
❙✉r✈✐✈❛❧✱ ♠♦rt❛❧✐t②✱

❝♦♠♣❡t✐♥❣ r✐s❦s ❛♥❞

❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡

❇❡♥❞✐① ❈❛rst❡♥s❡♥ ❙t❡♥♦ ❉✐❛❜❡t❡s ❈❡♥t❡r ❈♦♣❡♥❤❛❣❡♥✱ ❍❡r❧❡✈✱ ❉❡♥♠❛r❦
❜❅❜①❝✳❞❦

❤tt♣✿✴✴❇❡♥❞✐①❈❛rst❡♥s❡♥✳❝♦♠

❊❉❊● ✷✵✷✺ ✴ ❯♠❡å ❯♥✐✈❡rs✐t②✱ ✶✼ ▼❛② ✷✵✷✺

❤tt♣✿✴✴❜❡♥❞✐①❝❛rst❡♥s❡♥✳❝♦♠✴❆❞✈❈♦❤✴❝♦✉rs❡s✴❯♠✲✷✵✷✺✴

❋r♦♠ ❈✿❭❇❡♥❞✐①❭t❡❛❝❤❭❆❞✈❈♦❤❭❝♦✉rs❡s❭❯♠✲✷✵✷✺❭s❧✐❞❡s✴s❧✐❞❡s✳t❡① ❋r✐❞❛② ✶✻t❤ ▼❛②✱ ✷✵✷✺✱ ✵✼✿✸✽

✶✴ ✶✸✾

❙✉r✈✐✈❛❧ ❛♥❞ r❛t❡ ❞❛t❛

❘❛t❡s ❛♥❞ ❙✉r✈✐✈❛❧

❙✉r✈✐✈❛❧✱ ♠♦rt❛❧✐t②✱
❝♦♠♣❡t✐♥❣ r✐s❦s ❛♥❞
❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡
❊❉❊● ✷✵✷✺ ✴ ❯♠❡å ❯♥✐✈❡rs✐t②✱✶✼ ▼❛② ✷✵✷✺

❤tt♣✿✴✴❜❡♥❞✐①❝❛rst❡♥s❡♥✳❝♦♠✴❆❞✈❈♦❤✴❝♦✉rs❡s✴❯♠✲✷✵✷✺✴ s✉r✈✲r❛t❡

❙✉r✈✐✈❛❧ ❞❛t❛

P❡rs♦♥s ❡♥t❡r t❤❡ st✉❞② ❛t s♦♠❡ ❞❛t❡✳

P❡rs♦♥s ❡①✐t ❛t ❛ ❧❛t❡r ❞❛t❡✱ ❡✐t❤❡r ❞❡❛❞ ♦r ❛❧✐✈❡✳

❖❜s❡r✈❛t✐♦♥✿
❆❝t✉❛❧ t✐♠❡ s♣❛♥ t♦ ❞❡❛t❤ ✭✏❡✈❡♥t✑✮

♦r
❙♦♠❡ t✐♠❡ ❛❧✐✈❡ ✭✏❛t ❧❡❛st t❤✐s ❧♦♥❣✑✮

❙✉r✈✐✈❛❧ ❛♥❞ r❛t❡ ❞❛t❛ ✭s✉r✈✲r❛t❡✮ ✷✴ ✶✸✾

❊①❛♠♣❧❡s ♦❢ t✐♠❡✲t♦✲❡✈❡♥t ♠❡❛s✉r❡♠❡♥ts

▶ ❚✐♠❡ ❢r♦♠ ❞✐❛❣♥♦s✐s ♦❢ ❝❛♥❝❡r t♦ ❞❡❛t❤✳

▶ ❚✐♠❡ ❢r♦♠ r❛♥❞♦♠✐s❛t✐♦♥ t♦ ❞❡❛t❤ ✐♥ ❛ ❝❛♥❝❡r ❝❧✐♥✐❝❛❧ tr✐❛❧

▶ ❚✐♠❡ ❢r♦♠ ❍■❱ ✐♥❢❡❝t✐♦♥ t♦ ❆■❉❙✳

▶ ❚✐♠❡ ❢r♦♠ ♠❛rr✐❛❣❡ t♦ ✶st ❝❤✐❧❞ ❜✐rt❤✳

▶ ❚✐♠❡ ❢r♦♠ ♠❛rr✐❛❣❡ t♦ ❞✐✈♦r❝❡✳

▶ ❚✐♠❡ t♦ r❡✲♦✛❡♥❞✐♥❣ ❛❢t❡r ❜❡✐♥❣ r❡❧❡❛s❡❞ ❢r♦♠ ❥❛✐❧

❛❧❧ ♦❢ t❤❡s❡ ❤❛✈❡ ❛ st❛rt✐♥❣ ♣♦✐♥t ✭✏s✐♥❝❡✑✮

❙✉r✈✐✈❛❧ ❛♥❞ r❛t❡ ❞❛t❛ ✭s✉r✈✲r❛t❡✮ ✸✴ ✶✸✾

❊❛❝❤ ❧✐♥❡ ❛ ♣❡rs♦♥

❊❛❝❤ ❜❧♦❜ ❛ ❞❡❛t❤

❙t✉❞② ❡♥❞❡❞ ❛t ✸✶
❉❡❝✳ ✷✵✵✸
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❖r❞❡r❡❞ ❜② ❞❛t❡ ♦❢
❡♥tr②

▼♦st ❧✐❦❡❧② t❤❡
♦r❞❡r ✐♥ ②♦✉r
❞❛t❛❜❛s❡✳
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❙✉r✈✐✈❛❧ ❛♥❞ r❛t❡ ❞❛t❛ ✭s✉r✈✲r❛t❡✮ ✺✴ ✶✸✾

❚✐♠❡s❝❛❧❡ ❝❤❛♥❣❡❞
t♦
✏❚✐♠❡ s✐♥❝❡
❞✐❛❣♥♦s✐s✑✳
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❙✉r✈✐✈❛❧ ❛♥❞ r❛t❡ ❞❛t❛ ✭s✉r✈✲r❛t❡✮ ✻✴ ✶✸✾

P❛t✐❡♥ts ♦r❞❡r❡❞ ❜②
s✉r✈✐✈❛❧ t✐♠❡✳
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❙✉r✈✐✈❛❧ t✐♠❡s
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❙✉r✈✐✈❛❧ ❛❢t❡r ❈❡r✈✐① ❝❛♥❝❡r
❙t❛❣❡ ■ ❙t❛❣❡ ■■

❨❡❛r N D L N D L

✶ ✶✶✵ ✺ ✺ ✷✸✹ ✷✹ ✸
✷ ✶✵✵ ✼ ✼ ✷✵✼ ✷✼ ✶✶
✸ ✽✻ ✼ ✼ ✶✻✾ ✸✶ ✾
✹ ✼✷ ✸ ✽ ✶✷✾ ✶✼ ✼
✺ ✻✶ ✵ ✼ ✶✵✺ ✼ ✶✸
✻ ✺✹ ✷ ✶✵ ✽✺ ✻ ✻
✼ ✹✷ ✸ ✻ ✼✸ ✺ ✻
✽ ✸✸ ✵ ✺ ✻✷ ✸ ✶✵
✾ ✷✽ ✵ ✹ ✹✾ ✷ ✶✸

✶✵ ✷✹ ✶ ✽ ✸✹ ✹ ✻

▲✐❢❡✲t❛❜❧❡ ❡st✐♠❛t♦r ♦❢ ❞❡❛t❤ ♣r♦❜❛❜✐❧✐t②✿ D/(N − L/2)

❊st✐♠❛t❡❞ r✐s❦ ♦❢ ❞❡❛t❤ ✐♥ ②❡❛r ✶ ❢♦r ❙t❛❣❡ ■ ✇♦♠❡♥ ✐s 5/107.5 = 0.0465

❊st✐♠❛t❡❞ ✶ ②❡❛r s✉r✈✐✈❛❧ ✐s 1− 0.0465 = 0.9535
❙✉r✈✐✈❛❧ ❛♥❞ r❛t❡ ❞❛t❛ ✭s✉r✈✲r❛t❡✮ ✶✵✴ ✶✸✾

❙✉r✈✐✈❛❧ ❛❢t❡r ❈❡r✈✐① ❝❛♥❝❡r

❙t❛❣❡ ■ ❙t❛❣❡ ■■

❨❡❛r N D L N D L

✶ ✶✶✵ ✺ ✺ ✷✸✹ ✷✹ ✸
✷ ✶✵✵ ✼ ✼ ✷✵✼ ✷✼ ✶✶
✸ ✽✻ ✼ ✼ ✶✻✾ ✸✶ ✾

❊st✐♠❛t❡❞ r✐s❦ ✐♥ ②❡❛r ✶ ❢♦r ❙t❛❣❡ ■ ✇♦♠❡♥ ✐s 5/107.5 = 0.0465
❊st✐♠❛t❡❞ r✐s❦ ✐♥ ②❡❛r ✷ ❢♦r ❙t❛❣❡ ■ ✇♦♠❡♥ ✐s 7/96.5 = 0.0725
❊st✐♠❛t❡❞ r✐s❦ ✐♥ ②❡❛r ✸ ❢♦r ❙t❛❣❡ ■ ✇♦♠❡♥ ✐s 7/82.5 = 0.0848

❊st✐♠❛t❡❞ ✶ ②❡❛r s✉r✈✐✈❛❧ ✐s 1− 0.0465 = 0.9535
❊st✐♠❛t❡❞ ✷ ②❡❛r s✉r✈✐✈❛❧ ✐s 0.9535× (1− 0.0725) = 0.8843
❊st✐♠❛t❡❞ ✸ ②❡❛r s✉r✈✐✈❛❧ ✐s 0.8843× (1− 0.0848) = 0.8093

❚❤✐s ✐s t❤❡ ❧✐❢❡✲t❛❜❧❡ ❡st✐♠❛t♦r ♦❢ t❤❡ s✉r✈✐✈❛❧ ❝✉r✈❡✳
❙✉r✈✐✈❛❧ ❛♥❞ r❛t❡ ❞❛t❛ ✭s✉r✈✲r❛t❡✮ ✶✶✴ ✶✸✾

▶ ♥♦ ♥❡❡❞ t♦ ✉s❡ ✶ ②❡❛r ✐♥t❡r✈❛❧s✿ ✶ ❞❛② ✐♥t❡r✈❛❧s ❝♦✉❧❞ ❜❡ ✉s❡❞

▶ ✈❡r② s♠❛❧❧ ✐♥t❡r✈❛❧s ✇✐❧❧ ❧❡❛✈❡ ❛t ♠♦st ✶ ❝❡♥s♦r✐♥❣ ♦r ✶ ❞❡❛t❤ ✐♥
❡❛❝❤

▶ ✐♥t❡r✈❛❧ ✇✐t❤ 1 ❞❡❛t❤ ❛♥❞ nt ♣❡rs♦♥s ❛t r✐s❦✿
P {❉❡❛t❤} = 1/nt

▶ ❝♦rr❡s♣♦♥❞✐♥❣ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② 1− 1/nt = (nt − 1)/nt

▶ ✐♥t❡r✈❛❧ ✇✐t❤ 0 ❞❡❛t❤s ❤❛s s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② 1

▶ ♠✉❧t✐♣❧② t❤❡s❡ ♦✈❡r t✐♠❡s ✇✐t❤ ❡✈❡♥t t♦ ❣❡t s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥✿

S(t) =
∏

τ < t ✇✐t❤ ❡✈❡♥t

(nτ − 1)/nτ

✳ ✳ ✳ ②♦✉ ❤❛✈❡ t❤❡ ❑❛♣❧❛♥✲▼❡✐❡r ❡st✐♠❛t♦r

❙✉r✈✐✈❛❧ ❛♥❞ r❛t❡ ❞❛t❛ ✭s✉r✈✲r❛t❡✮ ✶✷✴ ✶✸✾

❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s

❝♦♠♣✉t❛t✐♦♥s

❙✉r✈✐✈❛❧✱ ♠♦rt❛❧✐t②✱
❝♦♠♣❡t✐♥❣ r✐s❦s ❛♥❞
❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡
❊❉❊● ✷✵✷✺ ✴ ❯♠❡å ❯♥✐✈❡rs✐t②✱✶✼ ▼❛② ✷✵✷✺

❤tt♣✿✴✴❜❡♥❞✐①❝❛rst❡♥s❡♥✳❝♦♠✴❆❞✈❈♦❤✴❝♦✉rs❡s✴❯♠✲✷✵✷✺✴ ❉▼s✉r✈

❚❤❡ ❉▼❧❛t❡ ❞❛t❛ s❡t

●❡t ❞❛t❛✱ ❞❡✜♥❡ ❛❣❡ ❛s ❛❣❡ ❛t ❞♦❞♠✱ ♦♠✐t ✐❢ ❞♦①❂❞♦❞♠

❃ ❞❛t❛✭❉▼❧❛t❡✮
❃ ❉▼ ❁✲ ♠✉t❛t❡✭❉▼❧❛t❡✱ ❛❣❡ ❂ ❞♦❞♠ ✲ ❞♦❜t❤✮
❃ ❉▼ ❁✲ s✉❜s❡t✭❉▼✱ ❞♦① ❃ ❞♦❞♠✮
❃ ❤❡❛❞✭❉▼✮

s❡① ❞♦❜t❤ ❞♦❞♠ ❞♦❞t❤ ❞♦♦❛❞ ❞♦✐♥s ❞♦① ❛❣❡
✺✵✶✽✺ ❋ ✶✾✹✵✳✷✺✻ ✶✾✾✽✳✾✶✼ ◆❆ ◆❆ ◆❆ ✷✵✵✾✳✾✾✼ ✺✽✳✻✻✶✶✾
✸✵✼✺✻✸ ▼ ✶✾✸✾✳✷✶✽ ✷✵✵✸✳✸✵✾ ◆❆ ✷✵✵✼✳✹✹✻ ◆❆ ✷✵✵✾✳✾✾✼ ✻✹✳✵✾✵✸✺
✷✾✹✶✵✹ ❋ ✶✾✶✽✳✸✵✶ ✷✵✵✹✳✺✺✷ ◆❆ ◆❆ ◆❆ ✷✵✵✾✳✾✾✼ ✽✻✳✷✺✵✺✶
✸✸✻✹✸✾ ❋ ✶✾✻✺✳✷✷✺ ✷✵✵✾✳✷✻✶ ◆❆ ◆❆ ◆❆ ✷✵✵✾✳✾✾✼ ✹✹✳✵✸✺✺✾
✷✹✺✻✺✶ ▼ ✶✾✸✷✳✽✼✼ ✷✵✵✽✳✻✺✸ ◆❆ ◆❆ ◆❆ ✷✵✵✾✳✾✾✼ ✼✺✳✼✼✺✺✵
✷✶✻✽✷✹ ❋ ✶✾✷✼✳✽✼✵ ✷✵✵✼✳✽✽✻ ✷✵✵✾✳✾✷✸ ◆❆ ◆❆ ✷✵✵✾✳✾✷✸ ✽✵✳✵✶✻✹✸

❃ str✭❉▼✮

✬❞❛t❛✳❢r❛♠❡✬✿ ✾✾✾✻ ♦❜s✳ ♦❢ ✽ ✈❛r✐❛❜❧❡s✿
✩ s❡① ✿ ❋❛❝t♦r ✇✴ ✷ ❧❡✈❡❧s ✧▼✧✱✧❋✧✿ ✷ ✶ ✷ ✷ ✶ ✷ ✶ ✶ ✷ ✶ ✳✳✳
✩ ❞♦❜t❤✿ ♥✉♠ ✶✾✹✵ ✶✾✸✾ ✶✾✶✽ ✶✾✻✺ ✶✾✸✸ ✳✳✳
✩ ❞♦❞♠ ✿ ♥✉♠ ✶✾✾✾ ✷✵✵✸ ✷✵✵✺ ✷✵✵✾ ✷✵✵✾ ✳✳✳
✩ ❞♦❞t❤✿ ♥✉♠ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ✳✳✳
✩ ❞♦♦❛❞✿ ♥✉♠ ◆❆ ✷✵✵✼ ◆❆ ◆❆ ◆❆ ✳✳✳
✩ ❞♦✐♥s✿ ♥✉♠ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ✳✳✳
✩ ❞♦① ✿ ♥✉♠ ✷✵✶✵ ✷✵✶✵ ✷✵✶✵ ✷✵✶✵ ✷✵✶✵ ✳✳✳
✩ ❛❣❡ ✿ ♥✉♠ ✺✽✳✼ ✻✹✳✶ ✽✻✳✸ ✹✹ ✼✺✳✽ ✳✳✳

❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✶✸✴ ✶✸✾

❙✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥✿ ❑▼

❯s❡ s✉r✈❢✐t t♦ ❝♦♥str✉❝t t❤❡ ❑❛♣❧❛♥✲▼❡✐❡r ❡st✐♠❛t♦r ♦❢ ♦✈❡r❛❧❧
s✉r✈✐✈❛❧✿

❃ ❄❙✉r✈
❃ ❄s✉r✈❢✐t

❃ ❦♠ ❁✲ s✉r✈❢✐t✭❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ ✶✱ ❞❛t❛ ❂ ❉▼✮
❃ ❦♠

❈❛❧❧✿ s✉r✈❢✐t✭❢♦r♠✉❧❛ ❂ ❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ ✶✱ ❞❛t❛ ❂ ❉▼✮

♥ ❡✈❡♥ts ♠❡❞✐❛♥ ✵✳✾✺▲❈▲ ✵✳✾✺❯❈▲
❬✶✱❪ ✾✾✾✻ ✷✹✾✾ ✶✹✳✺ ✶✹✳✷ ◆❆

❃ ★ s✉♠♠❛r②✭❦♠✮ ★ ✈❡r② ❧♦♥❣ ♦✉t♣✉t

❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✶✹✴ ✶✸✾

❲❡ ❝❛♥ ♣❧♦t t❤❡ s✉r✈✐✈❛❧ ❝✉r✈❡
✖t❤✐s ✐s t❤❡ ❞❡❢❛✉❧t ♣❧♦t ❢♦r ❛ s✉r✈❢✐t ♦❜❥❡❝t✿

❃ ♣❧♦t✭❦♠✮

❲❤❛t ✐s t❤❡ ♠❡❞✐❛♥ s✉r✈✐✈❛❧❄ ❲❤❛t ❞♦❡s ✐t ♠❡❛♥❄
❊①♣❧♦r❡ ✐❢ s✉r✈✐✈❛❧ ♣❛tt❡r♥s ❜❡t✇❡❡♥ ♠❡♥ ❛♥❞ ✇♦♠❡♥ ❛r❡ ❞✐✛❡r❡♥t✿

❃ ❦♠s ❁✲ s✉r✈❢✐t✭❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ s❡①✱ ❞❛t❛ ❂ ❉▼✮
❃ ❦♠s

❈❛❧❧✿ s✉r✈❢✐t✭❢♦r♠✉❧❛ ❂ ❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ s❡①✱ ❞❛t❛ ❂ ❉▼✮

♥ ❡✈❡♥ts ♠❡❞✐❛♥ ✵✳✾✺▲❈▲ ✵✳✾✺❯❈▲
s❡①❂▼ ✺✶✽✸ ✶✸✹✸ ✶✸✳✽ ✶✷✳✾ ◆❆
s❡①❂❋ ✹✽✶✸ ✶✶✺✻ ✶✹✳✽ ✶✹✳✹ ◆❆

❊①❡r❝✐s❡s ✶✱ ✷
❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✶✺✴ ✶✸✾

▼❡♥ ❤❛✈❡ ✇♦rs❡ s✉r✈✐✈❛❧ t❤❛♥ ✇♦♠❡♥✱ ❛♥❞ ✇♦♠❡♥ ❛r❡ ❛ ❜✐t ♦❧❞❡r ❛t
❞♦❞♠✿

❃ ✇✐t❤✭❉▼✱ t❛♣♣❧②✭❞♦❞♠ ✲ ❞♦❜t❤✱ s❡①✱ ♠❡❛♥✮✮

▼ ❋
✻✵✳✷✽✾✽✵ ✻✷✳✹✺✷✻✻

❙✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ s✉r✈✐✈❛❧ ❜❡t✇❡❡♥ ♠❡♥ ❛♥❞ ✇♦♠❡♥

❃ s✉r✈❞✐❢❢✭❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ s❡①✱ ❞❛t❛ ❂ ❉▼✮

❈❛❧❧✿
s✉r✈❞✐❢❢✭❢♦r♠✉❧❛ ❂ ❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ s❡①✱ ❞❛t❛ ❂ ❉▼✮

◆ ❖❜s❡r✈❡❞ ❊①♣❡❝t❡❞ ✭❖✲❊✮❫✷✴❊ ✭❖✲❊✮❫✷✴❱
s❡①❂▼ ✺✶✽✸ ✶✸✹✸ ✶✷✼✶ ✹✳✵✽ ✽✳✸✶
s❡①❂❋ ✹✽✶✸ ✶✶✺✻ ✶✷✷✽ ✹✳✷✷ ✽✳✸✶

❈❤✐sq❂ ✽✳✸ ♦♥ ✶ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ♣❂ ✵✳✵✵✹

❲❤❛t ✐s t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s t❡st❡❞ ❤❡r❡❄
❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✶✻✴ ✶✸✾

❘❛t❡s ❛♥❞ r❛t❡✲r❛t✐♦s

▶ ❖❝❝✉rr❡♥❝❡ r❛t❡✿

λ(t) = ❧✐♠h→0 P {❡✈❡♥t ✐♥ (t, t+ h] | ❛❧✐✈❡ ❛t t} /h

✖♠❡❛s✉r❡❞ ✐♥ ♣r♦❜❛❜✐❧✐t② ♣❡r t✐♠❡✿ t✐♠❡−1

▶ ♦❜s❡r✈❛t✐♦♥ ✐♥ ❛ s✉r✈✐✈❛❧ st✉❞②✿ ✭❡①✐t st❛t✉s✱ t✐♠❡ ❛❧✐✈❡✮

▶ ❡♠♣✐r✐❝❛❧ r❛t❡ (d, y) = (❞❡❛t❤s, t✐♠❡)

❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✶✼✴ ✶✸✾

❘❛t❡s ❛♥❞ r❛t❡✲r❛t✐♦s✿ ❙✐♠♣❧❡ ❈♦① ♠♦❞❡❧

◆♦✇ ❡①♣❧♦r❡ ❤♦✇ s❡① ❛♥❞ ❛❣❡ ✭❛t ❞✐❛❣♥♦s✐s✮ ✐♥✢✉❡♥❝❡ t❤❡
♠♦rt❛❧✐t②✖♥♦t❡ t❤❛t ✐♥ ❛ ❈♦①✲♠♦❞❡❧ ✇❡ ❛r❡ ❛❞❞r❡ss✐♥❣ t❤❡ ♠♦rt❛❧✐t②
r❛t❡ ❛♥❞ ♥♦t t❤❡ s✉r✈✐✈❛❧✿

