐✜❝❛t✐♦♥✱

▶ ♥♦♥✲r❡s♣♦♥s❡✱ ❧♦ss t♦ ❢♦❧❧♦✇✲✉♣✱

❈♦♥❝❧✉s✐♦♥ ✭❝♦♥❝❧✲❛♥❛❧②s✐s✮ ✶✺✷✴ ✶✺✹

❘❡❝♦♠♠❡♥❞❛t✐♦♥s ❢♦r ❛♥❛❧②s✐s ❛♥❞ r❡♣♦rt✐♥❣

▶ ❞❡✲❡♠♣❤❛s✐③❡ ✐♥❢❡r❡♥t✐❛❧ st❛t✐st✐❝s ✐♥ ❢❛✈♦r ♦❢ ♣✉r❡ ❞❛t❛
❞❡❝r✐♣t♦rs✿ ❣r❛♣❤s ❛♥❞ t❛❜❧❡s

▶ ❛❞♦♣t st❛t✐st✐❝❛❧ t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♦♥ r❡❛❧✐st✐❝ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧s

▶ s✉❜❥❡❝t t❤❡ r❡s✉❧ts ♦❢ t❤❡s❡ t♦ ✐♥✢✉❡♥❝❡ ❛♥❞ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s✳

❈♦♥❝❧✉s✐♦♥ ✭❝♦♥❝❧✲❛♥❛❧②s✐s✮ ✶✺✸✴ ✶✺✹

❈♦♥❝❧✉s✐♦♥

✏■♥ ♣r❡s❡♥t✐♥❣ ❛♥❞ ❞✐s❝✉ss✐♥❣ t❤❡ r❡s✉❧ts ♦❢ ❛♥ ♦❜s❡r✈❛t✐♦♥❛❧ st✉❞② t❤❡
❣r❡❛t❡st ❡♠♣❤❛s✐s s❤♦✉❧❞ ❜❡ ♣❧❛❝❡❞ ♦♥ ❜✐❛s ❛♥❞ ❝♦♥❢♦✉♥❞✐♥❣✳✑
✭❇r❡♥♥❛♥ ❛♥❞ ❈r♦❢t ✶✾✾✹✮

▼♦tt♦ ✭❈❛♠♣❜❡❧❧ ✫ ▼❛❝❤✐♥ ✶✾✽✸✮✿

❙❚❆❚■❙❚■❈❙ ✐s ❛❜♦✉t

❈❖▼▼❖◆ ❙❊◆❙❊ ❛♥❞

●❖❖❉ ❉❊❙■●◆✦

❈♦♥❝❧✉s✐♦♥ ✭❝♦♥❝❧✲❛♥❛❧②s✐s✮ ✶✺✹✴ ✶✺✹
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