❃ ❝✵ ❁✲ ❝♦①♣❤✭❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ s❡① ✱ ❞❛t❛ ❂ ❉▼✮
❃ ❝✶ ❁✲ ❝♦①♣❤✭❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ s❡① ✰ ❛❣❡✱ ❞❛t❛ ❂ ❉▼✮
❃ s✉♠♠❛r②✭❝✶✮
❃ ❝✐✳❡①♣✭❝✵✮
❃ ❝✐✳❡①♣✭❝✶✮

❲❤❛t ✈❛r✐❛❜❧❡s ❢r♦♠ ❉▼ ❛r❡ ✇❡ ✉s✐♥❣❄

❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✶✽✴ ✶✸✾

http://bendixcarstensen.com/AdvCoh/courses/Um-2025/


❃ ❝✵ ❁✲ ❝♦①♣❤✭❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ s❡① ✱ ❞❛t❛ ❂ ❉▼✮
❃ ❝✶ ❁✲ ❝♦①♣❤✭❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ s❡① ✰ ❛❣❡✱ ❞❛t❛ ❂ ❉▼✮
❃ s✉♠♠❛r②✭❝✶✮

❈❛❧❧✿
❝♦①♣❤✭❢♦r♠✉❧❛ ❂ ❙✉r✈✭❞♦① ✲ ❞♦❞♠✱ ✦✐s✳♥❛✭❞♦❞t❤✮✮ ⑦ s❡① ✰ ❛❣❡✱

❞❛t❛ ❂ ❉▼✮

♥❂ ✾✾✾✻✱ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts❂ ✷✹✾✾

❝♦❡❢ ❡①♣✭❝♦❡❢✮ s❡✭❝♦❡❢✮ ③ Pr✭❃⑤③⑤✮
s❡①❋ ✲✵✳✸✽✻✶✷✻ ✵✳✻✼✾✻✽✺ ✵✳✵✹✵✼✺✼ ✲✾✳✹✼✹ ❁✷❡✲✶✻ ✯✯✯
❛❣❡ ✵✳✵✼✾✽✽✹ ✶✳✵✽✸✶✻✶ ✵✳✵✵✶✽✸✸ ✹✸✳✺✻✾ ❁✷❡✲✶✻ ✯✯✯
✲✲✲
❙✐❣♥✐❢✳ ❝♦❞❡s✿ ✵ ✬✯✯✯✬ ✵✳✵✵✶ ✬✯✯✬ ✵✳✵✶ ✬✯✬ ✵✳✵✺ ✬✳✬ ✵✳✶ ✬ ✬ ✶

❡①♣✭❝♦❡❢✮ ❡①♣✭✲❝♦❡❢✮ ❧♦✇❡r ✳✾✺ ✉♣♣❡r ✳✾✺
s❡①❋ ✵✳✻✼✾✼ ✶✳✹✼✶✸ ✵✳✻✷✼✺ ✵✳✼✸✻✷
❛❣❡ ✶✳✵✽✸✷ ✵✳✾✷✸✷ ✶✳✵✼✾✸ ✶✳✵✽✼✶

❈♦♥❝♦r❞❛♥❝❡❂ ✵✳✼✻✷ ✭s❡ ❂ ✵✳✵✵✺ ✮
▲✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st❂ ✷✸✾✶ ♦♥ ✷ ❞❢✱ ♣❂❁✷❡✲✶✻
❲❛❧❞ t❡st ❂ ✶✾✵✷ ♦♥ ✷ ❞❢✱ ♣❂❁✷❡✲✶✻
❙❝♦r❡ ✭❧♦❣r❛♥❦✮ t❡st ❂ ✶✽✼✺ ♦♥ ✷ ❞❢✱ ♣❂❁✷❡✲✶✻❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✶✾✴ ✶✸✾

❃ ❝✐✳❡①♣✭❝✵✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
s❡①❋ ✵✳✽✾✵✽✸✼✷ ✵✳✽✷✸✹✺✸✹ ✵✳✾✻✸✼✸✺✶

❃ ❝✐✳❡①♣✭❝✶✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
s❡①❋ ✵✳✻✼✾✻✽✺✶ ✵✳✻✷✼✺✵✷✺ ✵✳✼✸✻✷✵✼✷
❛❣❡ ✶✳✵✽✸✶✻✶✸ ✶✳✵✼✾✷✼✺✾ ✶✳✵✽✼✵✻✵✽

❲❤❛t ❞♦ t❤❡s❡ ❡st✐♠❛t❡s ♠❡❛♥❄

λ(t, x) = λ0(t)❡①♣(β1x1 + β2x2)

❲❤❡r❡ ✐s β1 ❄ ❲❤❡r❡ ✐s β2 ❄ ❲❤❡r❡ ✐s λ0(t) ❄

❲❤❛t ✐s t❤❡ ♠♦rt❛❧✐t② ❘❘ ❢♦r ❛ ✶✵ ②❡❛r ❛❣❡ ❞✐✛❡r❡♥❝❡❄

❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✷✵✴ ✶✸✾

■❢ ♠♦rt❛❧✐t② ✐s ❛ss✉♠❡❞ ❝♦♥st❛♥t ✭λ(t) = λ✮✱ t❤❡♥ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r
t❤❡ ❈♦①✲♠♦❞❡❧ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ P♦✐ss♦♥ ❧✐❦❡❧✐❤♦♦❞✱ ✇❤✐❝❤ ❝❛♥ ❜❡
✜tt❡❞ ✉s✐♥❣ t❤❡ ♣♦✐sr❡❣ ❢❛♠✐❧② ❢r♦♠ t❤❡ ❊♣✐ ♣❛❝❦❛❣❡✿

❃ ❄♣♦✐sr❡❣

❃ ♣✶ ❁✲ ❣❧♠✭❝❜✐♥❞✭✦✐s✳♥❛✭❞♦❞t❤✮✱ ❞♦① ✲ ❞♦❞♠✮ ⑦ s❡① ✰ ❛❣❡✱
✰ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✱
✰ ❞❛t❛ ❂ ❉▼✮
❃ ❝✐✳❡①♣✭♣✶✮ ★ P♦✐ss♦♥

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✵✵✵✸✺✷✵✺✺✾ ✵✳✵✵✵✷✼✹✸✸✼ ✵✳✵✵✵✹✺✶✼✾✷✹
s❡①❋ ✵✳✻✾✶✶✷✾✺✻✻✸ ✵✳✻✸✽✶✸✾✵✶✻ ✵✳✼✹✽✺✷✵✹✵✾✸
❛❣❡ ✶✳✵✼✾✹✼✷✹✵✷✼ ✶✳✵✼✺✼✸✸✼✾✷ ✶✳✵✽✸✷✷✹✵✵✻✶

❃ ❝✐✳❡①♣✭❝✶✮ ★ ❈♦①

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
s❡①❋ ✵✳✻✼✾✻✽✺✶ ✵✳✻✷✼✺✵✷✺ ✵✳✼✸✻✷✵✼✷
❛❣❡ ✶✳✵✽✸✶✻✶✸ ✶✳✵✼✾✷✼✺✾ ✶✳✵✽✼✵✻✵✽

■s t❤❡ s❡①✲❡✛❡❝t ❝♦♥❢♦✉♥❞❡❞ ❜② ❛❣❡❄❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✷✶✴ ✶✸✾

❙❡① ❛♥❞ ❛❣❡ ❡✛❡❝ts ❛r❡ q✉✐t❡ ❝❧♦s❡ ❢♦r t❤❡ P♦✐ss♦♥ ❛♥❞ t❤❡ ❈♦①
♠♦❞❡❧s✳

P♦✐ss♦♥ ♠♦❞❡❧ ❤❛s ❛♥ ✐♥t❡r❝❡♣t t❡r♠✱ t❤❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ✭❛ss✉♠❡❞✮
❝♦♥st❛♥t ✉♥❞❡r❧②✐♥❣ ♠♦rt❛❧✐t②✳

❚❤❡ r✐s❦ t✐♠❡ ♣❛rt ♦❢ t❤❡ r❡s♣♦♥s❡ ✭s❡❝♦♥❞ ❛r❣✉♠❡♥t ✐♥ t❤❡ ❝❜✐♥❞✮
✇❛s ❡♥t❡r❡❞ ✐♥ ✉♥✐ts ♦❢ ②❡❛rs✱ s♦ t❤❡ ✭■♥t❡r❝❡♣t✮ ✭t❛❦❡♥ ❢r♦♠ t❤❡
❝✐✳❡①♣✮ ✐s ❛ r❛t❡ ♣❡r ✶ ♣❡rs♦♥✲♠♦♥t❤✳

❲❤❛t ❛❣❡ ❛♥❞ s❡① ❞♦❡s t❤❡ ✭■♥t❡r❝❡♣t✮ r❡❢❡r t♦❄

❃ ❝✐✳❡①♣✭♣✶✮ ★ P♦✐ss♦♥

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✵✵✵✸✺✷✵✺✺✾ ✵✳✵✵✵✷✼✹✸✸✼ ✵✳✵✵✵✹✺✶✼✾✷✹
s❡①❋ ✵✳✻✾✶✶✷✾✺✻✻✸ ✵✳✻✸✽✶✸✾✵✶✻ ✵✳✼✹✽✺✷✵✹✵✾✸
❛❣❡ ✶✳✵✼✾✹✼✷✹✵✷✼ ✶✳✵✼✺✼✸✸✼✾✷ ✶✳✵✽✸✷✷✹✵✵✻✶

❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✷✷✴ ✶✸✾

♣♦✐sr❡❣ ❛♥❞ ♣♦✐ss♦♥

♣♦✐sr❡❣✿ ❝❜✐♥❞✭❞✱②✮ ✄ ✳✳✳

❃ ♣✶ ❁✲ ❣❧♠✭❝❜✐♥❞✭✦✐s✳♥❛✭❞♦❞t❤✮✱ ❞♦① ✲ ❞♦❞♠✮ ⑦ s❡① ✰ ❛❣❡✱
✰ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✱
✰ ❞❛t❛ ❂ ❉▼✮

♣♦✐ss♦♥✿ ❞ ✄ ✳✳✳ ✰ ♦❢❢s❡t✭❧♦❣✭②✮✮

❃ ♣① ❁✲ ❣❧♠✭✦✐s✳♥❛✭❞♦❞t❤✮ ⑦ s❡① ✰ ❛❣❡ ✰ ♦❢❢s❡t✭❧♦❣✭❞♦① ✲ ❞♦❞♠✮✮✱
✰ ❢❛♠✐❧② ❂ ♣♦✐ss♦♥✱
✰ ❞❛t❛ ❂ ❧✉♥❣✮
❃ ★★ ♦r✿
❃ ♣① ❁✲ ❣❧♠✭✦✐s✳♥❛✭❞♦❞t❤✮ ⑦ s❡① ✰ ❛❣❡✱
✰ ♦❢❢s❡t ❂ ❧♦❣✭❞♦① ✲ ❞♦❞♠✮✱
✰ ❢❛♠✐❧② ❂ ♣♦✐ss♦♥✱
✰ ❞❛t❛ ❂ ❧✉♥❣✮

❙✉r✈✐✈❛❧ ❛❢t❡r ❞✐❛❜❡t❡s ✭❉▼s✉r✈✮ ✷✸✴ ✶✸✾

y d

te t1 t2 t①

y1 y2 y3

①s✉r✈ ✷✹✴ ✶✸✾

❲❤❛t ✐s ✐t t❤❛t ✇❡ s❡❡ ❛s ♦✉t❝♦♠❡❄

(d, y) ♦r✿ (0, y1), (0, y2), (d, y3)

t❤❡ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐s t❤❡ s❛♠❡ ✖ ♦r ✐s ✐t❄

❲❤❛t ✇❡ ♦❜s❡r✈❡ ✐s ♦❝❝✉rr❡♥❝❡ r❛t❡s

❙t❛t✐st✐❝❛❧ ♠♦❞❡❧ ✖ ❤❛③❛r❞✱ ✐♥t❡♥s✐t②✱ ♦❝❝✉rr❡♥❝❡ r❛t❡✱ λ✿

λ(t) = ❧✐♠h→0 P {❡✈❡♥t ✐♥ (t, t+ h] | ❛❧✐✈❡ ❛t t} /h

✖♠❡❛s✉r❡❞ ✐♥ ♣r♦❜❛❜✐❧✐t② ♣❡r t✐♠❡✿ t✐♠❡−1

❲❤❛t ❛r❡ t❤❡ ♠❡❛s✉r❡♠❡♥t s❝❛❧❡s ❢♦r t ❛♥❞ h❄

①s✉r✈ ✷✺✴ ✶✸✾

▲✐❦❡❧✐❤♦♦❞

▶ ▲✐❦❡❧✐❤♦♦❞ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❞❛t❛ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
♣❛r❛♠❡t❡rs✱ ❛ss✉♠✐♥❣ t❤❡ ♠♦❞❡❧ ✐s ❝♦rr❡❝t

L(λ) = P(d ❛t t①|❡♥tr② te ✫ ❝♦rr❡❝t ♠♦❞❡❧)

✖t❤✐s ✐s ❛ q✉❛♥t✐t② t❤❛t ❞❡♣❡♥❞s ♦♥ λ ✭♠♦❞❡❧ ♣❛r❛♠❡t❡rs✮
▶ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ✐s ❝❤♦♦s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ λ t❤❛t

♠❛❦❡s L(λ) ❛s ❧❛r❣❡ ❛ ♣♦ss✐❜❧❡
▶ ◆♦r♠❛❧❧② ✇❡ ♠❛①✐♠✐③❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✱ ℓ(λ) = ❧♦❣

(

L(λ)
)

✱ ♠✳❧✳❡✳

❝❛❧❧❡❞ λ̂
▶ ❚❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ ℓ(λ) ❡✈❛❧✉❛t❡❞ ❛t λ̂ ❝♦♥t❛✐♥s

✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ λ̂
①s✉r✈ ✷✻✴ ✶✸✾

∗ ▲✐❦❡❧✐❤♦♦❞ ❛♥❞ r❡❝♦r❞s

▶ ❙✉♣♣♦s❡ ❛ ♣❡rs♦♥ ✐s ❛❧✐✈❡ ❢r♦♠ te ✭❡♥tr②✮ t♦ tx ✭❡①✐t✮ ❛♥❞
▶ t❤❛t t❤❡ ♣❡rs♦♥✬s st❛t✉s ❛t tx ✐s d✱

✇❤❡r❡ d = 0 ♠❡❛♥s ❛❧✐✈❡ ❛♥❞ d = 1 ♠❡❛♥s ❞❡❛❞✳
▶ ■❢ ✇❡ ❝❤♦♦s❡✱ s❛②✱ t✇♦ t✐♠❡ ♣♦✐♥ts✱ t1, t2 ❜❡t✇❡❡♥ te ❛♥❞ tx✱
▶ st❛♥❞❛r❞ ✉s❡ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t②

✭❢♦r♠❛❧❧②✱ r❡♣❡❛t❡❞ ✉s❡ ♦❢ ❇❛②❡s✬ ❢♦r♠✉❧❛✮ ❣✐✈❡s✿

P {d ❛t tx | ❡♥tr② ❛t te} =P {s✉r✈✐✈❡ (te, t1] | ❛❧✐✈❡ ❛t te}×

P {s✉r✈✐✈❡ (t1, t2] | ❛❧✐✈❡ ❛t t1}×

P {s✉r✈✐✈❡ (t2, tx] | ❛❧✐✈❡ ❛t t2}×

P {d ❛t tx | ❛❧✐✈❡ ❥✉st ❜❡❢♦r❡ tx}

①s✉r✈ ✷✼✴ ✶✸✾

∗ ❘❛t❡s ❛♥❞ ❧✐❦❡❧✐❤♦♦❞

❋♦r ❛ st❛rt ❛ss✉♠❡ t❤❛t t❤❡ ♠♦rt❛❧✐t② ✐s ❝♦♥st❛♥t ♦✈❡r t✐♠❡ λ(t) = λ✿

P {❞❡❛t❤ ❞✉r✐♥❣ (t, t+ h]⑤❛❧✐✈❡ ❛t t} ≈ λh ✭✶✮

⇒ P {s✉r✈✐✈❡ (t, t+ h]⑤❛❧✐✈❡ ❛t t} ≈ 1− λh

✇❤❡r❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❣❡ts ❜❡tt❡r t❤❡ s♠❛❧❧❡r h ✐s✳

①s✉r✈ ✷✽✴ ✶✸✾



∗ ❉✐✈✐❞✐♥❣ ❢♦❧❧♦✇✲✉♣ t✐♠❡

▶ ❙✉r✈✐✈❛❧ ❢♦r ❛ t✐♠❡ s♣❛♥✿ y = tx − te
▶ ❙✉❜❞✐✈✐❞❡❞ ✐♥ N ✐♥t❡r✈❛❧s✱ ❡❛❝❤ ♦❢ ❧❡♥❣t❤ h = y/N

▶ ❚❤❡ r❛t❡ ✐s ❛ss✉♠❡❞ ❝♦♥st❛♥t✿ λ(t) = λ

▶ ❙✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ❢♦r t❤❡ ❡♥t✐r❡ s♣❛♥ ❢r♦♠ te t♦ tx ✐s t❤❡
♣r♦❞✉❝t ♦❢ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ s✉r✈✐✈✐♥❣ ❡❛❝❤ ♦❢ t❤❡ s♠❛❧❧ ✐♥t❡r✈❛❧s✱
❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❜❡✐♥❣ ❛❧✐✈❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❡❛❝❤ ✐♥t❡r✈❛❧✿

P {s✉r✈✐✈❡ te t♦ tx} ≈ (1− λh)N =

(

1−
λy

N

)N

①s✉r✈ ✷✾✴ ✶✸✾

∗ ❉✐✈✐❞✐♥❣ ❢♦❧❧♦✇✲✉♣ t✐♠❡ ✐♥ s♠❛❧❧ ♣✐❡❝❡s

▶ ❋r♦♠ ♠❛t❤❡♠❛t✐❝s ✐t ✐s ❦♥♦✇♥ t❤❛t (1 + x/n)n → ❡①♣(x) ❛s
n → ∞ ✭s♦♠❡ ❞❡✜♥❡ ❡①♣(x) t❤✐s ✇❛②✮✳

▶ ❙♦ ✐❢ ✇❡ ❞✐✈✐❞❡ t❤❡ t✐♠❡ s♣❛♥ y ✐♥ s♠❛❧❧ ♣✐❡❝❡s ✇❡ ✇✐❧❧ ❤❛✈❡ t❤❛t
❛s N → ∞✿

P {s✉r✈✐✈❡ te t♦ tx} ≈

(

1−
λy

N

)N

→ ❡①♣(−λy) ✭✷✮

▶ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢r♦♠ ❛ ♣❡rs♦♥ ♦❜s❡r✈❡❞ ❢♦r ❛
t✐♠❡ s♣❛♥ ♦❢ ❧❡♥❣t❤ y ✐s ❡①♣(−λy)✱ ❛♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡
❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✐s t❤❡r❡❢♦r❡ −λy✳

①s✉r✈ ✸✵✴ ✶✸✾

∗ ❉✐✈✐❞✐♥❣ ❢♦❧❧♦✇✲✉♣ t✐♠❡✿ ❞❡❛t❤ ❛t t❤❡ ❡♥❞

▶ ❆ ♣❡rs♦♥ ❞②✐♥❣ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st ✐♥t❡r✈❛❧✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥
t♦ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢r♦♠ t❤❡ ❧❛st ✐♥t❡r✈❛❧ ✇✐❧❧ ❜❡

▶ t❤❡ ♣r♦❜❛❜✐❧✐t② s✉r✈✐✈✐♥❣ t✐❧❧ ❥✉st ❜❡❢♦r❡ t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥t❡r✈❛❧✱

▶ ♠✉❧t✐♣❧✐❡❞ ❜②

▶ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❞②✐♥❣ ✐♥ t❤❡ ❧❛st t✐♥② ✐♥st❛♥t ✭♦❢ ❧❡♥❣t❤ ϵ✮ ♦❢
t❤❡ ✐♥t❡r✈❛❧

▶ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❞②✐♥❣ ✐♥ t❤✐s t✐♥② ✐♥st❛♥t ✐s λϵ

▶ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤✐s ❧❛st ✐♥st❛♥t ✐s
❧♦❣(λϵ) = ❧♦❣(λ) + ❧♦❣(ϵ)✳

①s✉r✈ ✸✶✴ ✶✸✾

∗ ❚♦t❛❧ ❧✐❦❡❧✐❤♦♦❞

❚❤❡ t♦t❛❧ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ♦♥❡ ♣❡rs♦♥ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛❧❧ t❤❡s❡ t❡r♠s
❢r♦♠ t❤❡ ❢♦❧❧♦✇✲✉♣ ✐♥t❡r✈❛❧s ✭i✮ ❢♦r t❤❡ ♣❡rs♦♥❀ ❛♥❞ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞
✭ℓ✮ ✐s t❤❡r❡❢♦r❡ t❤❡ s✉♠ ♦❢ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ t❡r♠s✿

ℓ(λ) =
∑

i

(−λyi + di❧♦❣(λ) + di❧♦❣(ϵ))

=
∑

i

(

di❧♦❣(λ)− λyi
)

+
∑

i

di❧♦❣(ϵ)

❚❤❡ ❧❛st t❡r♠ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ λ✱ s♦ ✐t ❝❛♥ ❜❡ ✐❣♥♦r❡❞

①s✉r✈ ✸✷✴ ✶✸✾

∗ ❚♦t❛❧ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞

▶ ✳ ✳ ✳ ❢♦r t❤❡ ❢♦❧❧♦✇ ✉♣ ♦❢ ♦♥❡ ♣❡rs♦♥ ✐s ✭t❤❡ r❛t❡ ❧✐❦❡❧✐❤♦♦❞✮✿

∑

i

(

di❧♦❣(λ)− λyi
)

▶ t❤✐s ✐s ❛❧s♦ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ✐♥❞❡♣❡♥❞❡♥t P♦✐ss♦♥ ✈❛r✐❛t❡s di
✇✐t❤ ♠❡❛♥s λyi✳

▶ ❡✈❡♥ t❤♦✉❣❤ t❤❡ dis ❛r❡ ♥❡✐t❤❡r P♦✐ss♦♥ ♥♦r ✐♥❞❡♣❡♥❞❡♥t

▶ ❉✐✛❡r❡♥t ♠♦❞❡❧s ❝❛♥ ❤❛✈❡ t❤❡ s❛♠❡ ✭❧♦❣✮❧✐❦❡❧✐❤♦♦❞✿
▶ ♠♦❞❡❧ ❢♦r ❢♦❧❧♦✇✲✉♣ ♦❢ ❛ ♣❡rs♦♥ (di, yi)✱ ❝♦♥st❛♥t r❛t❡ λ
▶ ♠♦❞❡❧ ❢♦r ✐♥❞❡♣❡♥❞❡♥t P♦✐ss♦♥ ✈❛r✐❛t❡s ✭di✮✱ ♠❡❛♥ λyi

①s✉r✈ ✸✸✴ ✶✸✾

❲❤❛t ❞✐❞ ✇❡ ❞♦❄

▶ ❉✐✈✐❞❡ ❢♦❧❧♦✇✲✉♣ t✐♠❡ ✐♥ s♠❛❧❧ ♣✐❡❝❡s ❢♦r t❤❡ s❛❦❡ ♦❢
♠❛t❤❡♠❛t✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s

▶ ✳ ✳ ✳ ❧❡❛❞✐♥❣ t♦ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥
❢r♦♠ ❛ s✐♥❣❧❡ ♣❡rs♦♥✬s ❢♦❧❧♦✇✲✉♣

▶ ✳ ✳ ✳ ❛s ❛ s✉♠ ♦❢ ♠❛♥② s♠❛❧❧ ❝♦♥tr✐❜✉t✐♦♥s ✇✐t❤ s♠❛❧❧ ❋❯

▶ ✳ ✳ ✳ ❡①♣❧❛✐♥s ✇❤② t❤❡ r❛t❡ ❧✐❦❡❧✐❤♦♦❞ ✐s t❤❡ s❛♠❡ ❛s ❛ P♦✐ss♦♥
❧✐❦❡❧✐❤♦♦❞ ✭❛❧t❤♦✉❣❤ t❤❡ ♠♦❞❡❧ ✐s ♥♦t ❛ P♦✐ss♦♥ ♠♦❞❡❧✮

▶ ❯♥r❡❧❛t❡❞ t♦ t❤✐s✱ ♥❡①t ✇❡ ✇✐❧❧ s✉❜❞✐✈✐❞❡ ❢♦❧❧♦✇✲✉♣ ❢♦r t❤❡ s❛❦❡
♦❢ ♠♦❞❡❧✐♥❣ t❤❡ r❛t❡ λ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝♦✈❛r✐❛t❡s t❤❛t ✈❛r✐❡s
♦✈❡r t✐♠❡✱ ✇✐t❤✐♥ ❡❛❝❤ ♣❡rs♦♥

①s✉r✈ ✸✹✴ ✶✸✾

y d

te t1 t2 t①

y1 y2 y3

Pr♦❜❛❜✐❧✐t② ❧♦❣✲▲✐❦❡❧✐❤♦♦❞

P(d ❛t t①|❡♥tr② te) d ❧♦❣(λ)− λy

= P(s✉r✈ te → t1|❡♥tr② te) = 0 ❧♦❣(λ)− λy1
×P(s✉r✈ t1 → t2|❡♥tr② t1) + 0 ❧♦❣(λ)− λy2
×P(d ❛t t①|❡♥tr② t2) + d ❧♦❣(λ)− λy3

①s✉r✈ ✸✺✴ ✶✸✾

y
❡

d = 0

te t1 t2 t①

y1 y2 y3
❡

Pr♦❜❛❜✐❧✐t② ❧♦❣✲▲✐❦❡❧✐❤♦♦❞

P(s✉r✈ te → t①|❡♥tr② te) 0 ❧♦❣(λ)− λy

= P(s✉r✈ te → t1|❡♥tr② te) = 0 ❧♦❣(λ)− λy1
×P(s✉r✈ t1 → t2|❡♥tr② t1) + 0 ❧♦❣(λ)− λy2
×P(s✉r✈ t2 → t①|❡♥tr② t2) + 0 ❧♦❣(λ)− λy3

①s✉r✈ ✸✻✴ ✶✸✾

y
✉

d = 1

te t1 t2 t①

y1 y2 y3
✉

Pr♦❜❛❜✐❧✐t② ❧♦❣✲▲✐❦❡❧✐❤♦♦❞

P(❡✈❡♥t ❛t t①|❡♥tr② te) 1 ❧♦❣(λ)− λy

= P(s✉r✈ te → t1|❡♥tr② te) = 0 ❧♦❣(λ)− λy1
×P(s✉r✈ t1 → t2|❡♥tr② t1) + 0 ❧♦❣(λ)− λy2
×P(❡✈❡♥t ❛t t①|❡♥tr② t2) + 1 ❧♦❣(λ)− λy3

①s✉r✈ ✸✼✴ ✶✸✾

y d

te t1 t2 t①

y1 y2 y3

Pr♦❜❛❜✐❧✐t② ❧♦❣✲▲✐❦❡❧✐❤♦♦❞

P(d ❛t t①|❡♥tr② te) d ❧♦❣(λ)− λy

= P(s✉r✈ te → t1|❡♥tr② te) = 0 ❧♦❣(λ)− λy1
×P(s✉r✈ t1 → t2|❡♥tr② t1) + 0 ❧♦❣(λ)− λy2
×P(d ❛t t①|❡♥tr② t2) + d ❧♦❣(λ)− λy3

①s✉r✈ ✸✽✴ ✶✸✾



y d

te t1 t2 t①

y1 y2 y3

Pr♦❜❛❜✐❧✐t② ❧♦❣✲▲✐❦❡❧✐❤♦♦❞

P(d ❛t t①|❡♥tr② te) d ❧♦❣(λ)− λy

= P(s✉r✈ te → t1|❡♥tr② te) = 0 ❧♦❣(λ1)− λ1y1
×P(s✉r✈ t1 → t2|❡♥tr② t1) + 0 ❧♦❣(λ2)− λ2y2
×P(d ❛t t①|❡♥tr② t2) + d ❧♦❣(λ3)− λ3y3

✖ ❛❧❧♦✇s ❞✐✛❡r❡♥t r❛t❡s ✭λi✮ ✐♥ ❡❛❝❤ ✐♥t❡r✈❛❧

①s✉r✈ ✸✾✴ ✶✸✾

▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ ❛ r❛t❡

▶ ❖♥❡ ♣❡rs♦♥ ✭p✮ ❢♦❧❧♦✇❡❞ ♦✈❡r ♠❛♥② ✐♥t❡r✈❛❧s ❝♦♥tr✐❜✉t❡s✿

ℓp(λ) =
∑

i

(

dpi❧♦❣(λ)− λypi
)

▶ ❛❧❧ ♣❡rs♦♥s ❢♦❧❧♦✇❡❞ ♦✈❡r ♠❛♥② ✐♥t❡r✈❛❧s ❝♦♥tr✐❜✉t❡s✿
∑

p

ℓp(λ) =
∑

p,i

(

dpi❧♦❣(λ)− λypi
)

= D❧♦❣(λ)− λY

✇❤❡r❡ D ✐s t♦t❛❧ ♥♦✳ ♦❢ ❞❡❛t❤s ❛♥❞ Y ✐s t♦t❛❧ r✐s❦ t✐♠❡
▶ ❚❤✐s ✐s ♠❛①✐♠❛❧ ❢♦r λ̂ = D/Y
▶ λ ❝❛♥ ❞❡♣❡♥❞ ♦♥ ♠❛♥② ♣❛r❛♠❡t❡rs✱ s♦ ♠❛①✐♠✐③❛t✐♦♥ ✐s

♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✳ ✳ ✳
①s✉r✈ ✹✵✴ ✶✸✾

❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❢♦❧❧♦✇✲✉♣✿ ▲❡①✐s ♦❜❥❡❝t

❃ ▲❧ ❁✲ ▲❡①✐s✭❡♥tr② ❂ ❧✐st✭♣❡r ❂ ❞♦❞♠✱ ★ ✧♣❡r✧✐♦❞ ❂ ❝❛❧❡♥❞❛r t✐♠❡ ♦❢ ❡♥tr②
✰ t❢❞ ❂ ✵✮✱ ★ ✧t✧✐♠❡ ✧❢✧r♦♠ ✧❞✧✐❛❜❡t❡s
✰ ❡①✐t ❂ ❧✐st✭♣❡r ❂ ❞♦①✮✱ ★ ❝❛❧❡♥❞❛r t✐♠❡ ♦❢ ❡①✐t
✰ ❡①✐t✳st❛t✉s ❂ ❢❛❝t♦r✭✦✐s✳♥❛✭❞♦❞t❤✮✱
✰ ❧❛❜❡❧s ❂ ❝✭✧❉▼✧✱✧❉❡❛❞✧✮✮✱ ★ st❛t✉s ❛t ❡①✐t t✐♠❡
✰ ❞❛t❛ ❂ ❉▼✮

◆❖❚❊✿ ❡♥tr②✳st❛t✉s ❤❛s ❜❡❡♥ s❡t t♦ ✧❉▼✧ ❢♦r ❛❧❧✳

❃ ❤❡❛❞✭▲❧✮

❧❡①✳✐❞ ♣❡r t❢❞ ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st s❡① ❞♦❜t❤ ❞♦❞♠ ❞♦❞t❤ ❞♦♦❛❞
✶ ✶✾✾✽✳✾✷ ✵ ✶✶✳✵✽ ❉▼ ❉▼ ❋ ✶✾✹✵✳✷✻ ✶✾✾✽✳✾✷ ◆❆ ◆❆
✷ ✷✵✵✸✳✸✶ ✵ ✻✳✻✾ ❉▼ ❉▼ ▼ ✶✾✸✾✳✷✷ ✷✵✵✸✳✸✶ ◆❆ ✷✵✵✼✳✹✺
✸ ✷✵✵✹✳✺✺ ✵ ✺✳✹✺ ❉▼ ❉▼ ❋ ✶✾✶✽✳✸✵ ✷✵✵✹✳✺✺ ◆❆ ◆❆
✹ ✷✵✵✾✳✷✻ ✵ ✵✳✼✹ ❉▼ ❉▼ ❋ ✶✾✻✺✳✷✸ ✷✵✵✾✳✷✻ ◆❆ ◆❆
✺ ✷✵✵✽✳✻✺ ✵ ✶✳✸✹ ❉▼ ❉▼ ▼ ✶✾✸✷✳✽✽ ✷✵✵✽✳✻✺ ◆❆ ◆❆
✻ ✷✵✵✼✳✽✾ ✵ ✷✳✵✹ ❉▼ ❉❡❛❞ ❋ ✶✾✷✼✳✽✼ ✷✵✵✼✳✽✾ ✷✵✵✾✳✾✷ ◆❆

❞♦✐♥s ❞♦① ❛❣❡
◆❆ ✷✵✶✵✳✵✵ ✺✽✳✻✻
◆❆ ✷✵✶✵✳✵✵ ✻✹✳✵✾
◆❆ ✷✵✶✵✳✵✵ ✽✻✳✷✺
◆❆ ✷✵✶✵✳✵✵ ✹✹✳✵✹
◆❆ ✷✵✶✵✳✵✵ ✼✺✳✼✽
◆❆ ✷✵✵✾✳✾✷ ✽✵✳✵✷

❉▼s✉r✈ ✹✶✴ ✶✸✾

◆❡✇ ✈❛r✐❛❜❧❡s ✐♥ ❛ ▲❡①✐s ♦❜❥❡❝t
t❢❞✿ t✐♠❡ ❢r♦♠ ❞✐❛❜❡t❡s ❞✐❛❣♥♦s✐s ❛t t❤❡ t✐♠❡ ♦❢ ❡♥tr②✱

t❤❡r❡❢♦r❡ ✐t ✐s ✵ ❢♦r ❛❧❧ ♣❡rs♦♥s❀ t❤❡ ❡♥tr② t✐♠❡ ✐s ✵ ❢r♦♠ t❤❡
❞❛t❡ ♦❢ ❞✐❛❜❡t❡s✳ ❉❡✜♥❡s ❛ t✐♠❡s❝❛❧❡ ✇✐t❤ ♥❛♠❡ t❢❞✳

♣❡r✿ ❝❛❧❡♥❞❛r t✐♠❡ ❛t t❤❡ t✐♠❡ ♦❢ ❡♥tr②✳ ❉❡✜♥❡s ❛ t✐♠❡s❝❛❧❡

✇✐t❤ ♥❛♠❡ ♣❡r✳
❧❡①✳❞✉r✿ t❤❡ ❧❡♥❣t❤ ♦❢ t✐♠❡ ❛ ♣❡rs♦♥ ✐s ✐♥ st❛t❡ ❧❡①✳❈st✱ ❤❡r❡

♠❡❛s✉r❡❞ ✐♥ ②❡❛rs ❜❡❝❛✉s❡ ❛❧❧ ❞❛t❡s ❛r❡✳
❧❡①✳❈st✿ ❈✉rr❡♥t st❛t❡✱ t❤❡ st❛t❡ ✐♥ ✇❤✐❝❤ t❤❡ ❧❡①✳❞✉r t✐♠❡ ✐s

s♣❡♥t✳
❧❡①✳❳st✿ ❡❳✐t st❛t❡✱ t❤❡ st❛t❡ t♦ ✇❤✐❝❤ t❤❡ ♣❡rs♦♥ ♠♦✈❡s ❛❢t❡r t❤❡

❧❡①✳❞✉r t✐♠❡ ✐♥ ❧❡①✳❈st✳
❧❡①✳✐❞✿ ❛♥ ✐❞ ♦❢ ❡❛❝❤ r❡❝♦r❞ ✐♥ t❤❡ s♦✉r❝❡ ❞❛t❛s❡t✳ ❈❛♥ ❜❡

❡①♣❧✐❝✐t❧② s❡t ❜② ✐❞❂✳
❉▼s✉r✈ ✹✷✴ ✶✸✾

▲❡①✐s ♦❜❥❡❝t✿ ❖✈❡r✈✐❡✇ ♦❢ ❢♦❧❧♦✇✲✉♣

❖✈❡r❦✐❧❧❄
❚❤❡ ♣♦✐♥t ✐s t❤❛t t❤❡ ♠❛❝❤✐♥❡r② ❣❡♥❡r❛❧✐③❡s t♦ ♠✉❧t✐st❛t❡ ❞❛t❛✳

❃ s✉♠♠❛r②✭▲❧✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ❉▼ ❉❡❛❞ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
❉▼ ✼✹✾✼ ✷✹✾✾ ✾✾✾✻ ✷✹✾✾ ✺✹✷✼✸✳✷✼ ✾✾✾✻

❲❤❛t ✐s t❤❡ ❛✈❡r❛❣❡ ❢♦❧❧♦✇✲✉♣ t✐♠❡ ❢♦r ♣❡rs♦♥s❄

❉▼s✉r✈ ✹✸✴ ✶✸✾

❃ ❜♦①❡s✭▲❧✱ ❜♦①♣♦s ❂ ❚❘❯❊✱ s❝❛❧❡✳❨ ❂ ✶✷✱ ❞✐❣✐ts✳❘ ❂ ✷✮

DM
4,522.8

Dead

2,499
(0.55)

DM
4,522.8

Dead

DM
4,522.8

Dead

❊①❡r❝✐s❡ ✸
❉▼s✉r✈ ✹✹✴ ✶✸✾

❈♦① ♠♦❞❡❧ ✉s✐♥❣ t❤❡ ▲❡①✐s✲s♣❡❝✐✜❝ ✈❛r✐❛❜❧❡s✿

❃ ❝❧ ❁✲ ❝♦①♣❤✭❙✉r✈✭t❢❞✱
✰ t❢❞ ✰ ❧❡①✳❞✉r✱
✰ ❧❡①✳❳st ❂❂ ✧❉❡❛❞✧✮ ⑦ s❡① ✰ ❛❣❡✱
✰ ❞❛t❛ ❂ ▲❧✮

❙✉r✈✭❢r♦♠✲t✐♠❡✱ t♦✲t✐♠❡✱ ❡✈❡♥t ✐♥❞✐❝❛t♦r✮

❯s✐♥❣ t❤❡ ▲❡①✐s ❢❡❛t✉r❡s✿

❃ ❝▲ ❁✲ ❝♦①♣❤✳▲❡①✐s✭▲❧✱ t❢❞ ⑦ s❡① ✰ ❛❣❡✮

s✉r✈✐✈❛❧✿✿❝♦①♣❤ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t ▲❧✿
❘❛t❡s ❢♦r t❤❡ tr❛♥s✐t✐♦♥✿
❉▼✲❃❉❡❛❞
❇❛s❡❧✐♥❡ t✐♠❡s❝❛❧❡✿ t❢❞

❃ r♦✉♥❞✭❝❜✐♥❞✭❝✐✳❡①♣✭❝▲✮✱
✰ ❝✐✳❡①♣✭❝❧✮✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪ ❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
s❡①❋ ✵✳✻✽✵ ✵✳✻✷✽ ✵✳✼✸✻ ✵✳✻✽✵ ✵✳✻✷✽ ✵✳✼✸✻
❛❣❡ ✶✳✵✽✸ ✶✳✵✼✾ ✶✳✵✽✼ ✶✳✵✽✸ ✶✳✵✼✾ ✶✳✵✽✼

❉▼s✉r✈ ✹✺✴ ✶✸✾

❚❤❡ ❝r✉❞❡ P♦✐ss♦♥ ♠♦❞❡❧✿

❃ ♣❝ ❁✲ ❣❧♠✭❝❜✐♥❞✭❧❡①✳❳st ❂❂ ✧❉❡❛❞✧✱ ❧❡①✳❞✉r✮ ⑦ s❡① ✰ ❛❣❡✱
✰ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✱
✰ ❞❛t❛ ❂ ▲❧✮

♦r ❡✈❡♥ s✐♠♣❧❡r✱ ❜② ✉s✐♥❣ t❤❡ ▲❡①✐s ❢❡❛t✉r❡s✿

❃ ♣▲ ❁✲ ❣❧♠✳▲❡①✐s✭▲❧✱ ⑦ s❡① ✰ ❛❣❡✮

st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t ▲❧ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r t❤❡ tr❛♥s✐t✐♦♥✿
❉▼✲❃❉❡❛❞

❃ r♦✉♥❞✭❝❜✐♥❞✭❝✐✳❡①♣✭♣▲✮✱
✰ ❝✐✳❡①♣✭♣❝✮✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪ ❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
✭■♥t❡r❝❡♣t✮ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵
s❡①❋ ✵✳✻✾✶ ✵✳✻✸✽ ✵✳✼✹✾ ✵✳✻✾✶ ✵✳✻✸✽ ✵✳✼✹✾
❛❣❡ ✶✳✵✼✾ ✶✳✵✼✻ ✶✳✵✽✸ ✶✳✵✼✾ ✶✳✵✼✻ ✶✳✵✽✸
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P♦✐ss♦♥ ❛♥❞ ❈♦① ♠♦❞❡❧

❚❤❡ ❝r✉❞❡ P♦✐ss♦♥ ♠♦❞❡❧ ✐s ❛ ❈♦①✲♠♦❞❡❧ ✇✐t❤ t❤❡ ✭q✉✐t❡ ❜r✉t❛❧✮
❛ss✉♠♣t✐♦♥ t❤❛t ❜❛s❡❧✐♥❡ r❛t❡ ✐s ❝♦♥st❛♥t ♦✈❡r t✐♠❡✳

❇✉t r❡s✉❧ts ❛r❡ s✐♠✐❧❛r✿

❃ r♦✉♥❞✭❝❜✐♥❞✭❝✐✳❡①♣✭❝▲✮✱
✰ ❝✐✳❡①♣✭♣▲✮❬✲✶✱❪✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪ ❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
s❡①❋ ✵✳✻✽✵ ✵✳✻✷✽ ✵✳✼✸✻ ✵✳✻✾✶ ✵✳✻✸✽ ✵✳✼✹✾
❛❣❡ ✶✳✵✽✸ ✶✳✵✼✾ ✶✳✵✽✼ ✶✳✵✼✾ ✶✳✵✼✻ ✶✳✵✽✸
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❇❛s❡❧✐♥❡ ❤❛③❛r❞✿ s♣❧✐tt✐♥❣ t✐♠❡

❃ ❙❧ ❁✲ s♣❧✐t▼✉❧t✐✭▲❧✱ t❢❞ ❂ s❡q✭✵✱ ✶✺✱ ✵✳✺✮✮
❃ s✉♠♠❛r②✭▲❧✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ❉▼ ❉❡❛❞ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
❉▼ ✼✹✾✼ ✷✹✾✾ ✾✾✾✻ ✷✹✾✾ ✺✹✷✼✸✳✷✼ ✾✾✾✻

❃ s✉♠♠❛r②✭❙❧✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ❉▼ ❉❡❛❞ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
❉▼ ✶✶✶✶✼✽ ✷✹✾✾ ✶✶✸✻✼✼ ✷✹✾✾ ✺✹✷✼✸✳✷✼ ✾✾✾✻

❲❤❛t ❤❛♣♣❡♥❞❡❞ t♦ ♥♦✳ r❡❝♦r❞s❄

❲❤❛t ❤❛♣♣❡♥❞❡❞ t♦ ❛♠♦✉♥t ♦❢ r✐s❦ t✐♠❡❄

❲❤❛t ❤❛♣♣❡♥❞❡❞ t♦ ♥♦✳ ❡✈❡♥ts❄
❉▼s✉r✈ ✹✽✴ ✶✸✾



❃ ✇❤ ❁✲ ♥❛♠❡s✭▲❧✮❬✶✿✶✵❪ ★ ♥❛♠❡s ♦❢ ✈❛r✐❛❜❧❡s ✐♥ s♦♠❡ ♦r❞❡r
❃ s✉❜s❡t✭▲❧✱ ❧❡①✳✐❞ ❂❂ ✻✮❬✱✇❤❪

❧❡①✳✐❞ ♣❡r t❢❞ ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st s❡① ❞♦❜t❤ ❞♦❞♠ ❞♦❞t❤
✻ ✷✵✵✼✳✽✾ ✵ ✷✳✵✹ ❉▼ ❉❡❛❞ ❋ ✶✾✷✼✳✽✼ ✷✵✵✼✳✽✾ ✷✵✵✾✳✾✷

❃ s✉❜s❡t✭❙❧✱ ❧❡①✳✐❞ ❂❂ ✻✮❬✱✇❤❪

❧❡①✳✐❞ ♣❡r t❢❞ ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st s❡① ❞♦❜t❤ ❞♦❞♠ ❞♦❞t❤
✻ ✷✵✵✼✳✽✾ ✵✳✵ ✵✳✺✵ ❉▼ ❉▼ ❋ ✶✾✷✼✳✽✼ ✷✵✵✼✳✽✾ ✷✵✵✾✳✾✷
✻ ✷✵✵✽✳✸✾ ✵✳✺ ✵✳✺✵ ❉▼ ❉▼ ❋ ✶✾✷✼✳✽✼ ✷✵✵✼✳✽✾ ✷✵✵✾✳✾✷
✻ ✷✵✵✽✳✽✾ ✶✳✵ ✵✳✺✵ ❉▼ ❉▼ ❋ ✶✾✷✼✳✽✼ ✷✵✵✼✳✽✾ ✷✵✵✾✳✾✷
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♣s ✐s ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❤❛③❛r❞ s♦ ✇❡ ❝❛♥ ♣r❡❞✐❝t t❤❡ ❜❛s❡❧✐♥❡ ❤❛③❛r❞ ❛t
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❲❡ ❝❛♥ ♦✈❡r✲♣❧♦t ✇✐t❤ t❤❡ ♣r❡❞✐❝t❡❞ r❛t❡s ❢r♦♠ t❤❡ ♠♦❞❡❧ ✇❤❡r❡
♠♦rt❛❧✐t② r❛t❡s ❛r❡ ❝♦♥st❛♥t✱ t❤❡ ♦♥❧② ❝❤❛♥❣❡ ✐s t❤❡ ♠♦❞❡❧ ✭♣❝
✐♥st❡❛❞ ♦❢ ♣s✮✿
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S(t) = ❡①♣(−

∫ t
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λ(u) du)

❙✐♠♣❧❡✱ ❜✉t t❤❡ ❈■ ❢♦r S(t) ♥♦t s♦ s✐♠♣❧❡✳ ✳ ✳
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t✐♠❡ ♣♦✐♥ts✿

❃ ♠❛ts❤❛❞❡✭♣r❢✩t❢❞✱ ❝✐✳s✉r✈✭♣s✱ ♣r❢✱ ✐♥t❧ ❂ ✵✳✷✮✱
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❃ ★ ❤❛③❛r❞ s❝❛❧❡
❃ ♠❛ts❤❛❞❡✭♣r❢✩t❢❞✱ ❝✐✳♣r❡❞✭♣s✱ ♣r❢✮✱
✰ ♣❧♦t ❂ ❚❘❯❊✱ ❧♦❣ ❂ ✧②✧✱ ❧✇❞ ❂ ✸✮
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❃ ★
❃ ★ s✉r✈✐✈❛❧
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✰ ❝♦❧ ❂ ✧❢♦r❡st❣r❡❡♥✧✱ ❧✇❞ ❂ ✸✱ ❝♦♥❢✳✐♥t ❂ ❋❆▲❙❊✮
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❑✲▼ ❡st✐♠❛t♦r ❛♥❞ s♠♦♦t❤ P♦✐ss♦♥ ♠♦❞❡❧

❑❛♣❧❛♥✲▼❡✐❡r ❡st✐♠❛t♦r ❝♦♠♣❛r❡❞ t♦ s✉r✈✐✈❛❧ ❢r♦♠ ❝♦rr❡s♣♦♥❞✐♥❣
P♦✐ss♦♥✲♠♦❞❡❧✱ ✇❤✐❝❤ ✐s t❤❡ ♠♦❞❡❧ ✇✐t❤ t✐♠❡ ❢r♦♠ ❞✐❛❜❡t❡s ✭t❢❞✮ ❛s
t❤❡ ♦♥❧② ❝♦✈❛r✐❛t❡✿

❃ ♣❛r✭♠❢r♦✇❂❝✭✶✱✷✮✮
❃ ♣❦ ❁✲ ❣❧♠✭❝❜✐♥❞✭❧❡①✳❳st ❂❂ ✧❉❡❛❞✧✱
✰ ❧❡①✳❞✉r✮ ⑦ ◆s✭t❢❞✱ ❦♥♦ts ❂ s❡q✭✵✱ ✶✷✱ ✹✮✮✱
✰ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✱
✰ ❞❛t❛ ❂ ❙❧✮
❃ ★ ❤❛③❛r❞
❃ ♠❛ts❤❛❞❡✭♣r❢✩t❢❞✱ ❝✐✳♣r❡❞✭♣❦✱ ♣r❢✮✱
✰ ♣❧♦t ❂ ❚❘❯❊✱ ❧♦❣ ❂ ✧②✧✱ ❧✇❞ ❂ ✸✱ ②❧✐♠ ❂ ❝✭✵✳✵✶✱✵✳✷✮✮
❃ ★ s✉r✈✐✈❛❧ ❢r♦♠ s♠♦♦t❤ ♠♦❞❡❧
❃ ♠❛ts❤❛❞❡✭♣r❢✩t❢❞✱ ❝✐✳s✉r✈✭♣❦✱ ♣r❢✱ ✐♥t❧ ❂ ✵✳✷✮ ✱
✰ ♣❧♦t ❂ ❚❘❯❊✱ ❧✇❞ ❂ ✸✱ ②❧✐♠ ❂ ✵✿✶✮
❃ ★ ❑✲▼ ❡st✐♠❛t♦r
❃ ❧✐♥❡s✭❦♠✱ ❧✇❞ ❂ ✶✱ ❝♦❧ ❂ ✧❢♦r❡st❣r❡❡♥✧✮
❃ ❧✐♥❡s✭❦♠✱ ❧✇❞ ❂ ✷✱ ❝♦❧ ❂ ✧❢♦r❡st❣r❡❡♥✧✱ ❝♦♥❢✐♥t ❂ ❋❆▲❙❊✮
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❲❡ ❝❛♥ ❡①♣❧♦r❡ ❤♦✇ t❤❡ t✐❣❤t♥❡ss ♦❢ t❤❡ ❦♥♦ts ✐♥ t❤❡ s♠♦♦t❤ ♠♦❞❡❧
✐♥✢✉❡♥❝❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❤❛③❛r❞ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥✿

❃ ③③ ❁✲ ❢✉♥❝t✐♦♥✭❞❦✮ ★ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❦♥♦ts
✰ ④
✰ ♣❛r✭♠❢r♦✇❂❝✭✶✱✷✮✮
✰ ❦♥ ❁✲ s❡q✭✵✱ ✶✷✱ ❞❦✮
✰ ♣❦ ❁✲ ❣❧♠✭❝❜✐♥❞✭❧❡①✳❳st ❂❂ ✧❉❡❛❞✧✱
✰ ❧❡①✳❞✉r✮ ⑦ ◆s✭t❢❞✱ ❦♥♦ts ❂ ❦♥✮✱
✰ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✱
✰ ❞❛t❛ ❂ ❙❧✮
✰ ♠❛ts❤❛❞❡✭♣r❢✩t❢❞✱ ❝✐✳♣r❡❞✭♣❦✱ ♣r❢✮✱
✰ ♣❧♦t ❂ ❚❘❯❊✱ ❧♦❣ ❂ ✧②✧✱ ❧✇❞ ❂ ✸✱ ②❧✐♠ ❂ ❝✭✵✳✵✶✱✶✮✮
✰ r✉❣✭❦♥✱ ❧✇❞❂✷✮
✰
✰ ♠❛ts❤❛❞❡✭♣r❢✩t❢❞✱ ❝✐✳s✉r✈✭♣❦✱ ♣r❢✱ ✐♥t❧ ❂ ✵✳✷✮ ✱
✰ ♣❧♦t ❂ ❚❘❯❊✱ ❧✇❞ ❂ ✷✱ ②❧✐♠ ❂ ❝✭✵✳✹✱ ✶✮✮
✰ ❧✐♥❡s✭❦♠✱ ❧✇❞ ❂ ✷✱ ❝♦❧ ❂ ✧❢♦r❡st❣r❡❡♥✧✮
✰ ⑥
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❙✉r✈✐✈❛❧ ❛♥❛❧②s✐s s✉♠♠❛r②

▶ ✶ t♦ ✶ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥
▶ ❤❛③❛r❞ ❢✉♥❝t✐♦♥ ✰ st❛rt✐♥❣ ♣♦✐♥t
▶ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥

▶ ❑✲▼ ❛♥❞ ❈♦① ✉s❡ ❛ ✈❡r② ❞❡t❛✐❧❡❞ ❜❛s❡❧✐♥❡ ❤❛③❛r❞ ✭❛♥❞ ♦♠✐ts ✐t✮

▶ ❙♠♦♦t❤ ♣❛r❛♠❡tr✐❝ ❤❛③❛r❞ ❢✉♥❝t✐♦♥ ♠♦r❡ ❝r❡❞✐❜❧❡✿
▶ ❉❡✜♥❡ ▲❡①✐s ♦❜❥❡❝t
▶ ❙♣❧✐t ❛❧♦♥❣ t✐♠❡
▶ ❋✐t P♦✐ss♦♥ ♠♦❞❡❧✿ s♠♦♦t❤ ❡✛❡❝t ♦❢ t✐♠❡
▶ ❉❡✜♥❡ ♣r❡❞✐❝t✐♦♥ ❞❛t❛ ❢r❛♠❡
▶ ❝✐✳♣r❡❞ t♦ ❣❡t ❜❛s❡❧✐♥❡ r❛t❡s
▶ ❝✐✳s✉r✈ t♦ ❣❡t ❜❛s❡❧✐♥❡ s✉r✈✐✈❛❧
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❃ ❞❛t❛✭❉▼❧❛t❡✮
❃ ❉▼❧❛t❡ ❁✲ ♠✉t❛t❡✭s✉❜s❡t✭❉▼❧❛t❡✱ ❞♦❞♠ ❁ ❞♦①✮✱ ❛❣❡ ❂ ❞♦❞♠ ✲ ❞♦❜t❤✮
❃ ▲① ❁✲ ▲❡①✐s✭❡①✐t ❂ ❧✐st✭t❢❞ ❂ ❞♦① ✲ ❞♦❞♠✮✱ ★ t❢❞ ❛t ❡①✐t
✰ ❡①✐t✳st❛t✉s ❂ ❢❛❝t♦r✭✦✐s✳♥❛✭❞♦❞t❤✮✮✱ ★ st❛t✉s ❛t ❡①✐t t✐♠❡
✰ ❞❛t❛ ❂ ❉▼❧❛t❡✮
❃ s▲ ❁✲ s♣❧✐t▼✉❧t✐✭▲①✱ t❢❞ ❂ s❡q✭✵✱ ✶✺✱ ✶✴✶✷✮✮

❙♠♦♦t❤ ♣❛r❛♠❡tr✐❝ ❤❛③❛r❞ ❢✉♥❝t✐♦♥
❃ ♠✵ ❁✲ ❣❧♠✳▲❡①✐s✭s▲✱ ⑦ ◆s✭t❢❞✱ ❦♥♦ts ❂ s❡q✭✵✱ ✶✹✱ ✱ ✺✮✮ ✰ s❡① ✰ ❛❣❡✮

Pr❡❞✐❝t✐♦♥ ❞❛t❛ ❢r❛♠❡
❃ ♥❞ ❁✲ ❞❛t❛✳❢r❛♠❡✭t❢❞ ❂ s❡q✭✵✱ ✶✺✱ ✶✴✶✵✮✱ s❡① ❂ ✧▼✧✱ ❛❣❡ ❂ ✻✺✮

Pr❡❞✐❝t❡❞ r❛t❡s ❛♥❞ s✉r✈✐✈❛❧
❃ r❛t❡ ❁✲ ❝✐✳♣r❡❞✭♠✵✱ ♥❞✮ ★ r❛t❡s ♣❡r ②❡❛r
❃ s✉r✈ ❁✲ ❝✐✳s✉r✈✭♠✵✱ ♥❞✱ ✐♥t ❂ ✶✴✶✵✮

P❧♦t t❤❡ r❛t❡s ❛♥❞ t❤❡ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥
❃ ♠❛ts❤❛❞❡✭♥❞✩t❢❞✱ r❛t❡✱ ❧♦❣ ❂ ✧②✧✱ ♣❧♦t ❂ ❚❘❯❊✮
❃ ♠❛ts❤❛❞❡✭♥❞✩t❢❞✱ s✉r✈✱ ②❧✐♠ ❂ ❝✭✵✱ ✶✮✱ ♣❧♦t ❂ ❚❘❯❊✮

❊①❡r❝✐s❡s ✹✱ ✺
❉▼s✉r✈ ✻✾✴ ✶✸✾

❈♦♠♣❡t✐♥❣ r✐s❦s

❡st✐♠❛t✐♦♥

❙✉r✈✐✈❛❧✱ ♠♦rt❛❧✐t②✱
❝♦♠♣❡t✐♥❣ r✐s❦s ❛♥❞
❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡
❊❉❊● ✷✵✷✺ ✴ ❯♠❡å ❯♥✐✈❡rs✐t②✱✶✼ ▼❛② ✷✵✷✺

❤tt♣✿✴✴❜❡♥❞✐①❝❛rst❡♥s❡♥✳❝♦♠✴❆❞✈❈♦❤✴❝♦✉rs❡s✴❯♠✲✷✵✷✺✴ ❝♠♣r

▲❡①✐s ♦❜❥❡❝t ❢r♦♠ ❉▼ t♦ ❉❡❛t❤

❃ ❞❛t❛✭❉▼❧❛t❡✮
❃ ❞❧ ❁✲ ♠✉t❛t❡✭❉▼❧❛t❡✱ ❞♦❢✐♥ ❂ ♣♠✐♥✭❞♦❞t❤✱ ❞♦✐♥s✱ ❞♦①✱ ♥❛✳r♠ ❂ ❚❘❯❊✮✱
✰ ①st❛t ❂ ❢❛❝t♦r✭❝❛s❡❴✇❤❡♥✭❞♦❢✐♥ ❂❂ ❞♦❞t❤ ⑦ ✧❉❡❛❞✧✱
✰ ❞♦❢✐♥ ❂❂ ❞♦✐♥s ⑦ ✧■♥s✧✱
✰ ❚❘❯❊ ⑦ ✧❉▼✧✮✱
✰ ❧❡✈❡❧s ❂ ❝✭✧❉▼✧✱ ✧■♥s✧✱ ✧❉❡❛❞✧✮✮✮
❃ ▲❞♠ ❁✲ ▲❡①✐s✭❡①✐t ❂ ❧✐st✭t❢❞ ❂ ❞♦❢✐♥ ✲ ❞♦❞♠✮✱
✰ ❡①✐t✳st❛t✉s ❂ ①st❛t✱
✰ ❞❛t❛ ❂ ❞❧✮

◆❖❚❊✿ ❡♥tr②✳st❛t✉s ❤❛s ❜❡❡♥ s❡t t♦ ✧❉▼✧ ❢♦r ❛❧❧✳
◆❖❚❊✿ ❡♥tr② ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✵ ♦♥ t❤❡ t❢❞ t✐♠❡s❝❛❧❡✳
◆❖❚❊✿ ❉r♦♣♣✐♥❣ ✶✵✶ r♦✇s ✇✐t❤ ❞✉r❛t✐♦♥ ♦❢ ❢♦❧❧♦✇ ✉♣ ❁ t♦❧

❃ s✉♠♠❛r②✭▲❞♠✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ❉▼ ■♥s ❉❡❛❞ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
❉▼ ✻✶✺✼ ✶✻✾✹ ✷✵✹✽ ✾✽✾✾ ✸✼✹✷ ✹✺✽✽✺✳✹✾ ✾✽✾✾

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✼✵✴ ✶✸✾

Pr♦❞✉❝❡ ❣r❛♣❤✐❝❛❧ ♦✈❡r✈✐❡✇ ♦❢ ❋❯
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S(t) = ❡①♣

(

−

∫

t

0

λ(u) + µ(u) du
)

RDead(t) =

∫

t

0

µ(u)S(u) du

RIns(t) =

∫

t

0

λ(u)S(u) du)

=

∫

t

0

λ(u)❡①♣
(

−

∫

u

0

λ(s) + µ(s) ds
)

du

S(t) +RIns(t) +RDead(t) = 1, ∀t
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RIns(t) =

∫

t

0

λ(u)S(u) du)

=

∫

t

0

λ(u)❡①♣
(

−

∫

u

0

λ(s) + µ(s) ds
)

du

̸=

∫

t

0

λ(u)❡①♣
(

−

∫

u

0

λ(s) ds
)

du

= 1− ❡①♣

(

−

∫

t

0

λ(s) ds
)

✖ ♥✐❝❡ ❢♦r♠✉❧❛✱ ❜✉t ✇r♦♥❣✦

Pr♦❜❛❜✐❧✐t② ♦❢ ■♥s ❛ss✉♠✐♥❣ ❉❡❛❞ ❞♦❡s ♥♦t ❡①✐st ❛♥❞ r❛t❡ ♦❢ ■♥s ✉♥❝❤❛♥❣❡❞✦

❡①♣

(

−
∫

t

0
λ(s) ds

)

❦♥♦✇♥ ❛s ✏♥❡t s✉r✈✐✈❛❧✑ ♦r ✑❝❛✉s❡ s♣❡❝✐✜❝ s✉r✈✐✈❛❧✑✳ ✳ ✳
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❙✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥ ❛♥❞ ❝✉♠✉❧❛t✐✈❡ r✐s❦s✖❞♦♥✬t

❃ ♠✷ ❁✲ s✉r✈❢✐t✭❙✉r✈✭t❢❞✱
✰ t❢❞ ✰ ❧❡①✳❞✉r✱
✰ ❧❡①✳❳st ❂❂ ✧■♥s✧ ✮ ⑦ ✶✱
✰ ❞❛t❛ ❂ ▲❞♠✮
❃ ▼✷ ❁✲ s✉r✈❢✐t✭❙✉r✈✭t❢❞✱
✰ t❢❞ ✰ ❧❡①✳❞✉r✱
✰ ❧❡①✳❳st ❂❂ ✧❉❡❛❞✧✮ ⑦ ✶✱
✰ ❞❛t❛ ❂ ▲❞♠✮
❃ ♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱✷✮✮
❃ ♠❛t✷♣♦❧✭♠✸✩♣st❛t❡✱ ❝✭✷✱✸✱✶✮✱ ① ❂ ♠✸✩t✐♠❡✱
✰ ❝♦❧ ❂ ❝✭✧r❡❞✧✱ ✧❜❧❛❝❦✧✱ ✧tr❛♥s♣❛r❡♥t✧✮✱
✰ ①❧✐♠❂❝✭✵✱✶✺✮✱ ①❛①s❂✧✐✧✱
✰ ②❛①s ❂ ✧✐✧✱ ①❧❛❜ ❂ ✧t✐♠❡ s✐♥❝❡ ❉▼✧✱ ②❧❛❜ ❂ ✧✧ ✮
❃ ❧✐♥❡s✭♠✷✩t✐♠❡✱ ✶ ✲ ♠✷✩s✉r✈✱ ❧✇❞ ❂ ✸✱ ❝♦❧ ❂ ✧r❡❞✧ ✮
❃ ♠❛t✷♣♦❧✭♠✸✩♣st❛t❡✱ ❝✭✸✱✷✱✶✮✱ ① ❂ ♠✸✩t✐♠❡✱ ②❛①s ❂ ✧✐✧✱
✰ ❝♦❧ ❂ ❝✭✧❜❧❛❝❦✧✱✧r❡❞✧✱✧tr❛♥s♣❛r❡♥t✧✮✱
✰ ①❧✐♠❂❝✭✵✱✶✺✮✱ ①❛①s❂✧✐✧✱
✰ ②❛①s ❂ ✧✐✧✱ ①❧❛❜ ❂ ✧t✐♠❡ s✐♥❝❡ ❉▼✧✱ ②❧❛❜ ❂ ✧✧ ✮
❃ ❧✐♥❡s✭▼✷✩t✐♠❡✱ ✶ ✲ ▼✷✩s✉r✈✱ ❧✇❞ ❂ ✸✱ ❝♦❧ ❂ ✧❜❧❛❝❦✧ ✮
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❈❛✉s❡✲s♣❡❝✐✜❝ r❛t❡s

▶ ❚❤❡r❡ ✐s ♥♦t❤✐♥❣ ✇r♦♥❣ ✇✐t❤ ♠♦❞❡❧✐♥❣ t❤❡ ❝❛✉s❡✲s♣❡❝✐✜❝
❡✈❡♥t✲r❛t❡s✱ t❤❡ ♣r♦❜❧❡♠ ❧✐❡s ✐♥ ❤♦✇ ②♦✉ tr❛♥s❢♦r♠ t❤❡♠ ✐♥t♦
♣r♦❜❛❜✐❧✐t✐❡s✳

▶ ❚❤❡ r❡❧❡✈❛♥t ♠♦❞❡❧ ❢♦r ❛ ❝♦♠♣❡t✐♥❣ r✐s❦s s✐t✉❛t✐♦♥ ♥♦r♠❛❧❧②
❝♦♥s✐sts ♦❢ s❡♣❛r❛t❡ ♠♦❞❡❧s ❢♦r ❡❛❝❤ ♦❢ t❤❡ ❝❛✉s❡✲s♣❡❝✐✜❝ r❛t❡s✳

▶ ❚❤❡s❡ ♠♦❞❡❧s ❤❛✈❡ ♥♦ ❝♦♠♠♦♥ ♣❛r❛♠❡t❡rs ✭❡✛❡❝ts ♦❢ t✐♠❡ ♦r
♦t❤❡r ❝♦✈❛r✐❛t❡s ❛r❡ ♥♦t ❝♦♥str❛✐♥❡❞ t♦ ❜❡ t❤❡ s❛♠❡✮✳

▶ ✳ ✳ ✳ ♥♦t ❢♦r st❛t✐st✐❝❛❧ r❡❛s♦♥s✱ ❜✉t ❢♦r s✉❜st❛♥t✐❛❧ r❡❛s♦♥s✿
✐t ✐s ✉♥❧✐❦❡❧② t❤❛t r❛t❡s ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❡✈❡♥t ✭■♥s✉❧✐♥
✐♥✐t✐❛t✐♦♥ ❛♥❞ ❞❡❛t❤✱ s❛②✮ ❞❡♣❡♥❞ ♦♥ t✐♠❡ ✐♥ t❤❡ s❛♠❡ ✇❛②✳
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❈❛✉s❡✲s♣❡❝✐✜❝ r❛t❡s
❃ ❙❞♠ ❁✲ s♣❧✐t▼✉❧t✐✭▲❞♠✱ t❢❞ ❂ s❡q✭✵✱ ✷✵✱ ✵✳✶✮✮
❃ s✉♠♠❛r②✭▲❞♠✮
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❚♦
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❈❛✉s❡✲s♣❡❝✐✜❝ r❛t❡s
❃ r♦✉♥❞✭❝❜✐♥❞✭
✰ ✇✐t❤✭s✉❜s❡t✭❙❞♠✱ ❧❡①✳❳st ❂❂ ✧■♥s✧ ✮✱ q✉❛♥t✐❧❡✭t❢❞ ✰ ❧❡①✳❞✉r✱ ✵✿✹✴✹✮✮✱
✰ ✇✐t❤✭s✉❜s❡t✭❙❞♠✱ ❧❡①✳❳st ❂❂ ✧❉❡❛❞✧✮✱ q✉❛♥t✐❧❡✭t❢❞ ✰ ❧❡①✳❞✉r✱ ✵✿✹✴✹✮✮✮✱ ✷✮
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❃ ✐❦♥ ❁✲ ❝✭✵✱ ✵✳✺✱ ✸✱ ✶✵✮
❃ ❞❦♥ ❁✲ ❝✭✵✱ ✷✳✵✱ ✺✱ ✾✮
❃ ■♥s✳❣❧♠ ❁✲ ❣❧♠✳▲❡①✐s✭❙❞♠✱ ⑦ ◆s✭t❢❞✱ ❦♥♦ts ❂ ✐❦♥✮✱ t♦ ❂ ✧■♥s✧ ✮

st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t ❙❞♠ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r t❤❡ tr❛♥s✐t✐♦♥✿
❉▼✲❃■♥s

❃ ❉❡❛❞✳❣❧♠ ❁✲ ❣❧♠✳▲❡①✐s✭❙❞♠✱ ⑦ ◆s✭t❢❞✱ ❦♥♦ts ❂ ❞❦♥✮✱ t♦ ❂ ✧❉❡❛❞✧✮

st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t ❙❞♠ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r t❤❡ tr❛♥s✐t✐♦♥✿
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❈❛✉s❡✲s♣❡❝✐✜❝ r❛t❡s

❃ ✐♥t ❁✲ ✵✳✵✶
❃ ♥❞ ❁✲ ❞❛t❛✳❢r❛♠❡✭t❢❞ ❂ s❡q✭✵✱ ✶✺✱ ✐♥t✮✮
❃ ❧✳❣❧♠ ❁✲ ❝✐✳♣r❡❞✭ ■♥s✳❣❧♠✱ ♥❞✮
❃ ♠✳❣❧♠ ❁✲ ❝✐✳♣r❡❞✭❉❡❛❞✳❣❧♠✱ ♥❞✮
❃ ♠❛ts❤❛❞❡✭♥❞✩t❢❞✱
✰ ❝❜✐♥❞✭❧✳❣❧♠✱ ♠✳❣❧♠✮ ✯ ✶✵✵✱
✰ ♣❧♦t ❂ ❚❘❯❊✱
✰ ②❛①s❂✧✐✧✱ ②❧✐♠ ❂ ❝✭✵✱ ✷✵✮✱
✰ ★ ❧♦❣ ❂ ✧②✧✱ ②❧✐♠ ❂ ❝✭✷✱ ✷✵✮✱
✰ ❝♦❧ ❂ r❡♣✭❝✭✧r❡❞✧✱✧❜❧❛❝❦✧✮✱ ✷✮✱ ❧✇❞ ❂ ✸✱
✰ ①❧❛❜ ❂ ✧❚✐♠❡ s✐♥❝❡ ❉▼ ✭②❡❛rs✮✧✱
✰ ②❧❛❜ ❂ ✧❘❛t❡s ♣❡r ✶✵✵ P❨✧✮
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❊①❡r❝✐s❡ ✼✱ ✽
❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✵✴ ✶✸✾

∗ ■♥t❡❣r❛❧s ✇✐t❤ ❘

▶ ■♥t❡❣r❛❧s ❧♦♦❦ s❝❛r② t♦ ♠❛♥② ♣❡♦♣❧❡✱ ❜✉t t❤❡② ❛r❡ r❡❛❧❧② ❥✉st
❛r❡❛s ✉♥❞❡r ❝✉r✈❡s✳

▶ ■♥ ❘✱ ❛ ❝✉r✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ µ(t) ✐s ❛ s❡t ♦❢ t✇♦ ✈❡❝t♦rs✿
♦♥❡ ✈❡❝t♦r ♦❢ ts ❛♥❞ ♦♥❡ ✈❡❝t♦r y = µ(t)s✳

▶ ❲❤❡♥ ✇❡ ❤❛✈❡ ❛ ♠♦❞❡❧ s✉❝❤ ❛s t❤❡ ❣❧♠ ❛❜♦✈❡ t❤❛t ❡st✐♠❛t❡s
t❤❡ ♠♦rt❛❧✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ✭t❢❞✮✱ ✇❡ ❝❛♥ ❣❡t t❤❡
♠♦rt❛❧✐t② ❛s ❛ ❢✉♥t✐♦♥ ♦❢ t✐♠❡ ❜② ✜rst ❝❤♦♦s✐♥❣ t❤❡ t✐♠❡♣♦✐♥ts✱
s❛② ❢r♦♠ ✵ t♦ ✶✺ ②❡❛rs ✐♥ st❡♣s ♦❢ ✵✳✵✶ ②❡❛r ✭≈ 4 ❞❛②s✮

▶ ❯s✐♥❣ ❝✐✳♣r❡❞ ♦♥ t❤✐s ❣✐✈❡s t❤❡ ♣r❡❞✐❝t❡❞ r❛t❡s

▶ ❚❤❡♥ ✉s❡ t❤❡ ❢♦r♠✉❛❧❡ ✇✐t❤ ❛❧❧ t❤❡ ✐♥t❡❣r❛❧s t♦ ❣❡t t❤❡ st❛t❡
♣r♦❜❛❜✐❧✐t✐❡s✳

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✶✴ ✶✸✾

∗ ■♥t❡❣r❛❧s ✇✐t❤ ❘

❃ t ❁✲ s❡q✭✵✱ ✶✺✱ ✵✳✵✶✮
❃ ♥❞ ❁✲ ❞❛t❛✳❢r❛♠❡✭t❢❞ ❂ t✮
❃ ♠✉ ❁✲ ❝✐✳♣r❡❞✭❉❡❛❞✳❣❧♠✱ ♥❞✮❬✱✶❪
❃ ❤❡❛❞✭❝❜✐♥❞✭t✱ ♠✉✮✮

t ♠✉
✶ ✵✳✵✵ ✵✳✵✻✻✽✶✻✼✼
✷ ✵✳✵✶ ✵✳✵✻✻✺✼✵✻✼
✸ ✵✳✵✷ ✵✳✵✻✻✸✷✺✹✾
✹ ✵✳✵✸ ✵✳✵✻✻✵✽✶✷✸
✺ ✵✳✵✹ ✵✳✵✻✺✽✸✼✽✾
✻ ✵✳✵✺ ✵✳✵✻✺✺✾✺✹✼

❃ ♣❧♦t✭t✱ ♠✉✱ t②♣❡❂✧❧✧✱ ❧✇❞ ❂ ✸✱
✰ ①❧✐♠ ❂ ❝✭✵✱ ✼✮✱ ①❛①s ❂ ✧✐✧✱
✰ ②❧✐♠ ❂ ❝✭✵✱ ✵✳✶✮✱ ②❛①s ❂ ✧✐✧✮
❃ ♣♦❧②❣♦♥✭t❬❝✭✶✿✺✵✶✱✺✵✶✿✶✮❪✱ ❝✭♠✉❬✶✿✺✵✶❪✱ r❡♣✭✵✱ ✺✵✶✮✮✱
✰ ❝♦❧ ❂ ✧❣r❛②✧✱ ❜♦r❞❡r ❂ ✧tr❛♥s♣❛r❡♥t✧✮
❃ ❛❜❧✐♥❡✭✈❂✵✿✺✵✴✶✵✱ ❝♦❧❂✧✇❤✐t❡✧✮

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✷✴ ✶✸✾

∗ ■♥t❡❣r❛❧s ✇✐t❤ ❘
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❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✸✴ ✶✸✾

∗ ◆✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ ❘

❃ ♠✐❞ ❁✲ ❢✉♥❝t✐♦♥✭①✮ ①❬✲✶❪ ✲ ❞✐❢❢✭①✮ ✴ ✷
❃ ✭① ❁✲ ❝✭✶✿✺✱ ✼✱ ✶✵✮✮

❬✶❪ ✶ ✷ ✸ ✹ ✺ ✼ ✶✵

❃ ♠✐❞✭①✮

❬✶❪ ✶✳✺ ✷✳✺ ✸✳✺ ✹✳✺ ✻✳✵ ✽✳✺

♠✐❞✭①✮ ✐s ❛ ✈❡❝t♦r t❤❛t ✐s ✶ s❤♦rt❡r t❤❛♥ t❤❡ ✈❡❝t♦r ①✱ ❥✉st ❛s ❞✐❢❢✭①✮ ✐s✳

❙♦ ✐❢ ✇❡ ✇❛♥t t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r t❤❡ ♣❡r✐♦❞ ✵ t♦ ✺ ②❡❛rs✱ ✇❡ ✇❛♥t t❤❡ s✉♠ ♦✈❡r t❤❡
✜rst ✺✵✵ ✐♥t❡r✈❛❧s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜rst ✺✵✶ ✐♥t❡r✈❛❧ ❡♥❞♣♦✐♥ts✿

❃ ❝❜✐♥❞✭❞✐❢❢✭t✮✱ ♠✐❞✭♠✉✮✮❬✶✿✺✱❪

❬✱✶❪ ❬✱✷❪
✷ ✵✳✵✶ ✵✳✵✻✻✻✾✸✼✷
✸ ✵✳✵✶ ✵✳✵✻✻✹✹✽✵✽
✹ ✵✳✵✶ ✵✳✵✻✻✷✵✸✸✻
✺ ✵✳✵✶ ✵✳✵✻✺✾✺✾✺✻
✻ ✵✳✵✶ ✵✳✵✻✺✼✶✻✻✽

❃ s✉♠✭❞✐❢❢✭t❬✶✿✺✵✶❪✮ ✯ ♠✐❞✭♠✉❬✶✿✺✵✶❪✮✮

❬✶❪ ✵✳✷✵✽✺✶✽✽

❙♦ ♥♦✇ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ ✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❝✉♠✉❧❛t✐✈❡ r❛t❡ ♦✈❡r

t❤❡ ✐♥t❡r✈❛❧ ②❡❛rs✳

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✹✴ ✶✸✾

∗ ◆✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ ❘

■♥ ♣r❛❝t✐❝❡ ✇❡ ✇✐❧❧ ✇❛♥t t❤❡ ✐♥t❡❣r❛❧ ❢✉♥❝t✐♦♥ ♦❢ µ✱ s♦ ❢♦r ❡✈❡r② t ✇❡ ✇❛♥t
M(t) =

∫

t

0
µ(s) d(s)✳ ❚❤✐s ✐s ❡❛s✐❧② ❛❝❝♦♠♣❧✐s❤❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ ❝✉♠s✉♠✿

❃ ▼✉ ❁✲ ❝✭✵✱ ❝✉♠s✉♠✭❞✐❢❢✭t✮ ✯ ♠✐❞✭♠✉✮✮✮
❃ ❤❡❛❞✭❝❜✐♥❞✭t✱ ▼✉✮✮

t ▼✉
✵✳✵✵ ✵✳✵✵✵✵✵✵✵✵✵✵

✷ ✵✳✵✶ ✵✳✵✵✵✻✻✻✾✸✼✷
✸ ✵✳✵✷ ✵✳✵✵✶✸✸✶✹✶✽✵
✹ ✵✳✵✸ ✵✳✵✵✶✾✾✸✹✺✶✻
✺ ✵✳✵✹ ✵✳✵✵✷✻✺✸✵✹✼✷
✻ ✵✳✵✺ ✵✳✵✵✸✸✶✵✷✶✹✶

◆♦t❡ t❤❡ ✜rst ✈❛❧✉❡ ✇❤✐❝❤ ✐s t❤❡ ✐♥t❡❣r❛❧ ❢r♦♠ ✵ t♦ ✵✱ s♦ ❜② ❞❡✜♥✐t✐♦♥ ✵✳

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✺✴ ✶✸✾

❈✉♠✉❧❛t✐✈❡ r✐s❦s ❢r♦♠ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s

■❢ ✇❡ ❤❛✈❡ ❡st✐♠❛t❡s ♦❢ λ ❛♥❞ µ ❛s ❢✉♥❝t✐♦♥s ♦❢ t✐♠❡✱ ✇❡ ❝❛♥ ❞❡r✐✈❡
t❤❡ ❝✉♠✉❧❛t✐✈❡ r✐s❦s✳

■♥ ♣r❛❝t✐❝❡ t❤✐s ✇✐❧❧ ❜❡ ❜② ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥❀ ❝♦♠♣✉t❡ t❤❡ r❛t❡s ❛t
❝❧♦s❡❧② s♣❛❝❡❞ ✐♥t❡r✈❛❧s ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ ✐♥t❡❣r❛❧s ❛s s✉♠s✳ ❚❤✐s ✐s
❡❛s②✳

❲❤❛t ✐s ♥♦t s♦ ❡❛s② ✐s t♦ ❝♦♠❡ ✉♣ ✇✐t❤ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r t❤❡
❝✉♠✉❧❛t✐✈❡ r✐s❦s✳

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✻✴ ✶✸✾

❙✐♠✉❧❛t✐♦♥ ♦❢ ❝✉♠✉❧❛t✐✈❡ r✐s❦s✿ ❝✐✳❈r✐s❦

✶✳ ❛ r❛♥❞♦♠ ✈❡❝t♦r ❢r♦♠ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤
▶ ♠❡❛♥ ❡q✉❛❧ t♦ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧✱
▶ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ❡q✉❛❧ t♦ t❤❡ ❡st✐♠❛t❡❞ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡

♣❛r❛♠❡t❡r ❡st✐♠❛t❡s

✷✳ ✉s❡ t❤✐s t♦ ❣❡♥❡r❛t❡ ❛ s✐♠✉❧❛t❡❞ s❡t ♦❢ r❛t❡s ✭λ(t)✱ µ(t)✮✱
❡✈❛❧✉❛t❡❞ ❛ ❝❧♦s❡❧② s♣❛❝❡❞ t✐♠❡s

✸✳ ❞❡r✐✈❡ st❛t❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛t t❤❡s❡ t✐♠❡s ❜② ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥
✹✳ r❡♣❡❛t t♦ ♦❜t❛✐♥✱ s❛②✱ ✶✵✵✵ s❡ts ♦❢ st❛t❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛t t❤❡s❡

t✐♠❡s
✺✳ ❞❡r✐✈❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r t❤❡ st❛t❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛s t❤❡ ✷✳✺

❛♥❞ ✾✼✳✺ ♣❡r❝❡♥t✐❧❡s ♦❢ t❤❡ st❛t❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛t ❡❛❝❤ t✐♠❡

❚❤✐s ♠❛❝❤✐♥❡r② ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❢✉♥❝t✐♦♥ ❝✐✳❈r✐s❦ ✐♥ ❊♣✐
❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✼✴ ✶✸✾



❈✉♠✉❧❛t✐✈❡ r✐s❦s ❢r♦♠ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s

❃ ❝❘ ❁✲ ❝✐✳❈r✐s❦✭♠♦❞s ❂ ❧✐st✭■♥s ❂ ■♥s✳❣❧♠✱
✰ ❉❡❛❞ ❂ ❉❡❛❞✳❣❧♠✮✱
✰ ♥❞ ❂ ♥❞✮

◆❖❚❊✿ ❚✐♠❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥ t❤❡ ❝♦❧✉♠♥ t❢❞ ❛t ❡q✉❛❧ ❞✐st❛♥❝❡s ♦❢ ✵✳✵✶

❃ str✭❝❘✮

▲✐st ♦❢ ✹
✩ ❈r✐s❦✿ ♥✉♠ ❬✶✿✶✺✵✶✱ ✶✿✸✱ ✶✿✸❪ ✶ ✵✳✾✾✼ ✵✳✾✾✸ ✵✳✾✾ ✵✳✾✽✼ ✳✳✳
✳✳✲ ❛ttr✭✯✱ ✧❞✐♠♥❛♠❡s✧✮❂▲✐st ♦❢ ✸
✳✳ ✳✳✩ t❢❞ ✿ ❝❤r ❬✶✿✶✺✵✶❪ ✧✵✧ ✧✵✳✵✶✧ ✧✵✳✵✷✧ ✧✵✳✵✸✧ ✳✳✳
✳✳ ✳✳✩ ❝❛✉s❡✿ ❝❤r ❬✶✿✸❪ ✧❙✉r✈✧ ✧■♥s✧ ✧❉❡❛❞✧
✳✳ ✳✳✩ ✿ ❝❤r ❬✶✿✸❪ ✧✺✵✪✧ ✧✷✳✺✪✧ ✧✾✼✳✺✪✧
✩ ❙r✐s❦✿ ♥✉♠ ❬✶✿✶✺✵✶✱ ✶✿✷✱ ✶✿✸❪ ✵ ✵✳✵✵✵✻✻✻ ✵✳✵✵✶✸✷✽ ✵✳✵✵✶✾✽✺ ✵✳✵✵✷✻✸✼ ✳✳✳
✳✳✲ ❛ttr✭✯✱ ✧❞✐♠♥❛♠❡s✧✮❂▲✐st ♦❢ ✸
✳✳ ✳✳✩ t❢❞ ✿ ❝❤r ❬✶✿✶✺✵✶❪ ✧✵✧ ✧✵✳✵✶✧ ✧✵✳✵✷✧ ✧✵✳✵✸✧ ✳✳✳
✳✳ ✳✳✩ ❝❛✉s❡✿ ❝❤r ❬✶✿✷❪ ✧❉❡❛❞✧ ✧❉❡❛❞✰■♥s✧
✳✳ ✳✳✩ ✿ ❝❤r ❬✶✿✸❪ ✧✺✵✪✧ ✧✷✳✺✪✧ ✧✾✼✳✺✪✧
✩ ❙t✐♠❡✿ ♥✉♠ ❬✶✿✶✺✵✶✱ ✶✿✸✱ ✶✿✸❪ ✵ ✵✳✵✵✾✾✽ ✵✳✵✶✾✾✸ ✵✳✵✷✾✽✺ ✵✳✵✸✾✼✹ ✳✳✳
✳✳✲ ❛ttr✭✯✱ ✧❞✐♠♥❛♠❡s✧✮❂▲✐st ♦❢ ✸
✳✳ ✳✳✩ t❢❞ ✿ ❝❤r ❬✶✿✶✺✵✶❪ ✧✵✧ ✧✵✳✵✶✧ ✧✵✳✵✷✧ ✧✵✳✵✸✧ ✳✳✳
✳✳ ✳✳✩ ❝❛✉s❡✿ ❝❤r ❬✶✿✸❪ ✧❙✉r✈✧ ✧■♥s✧ ✧❉❡❛❞✧
✳✳ ✳✳✩ ✿ ❝❤r ❬✶✿✸❪ ✧✺✵✪✧ ✧✷✳✺✪✧ ✧✾✼✳✺✪✧
✩ t✐♠❡ ✿ ♥✉♠ ❬✶✿✶✺✵✶❪ ✵ ✵✳✵✶ ✵✳✵✷ ✵✳✵✸ ✵✳✵✹ ✵✳✵✺ ✵✳✵✻ ✵✳✵✼ ✵✳✵✽ ✵✳✵✾ ✳✳✳
✲ ❛ttr✭✯✱ ✧✐♥t✧✮❂ ♥✉♠ ✵✳✵✶

❚❤❡r❡ ❛r❡ ✹ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r❡s✉❧ts✱ t❤❡ t❤r❡❡ ✜rst ❛r❡ s✐♠♣❧②
❛rr❛②s ✇✐t❤ ✷ ♦r ✸ ❢✉♥❝t✐♦♥s ♦❢ t✐♠❡ ✇✐t❤ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✽✴ ✶✸✾

❈✉♠✉❧❛t✐✈❡ r✐s❦s ❢r♦♠ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s

❙♦ ♥♦✇ ♣❧♦t t❤❡ ❝✉♠✉❧❛t✐✈❡ r✐s❦s ♦❢ ❜❡✐♥❣ ✐♥ ❡❛❝❤ ♦❢ t❤❡ st❛t❡s ✭t❤❡
❈r✐s❦ ❝♦♠♣♦♥❡♥t✮✿

❃ ♠❛ts❤❛❞❡✭❛s✳♥✉♠❡r✐❝✭❞✐♠♥❛♠❡s✭❝❘✩❈r✐s❦✮❬❬✶❪❪✮✱
✰ ❝❜✐♥❞✭❝❘✩❈r✐s❦❬✱✶✱❪✱
✰ ❝❘✩❈r✐s❦❬✱✷✱❪✱
✰ ❝❘✩❈r✐s❦❬✱✸✱❪✮✱ ♣❧♦t ❂ ❚❘❯❊✱
✰ ❧✇❞ ❂ ✷✱ ②❛①s ❂ ✧✐✧✱ ❝♦❧ ❂ ❝✭✧❧✐♠❡❣r❡❡♥✧✱✧r❡❞✧✱✧❜❧❛❝❦✧✮✮

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✾✾✴ ✶✸✾

❙✉r✈✐✈❛❧ ❛♥❞ ❝✉♠✉❧❛t✐✈❡ r✐s❦ ❢✉♥❝t✐♦♥s
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❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✶✵✵✴ ✶✸✾

❙t❛❝❦❡❞ ♣r♦❜❛❜✐❧✐t✐❡s✿ ✭♠❛tr✐① ✷ ♣♦❧②❣♦♥s✮

❃ ♠❛t✷♣♦❧✭❝❘✩❈r✐s❦❬✱✸✿✶✱✶❪✱ ②❛①s ❂ ✧✐✧✱
✰ ❝♦❧ ❂ ❝✭✧❢♦r❡st❣r❡❡♥✧✱✧r❡❞✧✱✧❜❧❛❝❦✧✮❬✸✿✶❪✮

✶st ❛r❣✉♠❡♥t t♦ ♠❛t✷♣♦❧ ♠✉st ❜❡ ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ ♠❛tr✐①✱ ✇✐t❤ r♦✇s
r❡♣r❡s❡♥t✐♥❣ t❤❡ x✲❛①✐s ♦❢ t❤❡ ♣❧♦t✱ ❛♥❞ ❝♦❧✉♠♥s st❛t❡s✳

❚❤❡ ❝♦♠♣♦♥❡♥t ❙r✐s❦ ❤❛s t❤❡ ❝♦♥✜❞❡♥❝❡ ❧✐♠✐ts ♦❢ t❤❡ st❛❝❦❡❞
♣r♦❜❛❜✐❧✐t✐❡s✿

❃ ♠❛t✷♣♦❧✭❝❘✩❈r✐s❦❬✱✸✿✶✱✶❪✱ ②❛①s ❂ ✧✐✧✱
✰ ❝♦❧ ❂ ❝✭✧❢♦r❡st❣r❡❡♥✧✱✧r❡❞✧✱✧❜❧❛❝❦✧✮❬✸✿✶❪✮
❃ ♠❛t❧✐♥❡s✭❛s✳♥✉♠❡r✐❝✭❞✐♠♥❛♠❡s✭❝❘✩❙r✐s❦✮❬❬✶❪❪✮✱
✰ ❝❜✐♥❞✭❝❘✩❙r✐s❦❬✱✧❉❡❛❞✧ ✱✷✿✸❪✱
✰ ❝❘✩❙r✐s❦❬✱✧❉❡❛❞✰■♥s✧✱✷✿✸❪✮✱
✰ ❧t② ❂ ✧✸✷✧✱ ❧✇❞ ❂ ✶✱ ❝♦❧ ❂ ❣r❛②✭✵✳✼✮✮

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✶✵✶✴ ✶✸✾

❙✉r✈✐✈❛❧ ❛♥❞ ❝✉♠✉❧❛t✐✈❡ r✐s❦ ❢✉♥❝t✐♦♥s
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❊①♣❡❝t❡❞ ❧✐❢❡ t✐♠❡✿ ✉s✐♥❣ s✐♠✉❧❛t❡❞ ♦❜❥❡❝ts

❚❤❡ ❛r❡❛s ❜❡t✇❡❡♥ t❤❡ ❧✐♥❡s ✭✉♣ t♦ s❛② ✶✵ ②❡❛rs✮ ❛r❡ ❡①♣❡❝t❡❞
s♦❥♦✉r♥ t✐♠❡s✱ t❤❛t ✐s✿

▶ ❡①♣❡❝t❡❞ ②❡❛rs ❛❧✐✈❡ ✇✐t❤♦✉t ■♥s

▶ ❡①♣❡❝t❡❞ ②❡❛rs ❧♦st t♦ ❞❡❛t❤ ✇✐t❤♦✉t ■♥s

▶ ❡①♣❡❝t❡❞ ②❡❛rs ❛❢t❡r ■♥s✱ ✐♥❝❧✉❞✐♥❣ ②❡❛rs ❞❡❛❞ ❛❢t❡r ■♥s

◆♦t ❛❧❧ ♦❢ ❞✐r❡❝t r❡❧❡✈❛♥❝❡❀ ❛❝t✉❛❧❧② ♦♥❧② t❤❡ ✜rst ♠❛② ❜❡ s♦✳

❚❤❡② ❛r❡ ❛✈❛✐❧❛❜❧❡ ✭✇✐t❤ s✐♠✉❧❛t✐♦♥✲❜❛s❡❞ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✮ ✐♥ t❤❡
❝♦♠♣♦♥❡♥t ♦❢ ❝❘✱ ❙t✐♠❡ ✭❙♦❥♦✉r♥ t✐♠❡✮✳

❊①❡r❝✐s❡ ✾

❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✶✵✸✴ ✶✸✾

❊①♣❡❝t❡❞ ❧✐❢❡ t✐♠❡✿ ✉s✐♥❣ s✐♠✉❧❛t❡❞ ♦❜❥❡❝ts

❆ r❡❧❡✈❛♥t q✉❛♥t✐t② ✇♦✉❧❞ ❜❡ t❤❡ ❡①♣❡❝t❡❞ t✐♠❡ ❛❧✐✈❡ ✇✐t❤♦✉t ■♥s
❞✉r✐♥❣ t❤❡ ✜rst ✺✱ ✶✵ ❛♥❞ ✶✺ ②❡❛rs✿

❃ str✭❝❘✩❙t✐♠❡✮

♥✉♠ ❬✶✿✶✺✵✶✱ ✶✿✸✱ ✶✿✸❪ ✵ ✵✳✵✵✾✾✽ ✵✳✵✶✾✾✸ ✵✳✵✷✾✽✺ ✵✳✵✸✾✼✹ ✳✳✳
✲ ❛ttr✭✯✱ ✧❞✐♠♥❛♠❡s✧✮❂▲✐st ♦❢ ✸
✳✳✩ t❢❞ ✿ ❝❤r ❬✶✿✶✺✵✶❪ ✧✵✧ ✧✵✳✵✶✧ ✧✵✳✵✷✧ ✧✵✳✵✸✧ ✳✳✳
✳✳✩ ❝❛✉s❡✿ ❝❤r ❬✶✿✸❪ ✧❙✉r✈✧ ✧■♥s✧ ✧❉❡❛❞✧
✳✳✩ ✿ ❝❤r ❬✶✿✸❪ ✧✺✵✪✧ ✧✷✳✺✪✧ ✧✾✼✳✺✪✧

❃ r♦✉♥❞✭❝❘✩❙t✐♠❡❬❝✭✧✺✧✱✧✶✵✧✱✧✶✺✧✮✱✧❙✉r✈✧✱❪✱ ✶✮

t❢❞ ✺✵✪ ✷✳✺✪ ✾✼✳✺✪
✺ ✹✳✶ ✹✳✵ ✹✳✶
✶✵ ✼✳✵ ✻✳✾ ✼✳✵
✶✺ ✽✳✽ ✽✳✼ ✽✳✾

❊①❡r❝✐s❡ ✶✵✱ ✶✶ ✭❛♥❞ ✶✷✮
❈♦♠♣❡t✐♥❣ r✐s❦s ✭❝♠♣r✮ ✶✵✹✴ ✶✸✾

❘▼❙❚

s✐♠✉❧❛t✐♦♥

❙✉r✈✐✈❛❧✱ ♠♦rt❛❧✐t②✱
❝♦♠♣❡t✐♥❣ r✐s❦s ❛♥❞
❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡
❊❉❊● ✷✵✷✺ ✴ ❯♠❡å ❯♥✐✈❡rs✐t②✱✶✼ ▼❛② ✷✵✷✺

❤tt♣✿✴✴❜❡♥❞✐①❝❛rst❡♥s❡♥✳❝♦♠✴❆❞✈❈♦❤✴❝♦✉rs❡s✴❯♠✲✷✵✷✺✴ r♠st

❘▼❙❚ ✭r♠st✮ ✶✵✺✴ ✶✸✾

❈♦♠♣❛r✐s♦♥s

▶ ❘▼❙❚ ✖ ❘❡str✐❝t❡❞ ▼❡❛♥ ❙✉r✈✐✈❛❧ ❚✐♠❡

▶ ❛ ✈❛r✐❛♥t ♦❢ ❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡✱ ♦r ♠♦r❡ ♣r❡❝✐s❡❧② ❡①♣❡❝t❡❞ r❡s✐❞✉❛❧
❧✐❢❡t✐♠❡ ❛s ❤❛s ❜❡❡♥ ❛✈❛✐❧❛❜❧❡ ✐♥ ♣✉❜❧✐s❤❡❞ ❧✐❢❡ t❛❜❧❡s ❢♦r ❡♦♥s

▶ ❚❤❡ t❡r♠ ✏s♦❥♦✉r♥ t✐♠❡✑ ✐s ❛❧s♦ ✉s❡❞ ❢♦r t❤❡ t✐♠❡ s♣❡♥t ✐♥ ❛
❣✐✈❡♥ st❛t❡

▶ ♠♦rt❛❧✐t② r❛t❡s ❛♠♦♥❣ ❞✐❛❜❡t❡s ♣❛t✐❡♥ts ♦❢ t❤❡ t✇♦ ❞✐✛❡r❡♥t
s❡①❡s✿
▶ r❛t❡✲r❛t✐♦ ✭▼✴❲ ❍❘✱ t②♣✐❝❛❧❧② ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✮
▶ ✺ ♦r ✶✵ ②❡❛r s✉r✈✐✈❛❧
▶ ❘▼❙❚ ❞✉r✐♥❣ t❤❡ ♥❡①t✱ s❛②✱ ✶✵ ②❡❛rs ❢♦r ❛ ❣✐✈❡♥ ❛❣❡✱ s❛②✱ ✻✵
▶ ◆♦t❡ t❤❛t ❘▼❙❚ r❡❢❡rs t♦ ❛♥ ✐♥t❡r✈❛❧✱ ✐♥ t❤✐s ❝❛s❡ ❛❣❡ ✻✵ t♦ 60 + 10

❘▼❙❚ ✭r♠st✮ ✶✵✻✴ ✶✸✾

http://bendixcarstensen.com/AdvCoh/courses/Um-2025/


❃ ❞❛t❛✭❉▼❧❛t❡✮
❃ s❡t✳s❡❡❞✭✶✾✺✹✵✽✵✸✮
❃ ❉▼❧❛t❡ ❁✲ ❉▼❧❛t❡❬s❛♠♣❧❡✭✶✿♥r♦✇✭❉▼❧❛t❡✮✱ ✶✵✵✵✮✱ ❪
❃ ▲① ❁✲ ▲❡①✐s✭❡♥tr② ❂ ❧✐st✭❛❣❡ ❂ ❞♦❞♠ ✲ ❞♦❜t❤✱
✰ t❢❞ ❂ ✵✮✱
✰ ❡①✐t ❂ ❧✐st✭t❢❞ ❂ ❞♦① ✲ ❞♦❞♠✮✱
✰ ❡①✐t✳st❛t✉s ❂ ❢❛❝t♦r✭✦✐s✳♥❛✭❞♦❞t❤✮✱ ❧❛❜❡❧s ❂ ❝✭✧❉▼✧✱ ✧❉❡❛❞✧✮✮✱
✰ ❞❛t❛ ❂ ❉▼❧❛t❡✮

◆❖❚❊✿ ❡♥tr②✳st❛t✉s ❤❛s ❜❡❡♥ s❡t t♦ ✧❉▼✧ ❢♦r ❛❧❧✳

❃ s▲ ❁✲ s♣❧✐t▲❡①✐s✭▲①✱ s❡q✭✵✱ ✶✺✱ ✵✳✺✮✱ ✧t❢❞✧✮
❃ s✉♠♠❛r②✭▲①✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ❉▼ ❉❡❛❞ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
❉▼ ✼✻✾ ✷✸✶ ✶✵✵✵ ✷✸✶ ✺✸✾✽✳✵✺ ✶✵✵✵

❃ s✉♠♠❛r②✭s▲✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ❉▼ ❉❡❛❞ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
❉▼ ✶✶✵✻✸ ✷✸✶ ✶✶✷✾✹ ✷✸✶ ✺✸✾✽✳✵✺ ✶✵✵✵

❘▼❙❚ ✭r♠st✮ ✶✵✼✴ ✶✸✾

♣r♦♣♦rt✐♦♥❛❧ ❤❛③❛r❞s ♠♦❞❡❧✿

❃ ♠✶ ❁✲ ❣❧♠▲❡①✐s✭s▲✱ ⑦ ◆s✭❛❣❡✱ ❦♥♦ts ❂ ❝✭✸✵✱ ✺✵✱ ✼✵✮✮
✰ ✰ ◆s✭t❢❞✱ ❦♥♦ts ❂ ❝✭✵✱ ✶✱ ✹✱ ✶✵✮✮
✰ ✰ s❡①✮

st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t s▲ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r t❤❡ tr❛♥s✐t✐♦♥✿
❉▼✲❃❉❡❛❞

❃ r♦✉♥❞✭❝✐✳❡①♣✭♠✶✱ s✉❜s❡t ❂ ✧s❡①✧✮✱ ✸✮

❡①♣✭❊st✳✮ ✷✳✺✪ ✾✼✳✺✪
s❡①❋ ✵✳✾✸✼ ✵✳✼✷✸ ✶✳✷✶✺

▶ ❲♦♠❡♥ ❤❛✈❡ ❛ ♠♦rt❛❧✐t② ❛❜♦✉t ✻✪ s♠❛❧❧❡r t❤❛t t❤❛t ♦❢ ♠❡♥

▶ ❲❤❛t ❤❛③❛r❞s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ ❤❡r❡❄

❘▼❙❚ ✭r♠st✮ ✶✵✽✴ ✶✸✾

Pr♦♣♦rt✐♦♥❛❧ ❤❛③❛r❞s ♠♦❞❡❧✿

❈♦♠♣❛r❛t✐✈❡ ♠❡❛s✉r❡s ♦♥ ♦t❤❡r ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡ s❝❛❧❡s ❛r❡✿

▶ ❞✐✛❡r❡♥❝❡s ✐♥ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t✐❡s ❛t ❝❡rt❛✐♥ t✐♠❡s

▶ ❞✐✛❡r❡♥❝❡s ✐♥ ❡①♣❡❝t❡❞ ❧✐❢❡ t✐♠❡s ❞✉r✐♥❣ ❝❡rt❛✐♥ t✐♠❡ ✐♥t❡r✈❛❧s

▶ ♥❡❡❞ t♦ s♣❡❝✐❢② t✐♠❡s ❛♥❞ t❤❡ ✐♥t❡r✈❛❧s ♦❢ ✐♥t❡r❡st✿
▶ ❛t ✇❤❛t t✐♠❡s s✐♥❝❡ ❞✐❛❣♥♦s✐s ❞♦ ✇❡ ✇❛♥t ❝♦♠♣❛r✐s♦♥ ♦❢ s✉r✈✐✈❛❧

❜❡t✇❡❡♥ ♠❡♥ ❛♥❞ ✇♦♠❡♥
▶ ❢r♦♠ ✇❤❛t t✐♠❡ ❛♥❞ t♦ ✇❤❛t t✐♠❡ ❞♦ ✇❡ ✇❛♥t t❤❡ ❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡

❝♦♠♣✉t❡❞❄
▶ ❢♦r ✇❤❛t ❛❣❡ ✭❛❞①✱ ❛❣❡ ❛t ❞✐❛❣♥♦s✐s✮ ❞♦ ✇❡ ✇❛♥t t❤❡ ❝♦♠♣❛r✐s♦♥

❘▼❙❚ ✭r♠st✮ ✶✵✾✴ ✶✸✾

▶ ❝♦♠♣❛r❡ ✺ ❛♥❞ ✶✵ ②❡❛r s✉r✈✐✈❛❧

▶ ❢♦r ♠❡♥ ❛♥❞ ✇♦♠❡♥

▶ ❞✐❛❣♥♦s❡❞ ✇✐t❤ ❞✐❛❜❡t❡s ❛t ❛❣❡s ✺✵✱ ✻✵ ❛♥❞ ✼✵

✻ s✉r✈✐✈❛❧ ❝✉r✈❡s ❛t ✶✺✵ t✐♠❡s✱ ✇✐t❤ ❈■✿

❃ s✉r✈✳❛rr ❁✲ ◆❆rr❛②✭❧✐st✭❛❞① ❂ ❝✭✺✵✱ ✻✵✱ ✼✵✮✱
✰ s❡① ❂ ❝✭✧▼✧✱ ✧❋✧✮✱
✰ t❢❞ ❂ t❢❞ ❁✲ s❡q✭✵✱ ✶✺✱ ✳✶✮✱
✰ s✉r✈ ❂ ❝✭✧s✉r✈✧✱ ✧❧♦✧✱ ✧✉♣✧✮✮✮
❃ str✭s✉r✈✳❛rr✮

❧♦❣✐ ❬✶✿✸✱ ✶✿✷✱ ✶✿✶✺✶✱ ✶✿✸❪ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ✳✳✳
✲ ❛ttr✭✯✱ ✧❞✐♠♥❛♠❡s✧✮❂▲✐st ♦❢ ✹
✳✳✩ ❛❞① ✿ ❝❤r ❬✶✿✸❪ ✧✺✵✧ ✧✻✵✧ ✧✼✵✧
✳✳✩ s❡① ✿ ❝❤r ❬✶✿✷❪ ✧▼✧ ✧❋✧
✳✳✩ t❢❞ ✿ ❝❤r ❬✶✿✶✺✶❪ ✧✵✧ ✧✵✳✶✧ ✧✵✳✷✧ ✧✵✳✸✧ ✳✳✳
✳✳✩ s✉r✈✿ ❝❤r ❬✶✿✸❪ ✧s✉r✈✧ ✧❧♦✧ ✧✉♣✧

❘▼❙❚ ✭r♠st✮ ✶✶✵✴ ✶✸✾

❙✉r✈✐✈❛❧ ❛t ✺ ❛♥❞ ✶✵ ②❡❛rs

❃ ❢♦r✭❛❞① ✐♥ ❝✭✺✵✱ ✻✵✱ ✼✵✮✮
✰ ❢♦r✭ s① ✐♥ ❝✭✧▼✧✱ ✧❋✧✮✮
✰ ④
✰ ♥❞ ❁✲ ❞❛t❛✳❢r❛♠❡✭t❢❞ ❂ t❢❞✱
✰ ❛❣❡ ❂ ❛❞① ✰ t❢❞✱
✰ s❡① ❂ s①✮
✰ s✉r✈✳❛rr❬♣❛st❡✭❛❞①✮✱ s①✱ ✱ ❪ ❁✲ ❝✐✳s✉r✈✭♠✶✱ ♥❞✮
✰ ⑥

◆❖❚❊✿ ✐♥t❡r✈❛❧ ❧❡♥❣t❤ ❝❤♦s❡♥ ❢r♦♠ ❛s t❢❞❬✷❪ ✲ t❢❞❬✶❪
◆❖❚❊✿ ✐♥t❡r✈❛❧ ❧❡♥❣t❤ ❝❤♦s❡♥ ❢r♦♠ ❛s t❢❞❬✷❪ ✲ t❢❞❬✶❪
◆❖❚❊✿ ✐♥t❡r✈❛❧ ❧❡♥❣t❤ ❝❤♦s❡♥ ❢r♦♠ ❛s t❢❞❬✷❪ ✲ t❢❞❬✶❪
◆❖❚❊✿ ✐♥t❡r✈❛❧ ❧❡♥❣t❤ ❝❤♦s❡♥ ❢r♦♠ ❛s t❢❞❬✷❪ ✲ t❢❞❬✶❪
◆❖❚❊✿ ✐♥t❡r✈❛❧ ❧❡♥❣t❤ ❝❤♦s❡♥ ❢r♦♠ ❛s t❢❞❬✷❪ ✲ t❢❞❬✶❪
◆❖❚❊✿ ✐♥t❡r✈❛❧ ❧❡♥❣t❤ ❝❤♦s❡♥ ❢r♦♠ ❛s t❢❞❬✷❪ ✲ t❢❞❬✶❪

❘▼❙❚ ✭r♠st✮ ✶✶✶✴ ✶✸✾

❙✉r✈✐✈❛❧ ❛t ✺ ❛♥❞ ✶✵ ②❡❛rs

❃ r♦✉♥❞✭❢t❛❜❧❡✭s✉r✈✳❛rr❬✱✱❝✭✧✺✧✱✧✶✵✧✮✱❪ ✯ ✶✵✵✱ r♦✇✳✈❛rs ❂ ❝✭✶✱✸✮✮✱ ✶✮

s❡① ▼ ❋
s✉r✈ s✉r✈ ❧♦ ✉♣ s✉r✈ ❧♦ ✉♣

❛❞① t❢❞
✺✵ ✺ ✾✻✳✵ ✾✼✳✷ ✾✹✳✷ ✾✻✳✷ ✾✼✳✹ ✾✹✳✹

✶✵ ✾✵✳✽ ✾✸✳✸ ✽✼✳✹ ✾✶✳✸ ✾✸✳✽ ✽✼✳✾
✻✵ ✺ ✽✾✳✼ ✾✷✳✶ ✽✻✳✼ ✾✵✳✸ ✾✷✳✼ ✽✼✳✷

✶✵ ✼✼✳✻ ✽✷✳✷ ✼✷✳✵ ✼✽✳✽ ✽✸✳✺ ✼✸✳✶
✼✵ ✺ ✼✺✳✸ ✼✾✳✹ ✼✵✳✺ ✼✻✳✼ ✽✵✳✽ ✼✶✳✽

✶✵ ✺✶✳✺ ✺✽✳✷ ✹✹✳✸ ✺✸✳✼ ✻✵✳✹ ✹✻✳✺

❃ ★ r♦✉♥❞✭❢t❛❜❧❡✭s✉r✈✳❛rr❬✱✱❝✭✧✺✧✱✧✶✵✧✮✱❪ ✯ ✶✵✵✱ r♦✇✳✈❛rs ❂ ❝✭✸✱✶✱✷✮✮✱ ✶✮

❊①❡r❝✐s❡s ✶✹ ✫ ✶✺

❘▼❙❚ ✭r♠st✮ ✶✶✷✴ ✶✸✾

❘▼❙❚

❯s❡ ❝✐✳❈r✐s❦ t♦ ❣❡t ❡st✐♠❛t❡s ♦❢ ❘▼❙❚

❃ ❤❡❛❞✭♥❞✮

t❢❞ ❛❣❡ s❡①
✶ ✵✳✵ ✼✵✳✵ ❋
✷ ✵✳✶ ✼✵✳✶ ❋
✸ ✵✳✷ ✼✵✳✷ ❋
✹ ✵✳✸ ✼✵✳✸ ❋
✺ ✵✳✹ ✼✵✳✹ ❋
✻ ✵✳✺ ✼✵✳✺ ❋

❃ ♠s▼ ❁✲ ❝✐✳❈r✐s❦✭❧✐st✭▼♦rt ❂ ♠✶✮✱ ♠✉t❛t❡✭♥❞✱ s❡① ❂ ✧▼✧✮✮✩❙t✐♠❡

◆❖❚❊✿ ❚✐♠❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥ t❤❡ ❝♦❧✉♠♥ t❢❞ ❛t ❡q✉❛❧ ❞✐st❛♥❝❡s ♦❢ ✵✳✶

❃ ♠s❋ ❁✲ ❝✐✳❈r✐s❦✭❧✐st✭▼♦rt ❂ ♠✶✮✱ ♠✉t❛t❡✭♥❞✱ s❡① ❂ ✧❋✧✮✮✩❙t✐♠❡

◆❖❚❊✿ ❚✐♠❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥ t❤❡ ❝♦❧✉♠♥ t❢❞ ❛t ❡q✉❛❧ ❞✐st❛♥❝❡s ♦❢ ✵✳✶

❃ str✭♠s❋✮

♥✉♠ ❬✶✿✶✺✶✱ ✶✿✷✱ ✶✿✸❪ ✵ ✵✳✵✾✾✼ ✵✳✶✾✾ ✵✳✷✾✼✼ ✵✳✸✾✻ ✳✳✳
✲ ❛ttr✭✯✱ ✧❞✐♠♥❛♠❡s✧✮❂▲✐st ♦❢ ✸
✳✳✩ t❢❞ ✿ ❝❤r ❬✶✿✶✺✶❪ ✧✵✧ ✧✵✳✶✧ ✧✵✳✷✧ ✧✵✳✸✧ ✳✳✳
✳✳✩ ❝❛✉s❡✿ ❝❤r ❬✶✿✷❪ ✧❙✉r✈✧ ✧▼♦rt✧
✳✳✩ ✿ ❝❤r ❬✶✿✸❪ ✧✺✵✪✧ ✧✷✳✺✪✧ ✧✾✼✳✺✪✧

✖s♦❥♦✉r♥ t✐♠❡s ✭t❤❡ ❙t✐♠❡ ❝♦♠♣♦♥❡♥t✮
❢r♦♠ t✐♠❡
t♦ t❤❡ t✐♠❡s ✐♥ ✜rst ❞✐♠❡♥s✐♦♥ ♦❢ ♠s❋

❃ ♠s▼❬❝✭✧✺✧✱✧✶✵✧✮✱ ✧❙✉r✈✧✱ ❪

t❢❞ ✺✵✪ ✷✳✺✪ ✾✼✳✺✪
✺ ✹✳✸✼✻✵✺✹ ✹✳✷✸✺✸✷✾ ✹✳✹✾✸✻✺✹
✶✵ ✼✳✺✷✽✼✶✼ ✼✳✶✶✾✹✼✷ ✼✳✽✾✻✻✾✽

❃ ♠s❋❬❝✭✧✺✧✱✧✶✵✧✮✱ ✧❙✉r✈✧✱ ❪

t❢❞ ✺✵✪ ✷✳✺✪ ✾✼✳✺✪
✺ ✹✳✹✶✵✼✷✼ ✹✳✷✻✵✾✸✼ ✹✳✺✸✶✻✹✼
✶✵ ✼✳✻✹✽✾✽✹ ✼✳✷✹✵✸✹✵ ✽✳✵✷✻✻✾✷

❃ ♠s❋❬❝✭✧✺✧✱✧✶✵✧✮✱ ✧❙✉r✈✧✱ ✶❪ ✲ ♠s▼❬❝✭✧✺✧✱✧✶✵✧✮✱ ✧❙✉r✈✧✱ ✶❪

✺ ✶✵
✵✳✵✸✹✻✼✷✺✹ ✵✳✶✷✵✷✻✼✵✺

❘▼❙❚ ✭r♠st✮ ✶✶✸✴ ✶✸✾

❘▼❙❚ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s

❲❡ ❝❛♥ ❣❡t ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢r♦♠ ✭♣❛r❛♠❡tr✐❝✮ ❜♦♦tstr❛♣ s❛♠♣❧❡s
♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡ r❛t❡s✳

❚❤✐s ✐s ❞♦♥❡ ❜② s✐♠✉❧❛t✐♦♥ ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧
♣❛r❛♠❡t❡rs✳

❆❣❛✐♥ ❛♥ ❛rr❛② t♦ st♦r❡ t❤❡ s✐♠✉❧❛t❡❞ ❝✉♠✉❧❛t✐✈❡ r✐s❦s✿

❃ ♥❇ ❁✲ ✶✵✵✵✵ ★ ♥♦ ♦❢ ❜♦♦tstr❛♣ s❛♠♣❧❡s
❃ ❛✐♥ ❁✲ ✺✿✼ ✯ ✶✵ ★ ❜❛s❡❧✐♥❡ ❛❣❡s
❃ s❡① ❁✲ ❝✭✧▼✧✱ ✧❋✧✮
❃ s✐♠r❡s ❁✲ ◆❆rr❛②✭❧✐st✭❛❞① ❂ ❛✐♥✱
✰ s❡① ❂ s❡①✱
✰ t❢❞ ❂ ♥❞✩t❢❞✱
✰ s✐♠ ❂ ✶✿♥❇✮✮
❃ str✭s✐♠r❡s✮

❧♦❣✐ ❬✶✿✸✱ ✶✿✷✱ ✶✿✶✺✶✱ ✶✿✶✵✵✵✵❪ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ✳✳✳
✲ ❛ttr✭✯✱ ✧❞✐♠♥❛♠❡s✧✮❂▲✐st ♦❢ ✹
✳✳✩ ❛❞①✿ ❝❤r ❬✶✿✸❪ ✧✺✵✧ ✧✻✵✧ ✧✼✵✧
✳✳✩ s❡①✿ ❝❤r ❬✶✿✷❪ ✧▼✧ ✧❋✧
✳✳✩ t❢❞✿ ❝❤r ❬✶✿✶✺✶❪ ✧✵✧ ✧✵✳✶✧ ✧✵✳✷✧ ✧✵✳✸✧ ✳✳✳
✳✳✩ s✐♠✿ ❝❤r ❬✶✿✶✵✵✵✵❪ ✧✶✧ ✧✷✧ ✧✸✧ ✧✹✧ ✳✳✳

❘▼❙❚ ✭r♠st✮ ✶✶✹✴ ✶✸✾

❘▼❙❚ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r ❞✐✛❡r❡♥❝❡s

❈♦♠♣❛r✐♥❣ ▼ ❛♥❞ ❋ r❡q✉✐r❡s
t❤❡ s❛♠❡ str❡❛♠ ♦❢ s✐♠✉❧❛t❡❞ ♣❛r❛♠❡t❡rs ❢♦r ❞✐✛❡r❡♥t ♣r❡❞✐❝t✐♦♥s✿
r❡s❡t r❛♥❞♦♠ s❡❡❞ ✐♥s✐❞❡ ❧♦♦♣

❃ ❢♦r ✭❛❞① ✐♥ ❛✐♥✮
✰ ❢♦r ✭ s① ✐♥ s❡①✮
✰ ④
✰ s❡t✳s❡❡❞✭✷✵✷✺✵✺✵✸✮
✰ s✐♠r❡s❬♣❛st❡✭❛❞①✮✱ s①✱ ✱ ❪ ❁✲ ❝✐✳❈r✐s❦✭❧✐st✭▼♦rt ❂ ♠✶✮✱
✰ ♥❞ ❂ ♠✉t❛t❡✭♥❞✱ s❡① ❂ s①✱
✰ ❛❣❡ ❂ ❛❞① ✰ t❢❞✮✱
✰ ♥❇ ❂ ♥❇✱
✰ s✐♠✳r❡s ❂ ✧❝r✐s❦✧✮❬✱ ✧❙✉r✈✧✱ ❪
✰ ⑥

❊①❡r❝✐s❡s ✶✻ ✫ ✶✼
❘▼❙❚ ✭r♠st✮ ✶✶✺✴ ✶✸✾

❋✉rt❤❡r ❡①❡r❝✐s❡s

▶ ❊①❡r❝✐s❡ ✶✽ Pr❡❞✐❝t❡❞ ♠♦rt❛❧✐t② ❢r♦♠ P❍ ♠♦❞❡❧

▶ ❊①❡r❝✐s❡ ✶✾ ■♥t❡r❛❝t✐♦♥ ♠♦❞❡❧ ✭♥♦♥✲P❍✮

▶ ❊①❡r❝✐s❡ ✷✵ ▼ t♦ ❋ ❞✐✛❡r❡♥❝❡s

▶ ❊①❡r❝✐s❡ ✷✶ ❆❣❡ ❞✐✛❡r❡♥❝❡s ✐♥ ❘▼❙❚

▶ ❊①❡r❝✐s❡ ✷✷ ❖✈❡r✈✐❡✇ ♦❢ ❘▼❙❚

❘▼❙❚ ✭r♠st✮ ✶✶✻✴ ✶✸✾



▼✉❧t✐st❛t❡ ♠♦❞❡❧

s✐♠✉❧❛t✐♦♥

❙✉r✈✐✈❛❧✱ ♠♦rt❛❧✐t②✱
❝♦♠♣❡t✐♥❣ r✐s❦s ❛♥❞
❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡
❊❉❊● ✷✵✷✺ ✴ ❯♠❡å ❯♥✐✈❡rs✐t②✱✶✼ ▼❛② ✷✵✷✺

❤tt♣✿✴✴❜❡♥❞✐①❝❛rst❡♥s❡♥✳❝♦♠✴❆❞✈❈♦❤✴❝♦✉rs❡s✴❯♠✲✷✵✷✺✴ ♠s♠t

❇❆❝❦❣r♦✉♥❞✿ ❙t❡♥♦ ✷ tr✐❛❧

▶ ❈❧✐♥✐❝❛❧ tr✐❛❧ ❢♦r ❞✐❛❜❡t❡s ♣tt✳ ✇✐t❤ ❦✐❞♥❡② ❞✐s❡❛s❡
✭♠✐❝r♦✲❛❧❜✉♠✐♥✉r✐❛✮

▶ ✽✵ ♣tt✳ r❛♥❞♦♠✐s❡❞ t♦ ❡✐t❤❡r ♦❢
▶ ❈♦♥✈❡♥t✐♦♥❛❧ tr❡❛t♠❡♥t
▶ ■♥t❡♥s✐✜❡❞ ♠✉❧t✐❢❛❝t♦r✐❛❧ tr❡❛♠❡♥t

▶ ✶✾✾✸✕✷✵✵✶

▶ ❢♦❧❧♦✇✲✉♣ t✐❧❧ ✷✵✶✽

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✶✼✴ ✶✸✾

❙t❡♥♦ ✷ tr✐❛❧✿ ❣♦❛❧

▶ ■s t❤❡r❡ ❛ tr❡❛t♠❡♥t ❡✛❡❝t ♦♥✿
▶ ❈❱❉ ♠♦rt❛❧✐t②
▶ ♥♦♥✲❈❱❉ ♠♦rt❛❧✐t②

▶ ❉♦❡s t❤❡ tr❡❛t♠❡♥t ❡✛❡❝t ❞❡♣❡♥❞ ♦♥✿
▶ ❆❧❜✉♠✐♥✉r✐❛ st❛t❡

▶ ◗✉❛♥t✐✜❝❛t✐♦♥ ♦❢ tr❡❛t♠❡♥t ❡✛❡❝t✿
▶ ❘❛t❡✲r❛t✐♦s
▶ ▲✐❢❡ t✐♠❡s
▶ ❈❤❛♥❣❡s ✐♥ ❝❧✐♥✐❝❛❧ ♣❛r❛♠❡t❡rs

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✶✽✴ ✶✸✾

❃ ❞❛t❛✭st❡♥♦✷✮
❃ st❡♥♦✷ ❁✲ ❝❛❧✳②r✭st❡♥♦✷✮
❃ st❡♥♦✷ ❁✲ tr❛♥s❢♦r♠✭st❡♥♦✷✱
✰ ❞♦❊♥❞ ❂ ♣♠✐♥✭❞♦❉t❤✱ ❞♦❊♥❞✱ ♥❛✳r♠ ❂ ❚❘❯❊✮✮
❃ str✭st❡♥♦✷✮

✬❞❛t❛✳❢r❛♠❡✬✿ ✶✻✵ ♦❜s✳ ♦❢ ✶✹ ✈❛r✐❛❜❧❡s✿
✩ ✐❞ ✿ ♥✉♠ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵ ✳✳✳
✩ ❛❧❧♦ ✿ ❋❛❝t♦r ✇✴ ✷ ❧❡✈❡❧s ✧■♥t✧✱✧❈♦♥✈✧✿ ✶ ✶ ✷ ✷ ✷ ✷ ✷ ✶ ✶ ✶ ✳✳✳
✩ s❡① ✿ ❋❛❝t♦r ✇✴ ✷ ❧❡✈❡❧s ✧❋✧✱✧▼✧✿ ✷ ✷ ✷ ✷ ✷ ✷ ✶ ✷ ✷ ✷ ✳✳✳
✩ ❜❛s❡❈❱❉ ✿ ♥✉♠ ✵ ✵ ✵ ✵ ✵ ✶ ✵ ✵ ✵ ✵ ✳✳✳
✩ ❞❡❛t❤❈❱❉✿ ♥✉♠ ✵ ✵ ✵ ✵ ✶ ✵ ✵ ✵ ✶ ✵ ✳✳✳
✩ ❞♦❇t❤ ✿ ✬❝❛❧✳②r✬ ♥✉♠ ✶✾✸✷ ✶✾✹✼ ✶✾✹✸ ✶✾✹✺ ✶✾✸✻ ✳✳✳
✩ ❞♦❉▼ ✿ ✬❝❛❧✳②r✬ ♥✉♠ ✶✾✾✶ ✶✾✽✷ ✶✾✽✸ ✶✾✼✼ ✶✾✽✻ ✳✳✳
✩ ❞♦❇❛s❡ ✿ ✬❝❛❧✳②r✬ ♥✉♠ ✶✾✾✸ ✶✾✾✸ ✶✾✾✸ ✶✾✾✸ ✶✾✾✸ ✳✳✳
✩ ❞♦❈❱❉✶ ✿ ✬❝❛❧✳②r✬ ♥✉♠ ✷✵✶✹ ✷✵✵✾ ✷✵✵✷ ✶✾✾✺ ✶✾✾✹ ✳✳✳
✩ ❞♦❈❱❉✷ ✿ ✬❝❛❧✳②r✬ ♥✉♠ ◆❆ ✷✵✵✾ ◆❆ ✶✾✾✼ ✶✾✾✺ ✳✳✳
✩ ❞♦❈❱❉✸ ✿ ✬❝❛❧✳②r✬ ♥✉♠ ◆❆ ✷✵✶✵ ◆❆ ✷✵✵✸ ✶✾✾✽ ✳✳✳
✩ ❞♦❊❙❘❉ ✿ ✬❝❛❧✳②r✬ ♥✉♠ ◆❛◆ ◆❛◆ ◆❛◆ ◆❛◆ ✶✾✾✽ ✳✳✳
✩ ❞♦❊♥❞ ✿ ✬❝❛❧✳②r✬ ♥✉♠ ✷✵✶✺ ✷✵✶✺ ✷✵✵✷ ✷✵✵✸ ✶✾✾✽ ✳✳✳
✩ ❞♦❉t❤ ✿ ✬❝❛❧✳②r✬ ♥✉♠ ◆❆ ◆❆ ✷✵✵✷ ✷✵✵✸ ✶✾✾✽ ✳✳✳

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✶✾✴ ✶✸✾

❆ ▲❡①✐s ♦❜❥❡❝t

❃ ▲✷ ❁✲ ▲❡①✐s✭❡♥tr② ❂ ❧✐st✭♣❡r ❂ ❞♦❇❛s❡✱
✰ ❛❣❡ ❂ ❞♦❇❛s❡ ✲ ❞♦❇t❤✱
✰ t❢✐ ❂ ✵✮✱
✰ ❡①✐t ❂ ❧✐st✭♣❡r ❂ ❞♦❊♥❞✮✱
✰ ❡①✐t✳st❛t✉s ❂ ❢❛❝t♦r✭❞❡❛t❤❈❱❉ ✰ ✦✐s✳♥❛✭❞♦❉t❤✮✱
✰ ❧❛❜❡❧s❂❝✭✧▼✐❝✧✱✧❉✭♦t❤✮✧✱✧❉✭❈❱❉✮✧✮✮✱
✰ ✐❞ ❂ ✐❞✱
✰ ❞❛t❛ ❂ st❡♥♦✷✮

◆❖❚❊✿ ❡♥tr②✳st❛t✉s ❤❛s ❜❡❡♥ s❡t t♦ ✧▼✐❝✧ ❢♦r ❛❧❧✳

❊①♣❧❛✐♥ t❤❡ ❝♦❞✐♥❣ ♦❢ ❡①✐t✳st❛t✉s✳

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✵✴ ✶✸✾

❆ ▲❡①✐s ♦❜❥❡❝t

❃ s✉♠♠❛r②✭▲✷✱ t ❂ ❚❘❯❊✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ▼✐❝ ❉✭♦t❤✮ ❉✭❈❱❉✮ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
▼✐❝ ✻✼ ✺✺ ✸✽ ✶✻✵ ✾✸ ✷✹✶✻✳✺✾ ✶✻✵

❚✐♠❡s❝❛❧❡s✿
♣❡r ❛❣❡ t❢✐
✧✧ ✧✧ ✧✧

❍♦✇ ♠❛♥② ♣❡rs♦♥s ❛r❡ t❤❡r❡ ✐♥ t❤❡ ❝♦❤♦rt❄

❍♦✇ ♠❛♥② ❞❡❛t❤s ❛r❡ t❤❡r❡ ✐♥ t❤❡ ❝♦❤♦rt❄

❍♦✇ ♠✉❝❤ ❢♦❧❧♦✇✲✉♣ t✐♠❡ ✐s t❤❡r❡ ✐♥ t❤❡ ❝♦❤♦rt❄

❍♦✇ ♠❛♥② st❛t❡s ❛r❡ t❤❡r❡ ✐♥ t❤❡ ♠♦❞❡❧ ✭s♦ ❢❛r✮❄
▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✶✴ ✶✸✾

❆❧❜✉♠✐♥✉r✐❛ st❛t✉s

❃ ❞❛t❛✭st✷❛❧❜✮ ❀ ❤❡❛❞✭st✷❛❧❜✱ ✸✮

✐❞ ❞♦❚r st❛t❡
✶ ✶ ✶✾✾✸✲✵✻✲✶✷ ▼✐❝
✷ ✶ ✶✾✾✺✲✵✺✲✶✸ ◆♦r♠
✸ ✶ ✷✵✵✵✲✵✶✲✷✻ ▼✐❝

❃ ❝✉t✷ ❁✲ r❡♥❛♠❡✭❝❛❧✳②r✭st✷❛❧❜✮✱
✰ ❧❡①✳✐❞ ❂ ✐❞✱
✰ ❝✉t ❂ ❞♦❚r✱
✰ ♥❡✇✳st❛t❡ ❂ st❛t❡✮
❃ ✇✐t❤✭❝✉t✷✱ ❛❞❞♠❛r❣✐♥s✭t❛❜❧❡✭t❛❜❧❡✭❧❡①✳✐❞✮✮✮✮

✶ ✷ ✸ ✹ ✺ ❙✉♠
✹ ✷✺ ✹✵ ✹✻ ✹✶ ✶✺✻

❲❤❛t ❞♦❡s t❤✐s t❛❜❧❡ ♠❡❛♥❄

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✷✴ ✶✸✾

❆❧❜✉♠✐♥✉r✐❛ st❛t✉s ❛s st❛t❡s

❃ ▲✸ ❁✲ r❝✉t▲❡①✐s✭▲✷✱ ❝✉t✷✱ t✐♠❡ ❂ ✧♣❡r✧✮
❃ s✉♠♠❛r②✭▲✸✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ▼✐❝ ◆♦r♠ ▼❛❝ ❉✭♦t❤✮ ❉✭❈❱❉✮ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
▼✐❝ ✷✾✾ ✼✷ ✻✺ ✷✼ ✶✸ ✹✼✻ ✶✼✼ ✶✸✽✶✳✺✼ ✶✻✵
◆♦r♠ ✸✶ ✾✵ ✺ ✶✹ ✼ ✶✹✼ ✺✼ ✻✵✼✳✽✻ ✻✾
▼❛❝ ✷✵ ✸ ✹✹ ✶✹ ✶✽ ✾✾ ✺✺ ✹✷✼✳✶✻ ✻✹
❙✉♠ ✸✺✵ ✶✻✺ ✶✶✹ ✺✺ ✸✽ ✼✷✷ ✷✽✾ ✷✹✶✻✳✺✾ ✶✻✵

❃ ❜♦①❡s✭▲✸✱ ❜♦①♣♦s ❂ ❚❘❯❊✱ ❝❡① ❂ ✵✳✽✮

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✸✴ ✶✸✾

❲❤❛t✬s ✇r♦♥❣ ✇✐t❤ t❤✐s

Mic
1,381.6

Norm
607.9

Mac
427.2

D(oth)

D(CVD)

72
(0.1)

65
(0.0)

27
(0.0)

13
(0.0)

31
(0.1)

5
(0.0)

14
(0.0)

7
(0.0) 20

(0.0)

3
(0.0)

14
(0.0)

18
(0.0)

Mic
1,381.6

Norm
607.9

Mac
427.2

D(oth)

D(CVD)

Mic
1,381.6

Norm
607.9

Mac
427.2

D(oth)

D(CVD)

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✹✴ ✶✸✾

❲❤❛t✬s ✐♥ ❥✉♠♣

❃ ✭❥✉♠♣ ❁✲
✰ s✉❜s❡t✭▲✸✱ ✭❧❡①✳❈st ❂❂ ✧◆♦r♠✧ ✫ ❧❡①✳❳st ❂❂ ✧▼❛❝✧✮ ⑤
✰ ✭❧❡①✳❳st ❂❂ ✧◆♦r♠✧ ✫ ❧❡①✳❈st ❂❂ ✧▼❛❝✧✮✮❬✱
✰ ❝✭✧❧❡①✳✐❞✧✱ ✧♣❡r✧✱ ✧❧❡①✳❞✉r✧✱✧❧❡①✳❈st✧✱ ✧❧❡①✳❳st✧✮❪✮

❧❡①✳✐❞ ♣❡r ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✼✵ ✶✾✾✾✳✹✾ ✷✳✻✼ ▼❛❝ ◆♦r♠
✽✻ ✷✵✵✶✳✼✻ ✶✷✳✽✷ ◆♦r♠ ▼❛❝
✶✸✵ ✷✵✵✵✳✾✶ ✶✳✽✽ ▼❛❝ ◆♦r♠
✶✸✶ ✶✾✾✼✳✼✻ ✹✳✷✹ ◆♦r♠ ▼❛❝
✶✸✻ ✶✾✾✼✳✷✶ ✵✳✹✼ ▼❛❝ ◆♦r♠
✶✸✻ ✶✾✾✼✳✻✾ ✹✳✷✹ ◆♦r♠ ▼❛❝
✶✼✶ ✶✾✾✻✳✸✾ ✺✳✸✹ ◆♦r♠ ▼❛❝
✶✼✺ ✷✵✵✹✳✺✽ ✾✳✽✽ ◆♦r♠ ▼❛❝

✖❛♥❞ ✇❤❛t ✇✐❧❧ ②♦✉ ❞♦ ❛❜♦✉t ✐t❄

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✺✴ ✶✸✾

http://bendixcarstensen.com/AdvCoh/courses/Um-2025/


❍♦✇ t♦ ✜① t❤✐♥❣s

❃ s❡t✳s❡❡❞✭✶✾✺✷✮
❃ ①❝✉t ❁✲ tr❛♥s❢♦r♠✭❥✉♠♣✱
✰ ❝✉t ❂ ♣❡r ✰ ❧❡①✳❞✉r ✯ r✉♥✐❢✭♣❡r✱ ✵✳✶✱ ✵✳✾✮✱
✰ ♥❡✇✳st❛t❡ ❂ ✧▼✐❝✧✮
❃ ①❝✉t ❁✲ s❡❧❡❝t✭①❝✉t✱ ❝✭❧❡①✳✐❞✱ ❝✉t✱ ♥❡✇✳st❛t❡✮✮
❃ ▲✹ ❁✲ r❝✉t▲❡①✐s✭▲✸✱ ①❝✉t✮
❃ ▲✹ ❁✲ ❘❡❧❡✈❡❧✭▲✹✱ ❝✭✧◆♦r♠✧✱✧▼✐❝✧✱✧▼❛❝✧✱✧❉✭❈❱❉✮✧✱✧❉✭♦t❤✮✧✮✮
❃ s✉♠♠❛r②✭▲✹✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ◆♦r♠ ▼✐❝ ▼❛❝ ❉✭❈❱❉✮ ❉✭♦t❤✮ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
◆♦r♠ ✾✵ ✸✺ ✵ ✻ ✶✸ ✶✹✹ ✺✹ ✺✽✶✳✵✹ ✻✻
▼✐❝ ✼✷ ✸✶✷ ✻✺ ✶✹ ✸✵ ✹✾✸ ✶✽✶ ✶✹✸✺✳✶✹ ✶✻✵
▼❛❝ ✵ ✷✷ ✹✶ ✶✽ ✶✷ ✾✸ ✺✷ ✹✵✵✳✹✶ ✻✵
❙✉♠ ✶✻✷ ✸✻✾ ✶✵✻ ✸✽ ✺✺ ✼✸✵ ✷✽✼ ✷✹✶✻✳✺✾ ✶✻✵

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✻✴ ✶✸✾

P❧♦t t❤❡ ❜♦①❡s

❃ ❜♦①❡s✭▲✹✱ ❜♦①♣♦s ❂ ❧✐st✭① ❂ ❝✭✷✵✱ ✷✵✱ ✷✵✱ ✽✵✱ ✽✵✮✱
✰ ② ❂ ❝✭✶✵✱ ✺✵✱ ✾✵✱ ✼✺✱ ✷✺✮✮✱
✰ s❤♦✇✳❇❊ ❂ ✧♥③✧✱
✰ s❝❛❧❡✳❘ ❂ ✶✵✵✱ ❞✐❣✐ts✳❘ ❂ ✷✱
✰ ❝❡① ❂ ✵✳✾✱ ♣♦s✳❛rr ❂ ✵✳✸✮

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✼✴ ✶✸✾

Norm
581.0

            18

Mic
1,435.1

160          36

Mac
400.4

            13

D(CVD)
            38

D(oth)
            55

35
(6.02)

6
(1.03)

13
(2.24)

72
(5.02)

65
(4.53)

14
(0.98)

30
(2.09)

22
(5.49)

18
(4.50)

12
(3.00)

Norm
581.0

            18

Mic
1,435.1

160          36

Mac
400.4

            13

D(CVD)
            38

D(oth)
            55

Norm
581.0

            18

Mic
1,435.1

160          36

Mac
400.4

            13

D(CVD)
            38

D(oth)
            55

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✽✴ ✶✸✾

Norm
581.0

            18

Mic
1,435.1

160          36

Mac
400.4

            13

D(CVD)
            38

D(oth)
            55

35
(6.02)

6
(1.03)

13
(2.24)

72
(5.02)

65
(4.53)

14
(0.98)

30
(2.09)

22
(5.49)

18
(4.50)

12
(3.00)

Norm
581.0

            18

Mic
1,435.1

160          36

Mac
400.4

            13

D(CVD)
            38

D(oth)
            55

Norm
581.0

            18

Mic
1,435.1

160          36

Mac
400.4

            13

D(CVD)
            38

D(oth)
            55

❊①♣❧❛✐♥ ❛❧❧ t❤❡ ♥✉♠❜❡rs ✐♥ t❤❡ ❣r❛♣❤✳

❉❡s❝r✐❜❡ t❤❡ ♦✈❡r❛❧❧ ❡✛❡❝t ♦❢ ❛❧❜✉♠✐♥✉r✐❛ ♦♥ t❤❡ t✇♦ ♠♦rt❛❧✐t② r❛t❡s✳

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✷✾✴ ✶✸✾

▼♦❞❡❧✐♥❣ tr❛♥s✐t✐♦♥ r❛t❡s

▶ ❆ ♠♦❞❡❧ ✇✐t❤ ❛ s♠♦♦t❤ ❡✛❡❝t ♦❢ t✐♠❡s❝❛❧❡s ♦♥ t❤❡ r❛t❡s r❡q✉✐r❡
❢♦❧❧♦✇✲✉♣ ✐♥ s♠❛❧❧ ❜✐ts

▶ ❆❝❤✐❡✈❡❞ ❜② s♣❧✐t▲❡①✐s ✭♦r s♣❧✐t▼✉❧t✐ ❢r♦♠ ♣♦♣❊♣✐✮

▶ ❈♦♠♣❛r❡ t❤❡ ▲❡①✐s ♦❜❥❡❝ts

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✵✴ ✶✸✾

❃ ❙✹ ❁✲ s♣❧✐t▼✉❧t✐✭▲✹✱ t❢✐ ❂ s❡q✭✵✱ ✷✺✱ ✶✴✷✮✮
❃ s✉♠♠❛r②✭▲✹✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ◆♦r♠ ▼✐❝ ▼❛❝ ❉✭❈❱❉✮ ❉✭♦t❤✮ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
◆♦r♠ ✾✵ ✸✺ ✵ ✻ ✶✸ ✶✹✹ ✺✹ ✺✽✶✳✵✹ ✻✻
▼✐❝ ✼✷ ✸✶✷ ✻✺ ✶✹ ✸✵ ✹✾✸ ✶✽✶ ✶✹✸✺✳✶✹ ✶✻✵
▼❛❝ ✵ ✷✷ ✹✶ ✶✽ ✶✷ ✾✸ ✺✷ ✹✵✵✳✹✶ ✻✵
❙✉♠ ✶✻✷ ✸✻✾ ✶✵✻ ✸✽ ✺✺ ✼✸✵ ✷✽✼ ✷✹✶✻✳✺✾ ✶✻✵

❃ s✉♠♠❛r②✭❙✹✮

❚r❛♥s✐t✐♦♥s✿
❚♦

❋r♦♠ ◆♦r♠ ▼✐❝ ▼❛❝ ❉✭❈❱❉✮ ❉✭♦t❤✮ ❘❡❝♦r❞s✿ ❊✈❡♥ts✿ ❘✐s❦ t✐♠❡✿ P❡rs♦♥s✿
◆♦r♠ ✶✷✺✷ ✸✺ ✵ ✻ ✶✸ ✶✸✵✻ ✺✹ ✺✽✶✳✵✹ ✻✻
▼✐❝ ✼✷ ✸✶✵✶ ✻✺ ✶✹ ✸✵ ✸✷✽✷ ✶✽✶ ✶✹✸✺✳✶✹ ✶✻✵
▼❛❝ ✵ ✷✷ ✽✹✹ ✶✽ ✶✷ ✽✾✻ ✺✷ ✹✵✵✳✹✶ ✻✵
❙✉♠ ✶✸✷✹ ✸✶✺✽ ✾✵✾ ✸✽ ✺✺ ✺✹✽✹ ✷✽✼ ✷✹✶✻✳✺✾ ✶✻✵

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✶✴ ✶✸✾

❍♦✇ t❤❡ s♣❧✐t ✇♦r❦s✿

❃ s✉❜s❡t✭▲✹✱ ❧❡①✳✐❞ ❂❂ ✾✻✮❬✱✶✿✼❪

❧❡①✳✐❞ ♣❡r ❛❣❡ t❢✐ ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✾✻ ✶✾✾✸✳✻✺ ✺✶✳✺✸ ✵✳✵✵ ✵✳✹✺ ▼✐❝ ◆♦r♠
✾✻ ✶✾✾✹✳✶✵ ✺✶✳✾✾ ✵✳✹✺ ✷✳✺✽ ◆♦r♠ ◆♦r♠
✾✻ ✶✾✾✻✳✻✽ ✺✹✳✺✼ ✸✳✵✸ ✶✳✾✵ ◆♦r♠ ◆♦r♠
✾✻ ✶✾✾✽✳✺✾ ✺✻✳✹✼ ✹✳✾✹ ✷✳✾✵ ◆♦r♠ ❉✭❈❱❉✮

❃ s✹ ❁✲ s✉❜s❡t✭❙✹✱ ❧❡①✳✐❞ ❂❂ ✾✻✮❬✱✶✿✼❪
❃ s✹❬❝✭✶✿✹✱◆❆✱♥r♦✇✭s✹✮✰✭✲✸✿✵✮✮✱❪

❧❡①✳✐❞ ♣❡r ❛❣❡ t❢✐ ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✾✻ ✶✾✾✸✳✻✺ ✺✶✳✺✸ ✵✳✵✵ ✵✳✹✺ ▼✐❝ ◆♦r♠
✾✻ ✶✾✾✹✳✶✵ ✺✶✳✾✾ ✵✳✹✺ ✵✳✵✺ ◆♦r♠ ◆♦r♠
✾✻ ✶✾✾✹✳✶✺ ✺✷✳✵✸ ✵✳✺✵ ✵✳✺✵ ◆♦r♠ ◆♦r♠
✾✻ ✶✾✾✹✳✻✺ ✺✷✳✺✸ ✶✳✵✵ ✵✳✺✵ ◆♦r♠ ◆♦r♠
◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ❁◆❆❃ ❁◆❆❃
✾✻ ✶✾✾✾✳✻✺ ✺✼✳✺✸ ✻✳✵✵ ✵✳✺✵ ◆♦r♠ ◆♦r♠
✾✻ ✷✵✵✵✳✶✺ ✺✽✳✵✸ ✻✳✺✵ ✵✳✺✵ ◆♦r♠ ◆♦r♠
✾✻ ✷✵✵✵✳✻✺ ✺✽✳✺✸ ✼✳✵✵ ✵✳✺✵ ◆♦r♠ ◆♦r♠
✾✻ ✷✵✵✶✳✶✺ ✺✾✳✵✸ ✼✳✺✵ ✵✳✸✸ ◆♦r♠ ❉✭❈❱❉✮

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✷✴ ✶✸✾

❃ s✉❜s❡t✭▲✹✱ ❧❡①✳✐❞ ❂❂ ✶✺✾✮❬✱✶✿✼❪

❧❡①✳✐❞ ♣❡r ❛❣❡ t❢✐ ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✶✺✾ ✶✾✾✹✳✵✷ ✻✼✳✺✵ ✵✳✵✵ ✵✳✶✸ ▼✐❝ ▼✐❝
✶✺✾ ✶✾✾✹✳✶✻ ✻✼✳✻✸ ✵✳✶✸ ✷✳✻✻ ▼✐❝ ◆♦r♠
✶✺✾ ✶✾✾✻✳✽✷ ✼✵✳✷✾ ✷✳✽✵ ✷✳✸✼ ◆♦r♠ ▼✐❝
✶✺✾ ✶✾✾✾✳✷✵ ✼✷✳✻✼ ✺✳✶✼ ✼✳✸✷ ▼✐❝ ▼❛❝
✶✺✾ ✷✵✵✻✳✺✷ ✼✾✳✾✾ ✶✷✳✹✾ ✸✳✾✺ ▼❛❝ ❉✭❈❱❉✮

❃ s✉❜s❡t✭❙✹✱ ❧❡①✳✐❞ ❂❂ ✶✺✾✮❬❝✭✶✿✷✱◆❆✱✻✿✼✱◆❆✱✶✷✿✶✸✱◆❆✱✷✼✿✷✽✱◆❆✱✸✻✿✸✼✮✱✶✿✼❪

❧❡①✳✐❞ ♣❡r ❛❣❡ t❢✐ ❧❡①✳❞✉r ❧❡①✳❈st ❧❡①✳❳st
✶✺✾ ✶✾✾✹✳✵✷ ✻✼✳✺✵ ✵✳✵✵ ✵✳✶✸ ▼✐❝ ▼✐❝
✶✺✾ ✶✾✾✹✳✶✻ ✻✼✳✻✸ ✵✳✶✸ ✵✳✸✼ ▼✐❝ ▼✐❝
◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ❁◆❆❃ ❁◆❆❃
✶✺✾ ✶✾✾✻✳✵✷ ✻✾✳✺✵ ✷✳✵✵ ✵✳✺✵ ▼✐❝ ▼✐❝
✶✺✾ ✶✾✾✻✳✺✷ ✼✵✳✵✵ ✷✳✺✵ ✵✳✸✵ ▼✐❝ ◆♦r♠
◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ❁◆❆❃ ❁◆❆❃
✶✺✾ ✶✾✾✽✳✺✷ ✼✷✳✵✵ ✹✳✺✵ ✵✳✺✵ ◆♦r♠ ◆♦r♠
✶✺✾ ✶✾✾✾✳✵✷ ✼✷✳✺✵ ✺✳✵✵ ✵✳✶✼ ◆♦r♠ ▼✐❝
◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ❁◆❆❃ ❁◆❆❃
✶✺✾ ✷✵✵✺✳✺✷ ✼✾✳✵✵ ✶✶✳✺✵ ✵✳✺✵ ▼✐❝ ▼✐❝
✶✺✾ ✷✵✵✻✳✵✷ ✼✾✳✺✵ ✶✷✳✵✵ ✵✳✹✾ ▼✐❝ ▼❛❝
◆❆ ◆❆ ◆❆ ◆❆ ◆❆ ❁◆❆❃ ❁◆❆❃
✶✺✾ ✷✵✵✾✳✺✷ ✽✸✳✵✵ ✶✺✳✺✵ ✵✳✺✵ ▼❛❝ ▼❛❝
✶✺✾ ✷✵✶✵✳✵✷ ✽✸✳✺✵ ✶✻✳✵✵ ✵✳✹✹ ▼❛❝ ❉✭❈❱❉✮

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✸✴ ✶✸✾

❍♦✇ t❤❡ s♣❧✐t ✇♦r❦s

❙❛♠❡ ❛♠♦✉♥t ♦❢ ❢♦❧❧♦✇✲✉♣

❙❛♠❡ tr❛♥s✐t✐♦♥s

▼♦r❡ ✐♥t❡r✈❛❧s ✭✺✱ r❡s♣✳ ✸✼✮

❉✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ t✐♠❡ s❝❛❧❡s ❜❡t✇❡❡♥ ✐♥t❡r✈❛❧s

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✹✴ ✶✸✾

P✉r♣♦s❡ ♦❢ t❤❡ s♣❧✐t

▶ ❆ss✉♠♣t✐♦♥ ♦❢ ❝♦♥st❛♥t r❛t❡ ✐♥ ❡❛❝❤ ✐♥t❡r✈❛❧

▶ ❆❧❧ ✐♥t❡r✈❛❧s ❛r❡ ✭s❤♦rt❡r t❤❛♥✮ ✵✳✺ ②❡❛rs

▶ ▼❛❣♥✐t✉❞❡ ♦❢ t❤❡ r❛t❡s ❞❡♣❡♥❞ ♦♥ ❝♦✈❛r✐❛t❡s✿
▶ ✜①❡❞ ❝♦✈❛r✐❛t❡s
▶ t✐♠❡ s❝❛❧❡s
▶ r❛♥❞♦♠❧② ✈❛r②✐♥❣ ❝♦✈❛r✐❛t❡s ✭♥♦t ♥♦✇✮

▶ ✈❛❧✉❡s ♦❢ ❝♦✈❛r✐❛t❡s ❞✐✛❡r ❜❡t✇❡❡♥ ✐♥t❡r✈❛❧s

▶ ❡❛❝❤ ✐♥t❡r✈❛❧ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ✭❧♦❣✲✮❧✐❦❡❧✐❤♦♦❞ ❢♦r ❛ s♣❡❝✐✜❝ r❛t❡
❢r♦♠ ❛ ❣✐✈❡♥ ♦r✐❣✐♥ st❛t❡ ✭❧❡①✳❈st✮
t♦ ❛ ❣✐✈❡♥ ❞❡st✐♥❛t✐♦♥ st❛t❡ ✭❧❡①✳❳st✮✳

▶ ✖❧♦♦❦s ❛s t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ❛ s✐♥❣❧❡ P♦✐ss♦♥ ♦❜s❡r✈❛t✐♦♥

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✺✴ ✶✸✾



▼♦❞❡❧✐♥❣ t❤❡ r❛t❡✿ ▼✐❝ ✲❃ ❉✭❈❱❉✮

❃ ♠r ❁✲ ❣❧♠✭❝❜✐♥❞✭❧❡①✳❳st ❂❂ ✧❉✭❈❱❉✮✧ ✫ ❧❡①✳❈st ✦❂ ❧❡①✳❳st✱
✰ ❧❡①✳❞✉r✮
✰ ⑦ ◆s✭t❢✐✱ ❦♥♦ts ❂ s❡q✭ ✵✱ ✷✵✱ ✺✮✮ ✰
✰ ◆s✭❛❣❡✱ ❦♥♦ts ❂ s❡q✭✺✵✱ ✽✵✱ ✶✵✮✮✱
✰ ❢❛♠✐❧② ❂ ♣♦✐sr❡❣✱
✰ ❞❛t❛ ❂ s✉❜s❡t✭❙✹✱ ❧❡①✳❈st ❂❂ ✧▼✐❝✧✮✮

✳ ✳ ✳ t❤❡ s❛♠❡ ❛s✿

❃ ♠♣ ❁✲ ❣❧♠✭✭❧❡①✳❳st ❂❂ ✧❉✭❈❱❉✮✧ ✫ ❧❡①✳❈st ✦❂ ❧❡①✳❳st✮
✰ ⑦ ◆s✭t❢✐✱ ❦♥♦ts ❂ s❡q✭ ✵✱ ✷✵✱ ✺✮✮ ✰
✰ ◆s✭❛❣❡✱ ❦♥♦ts ❂ s❡q✭✺✵✱ ✽✵✱ ✶✵✮✮✱
✰ ♦❢❢s❡t ❂ ❧♦❣✭❧❡①✳❞✉r✮✱
✰ ❢❛♠✐❧② ❂ ♣♦✐ss♦♥✱
✰ ❞❛t❛ ❂ s✉❜s❡t✭❙✹✱ ❧❡①✳❈st ❂❂ ✧▼✐❝✧✮✮
❃ s✉♠♠❛r②✭❝♦❡❢✭♠r✮ ✲ ❝♦❡❢✭♠♣✮✮

▼✐♥✳ ✶st ◗✉✳ ▼❡❞✐❛♥ ▼❡❛♥ ✸r❞ ◗✉✳ ▼❛①✳
✲✶✳✷✾✻❡✲✶✷ ✲✷✳✷✾✺❡✲✶✸ ✲✷✳✺✵✾❡✲✶✹ ✲✶✳✺✷✶❡✲✶✸ ✲✻✳✼✹✺❡✲✶✺ ✻✳✻✾✼❡✲✶✸

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✻✴ ✶✸✾

▼♦❞❡❧✐♥❣ t❤❡ r❛t❡✿ ▼✐❝ ✲❃ ❉✭❈❱❉✮

❆ ❝♦♥✈❡♥✐❡♥t ✇r❛♣♣❡r ❢♦r ▲❡①✐s ♦❜❥❡❝ts s✐♠♣❧✐✜❡s t❤✐♥❣s
s✉❜st❛♥t✐❛❧❧②✿

❃ ♠▲ ❁✲ ❣❧♠✳▲❡①✐s✭❙✹✱ ⑦ ◆s✭t❢✐✱ ❦♥♦ts ❂ s❡q✭ ✵✱ ✷✵✱ ✺✮✮ ✰
✰ ◆s✭❛❣❡✱ ❦♥♦ts ❂ s❡q✭✺✵✱ ✽✵✱ ✶✵✮✮✱
✰ ❢r♦♠ ❂ ✧▼✐❝✧✱
✰ t♦ ❂ ✧❉✭❈❱❉✮✧✮

st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t ❙✹ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r t❤❡ tr❛♥s✐t✐♦♥✿
▼✐❝✲❃❉✭❈❱❉✮

❃ s✉♠♠❛r②✭❝♦❡❢✭♠r✮ ✲ ❝♦❡❢✭♠▲✮✮

▼✐♥✳ ✶st ◗✉✳ ▼❡❞✐❛♥ ▼❡❛♥ ✸r❞ ◗✉✳ ▼❛①✳
✵ ✵ ✵ ✵ ✵ ✵

❃ s✉♠♠❛r②✭❝♦❡❢✭♠♣✮ ✲ ❝♦❡❢✭♠▲✮✮

▼✐♥✳ ✶st ◗✉✳ ▼❡❞✐❛♥ ▼❡❛♥ ✸r❞ ◗✉✳ ▼❛①✳
✲✻✳✻✾✼❡✲✶✸ ✻✳✼✹✺❡✲✶✺ ✷✳✺✵✾❡✲✶✹ ✶✳✺✷✶❡✲✶✸ ✷✳✷✾✺❡✲✶✸ ✶✳✷✾✻❡✲✶✷

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✼✴ ✶✸✾

❣❧♠✳▲❡①✐s ❜② ❞❡❢❛✉❧t ♠♦❞❡❧s ❛❧❧ tr❛♥s✐t✐♦♥s t♦ ❛❜s♦r❜✐♥❣ st❛t❡s✱
❢r♦♠ st❛t❡s ♣r❡❝❡❞✐♥❣ t❤❡s❡

❃ ♠❳ ❁✲ ❣❧♠✳▲❡①✐s✭❙✹✱ ⑦ ◆s✭t❢✐✱ ❦♥♦ts ❂ s❡q✭ ✵✱ ✷✵✱ ✺✮✮ ✰
✰ ◆s✭❛❣❡✱ ❦♥♦ts ❂ s❡q✭✺✵✱ ✽✵✱ ✶✵✮✮ ✰
✰ ❧❡①✳❈st✮

◆❖❚❊✿
▼✉❧t✐♣❧❡ tr❛♥s✐t✐♦♥s ✯❢r♦♠✯ st❛t❡ ✬ ▼❛❝✬✱ ✬▼✐❝✬✱ ✬◆♦r♠ ✬ ✲ ❛r❡ ②♦✉ s✉r❡❄
❚❤❡ ❛♥❛❧②s✐s r❡q✉❡st❡❞ ✐s ❡❢❢❡❝t✐✈❡❧② ♠❡r❣✐♥❣ ♦✉t❝♦♠❡ st❛t❡s✳
❨♦✉ ♠❛② ✇❛♥t ❛♥❛❧②s❡s ✉s✐♥❣ ❛ ✯st❛❝❦❡❞✯ ❞❛t❛s❡t ✲ s❡❡ ❄st❛❝❦✳▲❡①✐s
st❛ts✿✿❣❧♠ P♦✐ss♦♥ ❛♥❛❧②s✐s ♦❢ ▲❡①✐s ♦❜❥❡❝t ❙✹ ✇✐t❤ ❧♦❣ ❧✐♥❦✿
❘❛t❡s ❢♦r tr❛♥s✐t✐♦♥s✿
◆♦r♠✲❃❉✭❈❱❉✮
▼✐❝✲❃❉✭❈❱❉✮
▼❛❝✲❃❉✭❈❱❉✮
◆♦r♠✲❃❉✭♦t❤✮
▼✐❝✲❃❉✭♦t❤✮
▼❛❝✲❃❉✭♦t❤✮

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✽✴ ✶✸✾

❉❡s❝r✐❜❡ t❤❡ ♠♦❞❡❧✭s✮ ✐♥ ♠❳ ✭❧♦♦❦ ❛t t❤❡ ✜❣✉r❡ ✇✐t❤ t❤❡ ❜♦①❡s✮

▶ ❲❤❛t r❛t❡s ❛r❡ ♠♦❞❡❧❡❞ ❄

▶ ❍♦✇ ❛r❡ t❤❡② ♠♦❞❡❧❡❞ ✭❛ss✉♠♣t✐♦♥s ❛❜♦✉t s❤❛♣❡s✮ ❄

▶ ❲❤❛t ❛r❡ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ r❛t❡s ♠♦❞❡❧❡❞❄

▶ ❲❤❛t ✇♦✉❧❞ ②♦✉ r❛t❤❡r ❞♦❄

▼✉❧t✐st❛t❡ ♠♦❞❡❧ ✭♠s♠t✮ ✶✸✾✴ ✶✸✾


	Survival and rate data
	Survival after diabetes
	Competing risks
	RMST
	Multistate model

